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PREFACE. 



In the year 1879, I published, in connection with the late 
Professor J. M. Rice, an Elementary Treatise on the Differential 
Calculus, founded on the Method of Rates or Fluxions. In the 
present work, the text is essentially new, and the order of the 
subjects will be found to diflFer in many points from that of the 
older book. I still employ the Newtonian conception of rates, 
and the functional method of obtaining the derivative, notably 
in the case of the logarithmic function, page 49 ; but the method 
is more closely connected with that of limits, and an independent 
basis for the algebraic functions is established in Art. 31. 

The differential of a variable not a linear function of the 
time is treated as an hypothetical increment corresponding to 
an assimied increment or differential of time, d/, page 18. It 
is assumed that there exists at any instant a definite measure 
of a rate, although it may be variable. In other words, the vari- 
ables dealt with being assumed continuous, their rates are also 
assimied to admit of a continuously varying measure. In velocity, 
the graphic form of rate, these hypothetical increments receive 
a beautiful realization in the use of Attwood's machine, see Art. 
21. The variable / (when it stands for elapsing time) is thus 
taken as the natural independent variable incapable of a non- 
uniform rate simply because, from its fundamental character, 
it is the standard to which all other variables are referred when we 
speak of their rates of variation. 
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With this interpretation of dx, its ratio to dt is independent 
of the value of dt, and is the measure of the rate of x when a 
definite function of /. In the present work, the ratio of actual 
increments is at once shown to have the rate as its limit, and 
the evanescent quantity e expressing the difference is used in a 
general formula, Art. 26, for the non-linear function of t. From 
this formula the differential of the product, Art. 31, and thence 
those of the algebraic functions are readily dedujccd. 

When X is an independent variable, the derivative of a func- 
tion y is the measure of its relative rate, and the differentials 
become simultaneous hypothetical increments. The indepen- . 
dence of their ratio upon their actual magnitudes is thus identified 
with the existence of a definite tangent to the curve which is 
the graph of the function. 

This notion leads naturall}', in the case of the circular func- 
tions, to a mode of differentiation founded directly upon the geo- 
metrical definitions by which they are first introduced to the 
student, and not upon analytical properties subsequently de- 
duced. 

The advantage of giving to dx and dy separate meanings, 
and finite magnitudes no longer requiring continuous reference 
to the limit, is apparent in the mode of statement of the formulae 
of differentiation and the consequent treatment of the function 
of a function. Art. 48. 

Chapter VI presents a full treatment of the subject of de- 
velopment in power-series. In the text and answers to the 
examples will be found the developments of nearly all the 
elementary functions, including the direct and inverse hyperbolic 
functions. 

In the pages devoted to curves and curve tracing, the more 
essential algebraic methods as well as those peculiar to the 
Differential Calculus are exemplified. These pages will be found 
to contain a fairly full treatment of the higher plane curves 
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most commonly met with. Numerous entries in the alpha- 
betical index are given to facilitate reference to the results 
established. 

The topics have been so arranged that sections X., XII., 
XV., XVIII., XX., XXI., and XXXIII. can be omitted to 
form a shorter course to be supplemented by selections from 
the applications to curves and by the first section of the final 
chapter. 

W. WooLSEY Johnson* 

June, 1904. 
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CHAPTER I. 



Functions, Rates and Derivatives. 



I. 

Continuous Variables. 

I. A MAGNITUDE of any sort which can lie measured by 
a unit of its own kind is represented by the number of such 
units or parts of a unit which it contains. This number is 
called its numerical measure. If the magnitude is capable of 
indefinite subdivision, the corresponding numerical measure 
is conceived of as capable of an unlimited number of values. 
Such a numerical value, or ** number," may be regarded as 
passing gradually from one fixed value to another in a certain 
interval of time, in such a manner as to assume during the 
interval every intermediate value ; it is then called a continuous 
variable. For example, if a point P is moving along a fixed 
straight line, its distance OP from a fixed point O taken on 
the line is a continuous variable. 
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The variables with which we have to deal in the Differ- 
ential Calculus are always abstract quantities, or numerical 
values independent of any particular kind of unit, but it is 
frequently convenient to represent them graphically by linear 

distances. 

Functions. 

2. A quantity which depends for its value upon another 
quantity is said to be a function of it. A function of a con- 
tinuous variable will itself be a continuous variable, and the 
variable upon which it depends is in distinction called the 
independent variable. Denoting the independent variable by 
;r, an algebraic or trigonometric expression containing x is 
generally a function of x^ thus ;»:^ is a function of x\ but the 
expressions x^^ -^ + (^ — ■^)(^ + ^)» (tan x -j- cot ;ir)sin 2Xy are 
not functions of ;r, since each admits of expression in a form 
which does not contain x, 

3. In treating of the general properties of functions, it is 
necessary to have a symbol which may denote any function 
of X. The symbol usually employed for this purpose is 
/(;r), and when several functions occur in the same investi- 
gation, such symbols as F(x), F{x)y </>{x), etc., are used, the 
enclosed letter in each case being the independent variable. 
Supposing the meaning of the functional symbol/ in a given 
case to be defined, the value of the function corresponding to 
a particular value of x is expressed by substituting this value 
for X in the symbol /{x). Thus, if we are given 

U /(x) = X^ — 2X, (I) 

we have -^ ^ ' ^ 

/(i) = -i, /(2) = 4. /(-0=i, /(o)=o. 

Here equation (i) defines the meaning of /, and then the 
other equations follow; but none of these last equations 
serve, either alone or in combination, to define/". 
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Again, if we are given 

F{x) = log« X, 
where a denotes the base of a system of logarithms, we have 

F(i) =o, F{o) = — 00 , F(a) = I. 

4. If a quantity which is independent of the independent 
variable x occurs in the expression for a function, it is, in 
contradistinction, called a constant, even when it has not an 
absolute value, but is represented (like a in the example above) 
by a letter to which any value may be assigned. Thus, when 
of is regarded as a function of x and denoted hy f{x)j a is 
called a constant. When it is desired to put in evidence the 
fact that such a quantity is susceptible of different values, it is 
called a variable independent of x ; the function then depends 
upon two independent variables. In this case, both variables 
are enclosed between the marks of parenthesis. Thus wjc 
may write 

f{x, a) = a' \ 

and, taking this equation to define / as a function of two 
independent variables, we have 

/(j, b)= b\ f{i, 2) = 8, /(2, 3) = 9. 

Implicit Functiofis. 

5. When an equation is given involving two variables, x 
and J, either variable may be regarded as independent and 
the other as a function of it. If x is the independent variable, 
and y is not directly expressed in terms of ;r, it is called an 
implicit function of x. Thus, if we have 

ax^ — Z^xy +7* — c? =o. 
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y is an implicit function of jr, or is said to be a function of x 
given in the implicit form. Again, x is by virtue of the 
equation an implicit function of y. But, if we solve the equa- 
tion for ;r, we obtain 

9/ y 



2 ^ 



4f 



+ 



-^)' 



and in this form, x is, in contradistinction, called an explicit 
function ol y. 

The Graph of a Function. 
6. When a function is given in the explicit form 

y=Ax\ (I) 

it is often useful to construct the curve of which (i) is the 
equation as a graphic illustration of the mode in which the 

function or ordinate varies with the change 
of the independent variable or abscissa. 
For this purpose, rectangular coordinates 
are always employed, and the curve is 
called the graph of the function. For exam- 
_ pie. Fig. I shows the curve whose equation 
is ^ = :t^. This curve, which is a parabola, 
is therefore the graph of the function ^, 




o 



Inverse Functions. 

7. If an equation between x and y be solved in each of 
the forms 

y —f{x) and X = 0(j), 

each of the functions /* and is said to be the inverse function 
of the other. Thus, \ly = ;ir^, ;ir = ± y>; the function ''square- 
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root" is therefore the inverse of the function " square." The 
graph of the inverse of a given function is the same curve as 
that of the given function in another position. Thus, Fig. i 
is the graph of the function square-root if we regard y as the 
independent variable, and Fig. 2, p. 6, is the graph when x 
is the independent variable. The square-root is a two-valued 
function; but, since we can distinguish between the two 
values by means of their signs, the symbol ^x may be re- 
garded as a one-valued function. 

In the case of the trigonometric functions, a peculiar no- 
tation for the inverse functions has been employed. Thus if 

X = sin ^, we write i) = sin~^;r. 

Symbols of this character are, in the Calculus, always taken 
to denote the arcual measures of the angles in question or 
ratio of the arc to the radius, of which the unit is called the 
radian. For example, because the sine of 30° is ^, and its 
arcual measure |?r, we may write \n = sin"^^. The inverse 
trigonometric functions are all many-valued functions, and 
the mode of distinguishing between the different values will 
be considered later. 

Continuity of a Function. 

8. A one-valued function of a continuous variable is itself 
a continuous variable, at least for certain ranges of values of 
the independent variable. For example, the function x^ is 
continuous for all values oi x\ in other words, if j/ = jt^, as x 
passes from any one given finite value to any other, y passes 
gradually y and not by any sudden leaps, from its first to its 
last value. Accordingly, the graph of the function, that is 
the curve y =;r', is a continuous line from the point for which 
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X has any given value a to that at which ;r = ^, as illustrated 
by Fig. I. 

On the other hand, the function square-root is continuous 

only for positive values of the indepen- 
dent variable. Thus, in Fig. 2, which 
is the graph of ^ = |/;tr, considered as 
a one-valued function of jr, the curve 
stops abruptly at the point where ;r = o, 
since there are no real values of the 
function for negative values of x. But 
Kg- 2. the curve is continuous between the 

points for which x has any two values >o. In this case, the 
function is said to become imaginary for values <o. 

9. Again, there may be values of the independent vari- 
able x in approaching which the value of the function y in- 
creases without limit. For example, the function 




y 



X —I 



has a large value when ;r is a little greater than i, and in- 
creases without limit as x ap- 
proaches nearer to i. The func- 
tion is, therefore, said to become 
infinite when x =^ \. This func- 
tion has a negative value for all 
values of ^<i, and approaches 
— 00 when a: approaches i. It is 
said to be discontinuous for any 
range of values which includes the 
value Ar= I. Accordingly, the 
graph of the function. Fig. 3, con- 
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sists of two branches which do not form a continuous line, so 
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that we cannot pass continuously from a value of the func- 
tion for which x is algebraically less than unity to one for 
which ;r>i. 

10. As a further illustration, the function 



= s| 



^ + 1 



0) 



is real for all positive values of x ; but, when x approaches 
zero, it becomes infinite. More- 
over it Is imaginary for values of x 
between zero and — i. But from 
x=i — I to ;r = — 00 , the function 
is again real. Thus it is continu- 
ous from ;r = o to ;r = oo , and also 
from ;r = — ito;r = — 00. Ac- 
cordingly the graph, shown in 
Fig. 4, consists of two branches 
which are discontinuous one with 



I 

X 

o 



Fig. 4. 



the other. It will be noticed that the equation 



xf = x+ I, 



(2) 



found by rationalizing equation (i), represents also the graph 
of the other value (which is negative) of the two-valued func- 
tion given in the implicit form by equation (2). Again, 
the complete curve, consisting of three branches, forms the 
graph of the function inverse to that considered, namely 



X = 



f-i 



This last is a one-valued function, and suffers discontinuity 
(hy becoming infinite) when ^ = i, and also when ^ = — ? . 
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Increasing and Decreasing Functions, 

11. A function is said to be an increasing one when its 
value increases with the increase of the independent variable. 
Such a function necessarily decreases with the decrease of the 
independent variable. On the other hand, a function is a 
decreasing on^ when it decreases with the increase of the inde- 
pendent variable, and consequently increases with the de- 
crease of that variable. 

The same function may of course be an increasing one for 
a certain range of values of the independent variable and a de- 
creasing one for another range. Thus sin x is an increasing 
function while x passes from o to i^?r; it is then a decreasing 
one while x passes from \7t to f ^, since for this range of values 
of X its value decreases from its greatest value -f- i to its least 
value algebraically considered, namely — i. 

12. When the graph of the function is drawn, algebraic 
increase of the independent variable x means motion from 
left to right, and algebraic increase of 7 means motion upward. 
Hence, supposing a point to describe the graph moving 
toward the right, it will move upward if the function is 
an increasing one. In this case, the slope of the curve is said 
to be positive. In the opposite case, representing a decreas- 
ing function, the slope is negative. Thus in Fig. i, the graph 
of the function ;t^, the slope is positive and the function is 
an increasing one for all positive values of x. But the slope 
is negative and the function is a decreasing one for all nega- 
tive values of ;r, since y decreases as these values algebra- 
ically increase. 

Again, Fig. 2 shows that the positive value of the inverse 
of this function is an increasing function. Fig. 3 has a nega- 
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tive slope throughout both branches, so that is always 

X ^-' I 

a decreasing function. In like manner, Fig. 4 shows that 



A 



X + I . 



is, when real, always a decreasing function of x* 



The Linear Function. 




13. The simplest of all functions is the rational algebraic 
expression containing x only in the first degree. Its general 
form is 

y ^z mx + ^t 

where m and b are constants. The corresponding graph is 
therefore an oblique straight line, 
and for this reason the function is 
said to be of the linear form. The 
linear function is continuous for ail 
values of ;r, and is throughout either 
an increasing one or a decreasing one, 
according as m is positive (as in 
Fig. 5) or negative. The slope of 
the graph is constant, and m (the t£^ngent of the angle it 
makes with the axis of Xy or ratio of the rise to the corre- 
sponding horizontal distance) is taken as its measure, and is 
called the gradient. 

14. In the case of all other functions, the graph has a 
variable slope. If the value of the function y can be ex- 
pressed either rationally or fractionally in terms of powers of 
Xy or, in the case of implicit functions, if the relation between 
X and y is algebraic, so that the graph is an algebraic curve, 
the function is said to be an algebraic one. All other func- 
tions are C3\\eA'transcenclental. 



Fig. 5. 
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FuTutional Equations. 

15. An equation involving an unknown function, that is 
to say, the values of such a function corresponding to differ- 
ent values of the variable upon which it depends, is called a 
functional equation. The values of the variable may either 
be connected or independent of one another. In either case, 
the equation expresses a property of the function. Thus 
f[pc) = y( — x) expresses a property of the function symbol- 
ized for the present by f. The information conveyed by this 
equation does not go far toward determining y, because the 
property is shared by a great variety of functions, such as 
COS;tr, ;r*-l-;r^, ^, etc. 

On the other hand, such an equation as 

f{xy) = fix) +/(jv), 

where x and y are independent of one another, expresses a 
highly characteristic property of the function /. It will, in 
fact, be recognized as the characteristic property of the loga- 
rithmic function ; namely, that which expressed in words is 
the rule that **the sum of the logarithms of any two num- 
bers is the logarithm of their product/* 

16. The solution of a functional equation consists in find- 
ing the most definite expression for the unknown function 
which will include all the functions which have the given 
property. When the equation contains two independent 
variables, like that above, the solution is effected if we can 
separate the variables, so that each occurs on one side only 
of the equation. For, by so doing, we must necessarily 
obtain an expression which has the same value for any two 
(and therefore for all) values of the independent variable. 
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Such an expression must have a constant value, and this fact 
gives us an equation containing only one variable. 

For example, suppose that, with respect to an unknown 
function /, it can be shown that 

VW = V(*) (I) 

while X and z are independent, so that x may vary while z 
retains a fixed value. Let c be the value of the expression 
zf{z) when z has a given fixed value. Then, by virtue of 
equation (i), 

^A^) = C (2) 

In this equation, ^ is a constant because it is independent of 
X ; hence it appears that, in this case, the expression xf{x^ is 
not itself a function of x, because it has a value independent 
of X. It follows that 

is the most definite expression we can give to f{x)^ unless 
some other known property of the function serves to deter- 
mine the constant c. 

Examples L 

I. (a) For what value oin does :x^ cease to be a function of at? 
{fi) For what values of x does it cease to be a function of « ? 

{a) When « = o. ()5) When :f = i and when jc = o. 

(a — X\ ax — x'^ 
I ; — ) = X -\ ; , show that y is a function 
a -^ x/ a -^ X 

of a, but not of x, 

3. Show that sin x tan ^x + cos x is not a function of x, 

4. Ify =z X -{- j^{i -^ x^), show ihsity^—2xy is not a function of Jtr. 

5. If/(^) = x^, find the value of /(or + h); of /(2a:); 'of /(Jt2)i 
of/(x^-x); of/(i); of/(i2); o{/l/{x)]. 
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6. ^if{x)—\o%{\'\-x), find the value of/(o); of/(i); of 
/(oo); of /(-I). 

7. If /![») = cos », find the value of/(o); of/(J;r); of/(J;r); 
of/(;r); of/(f7r). 

8. If F{pc) = fl*, give the value of F\a)\ o{F{i); of /'(o). Also 
show that in this case [F{x)y = F(2x). 

9. Given xy — 2X -{-y = «, show that y is not a function of x 
when « = 2. 

10. Given >^ — 2ay -|- jt' = o, make j/ an explicit function of x, 
and draw the graph of the function. y z=i a ± y'(a' — x^), 

11. Given i + ^og^y = 2 log. (^ + a), make y an explicit func- 
tion of X. (x + aY 

12. Given the equations : 

« + I z= « (cos2^'+ cos 6^' cos ^ + cos*^, 
and « - I = « (sin»^' + sin ^' sin + sin'^); 

regarding as the independent variable, determine 0^ and « as explicit 

functions of 0, /i/ /i . 1 , i 

0'= ± i?r, and « = :f -^-rj j; 

sin 6/ cos # 

1 3. Given sin ^^x — sin ~J>/ = or, make ^ an explicit function of x. 

y =z X cos a ±, sin a ^(i — ^). • 

14. Given t3.n "^x -f- tan "ly = a, make^' an explicit function of jr. 
Also show that x is the same function of ^, and point out the cor- 
responding peculiarity of the graph. __ tan or— x 



I -|- •^* tan a 

2X — I 

ic. If y = show that the inverse function is of the same 

form. 

J ^ X 

16. U y =/{x) = — ■ — , find z =/'{y), and express 2 as a func- 
tion of AT, that is to say, find^(a:). Also findy555'^(a:). 

__ i^ 
^ X 



17. Find the inverse of the function^ = log.[;i; -}- |/(i + ^)] . 
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18. For what ranges of values oi x is tan x a continuous function, 
and for what ranges an increasing function ? 

19. If both yand denote increasing functions, and also if both 
denote decreasing functions, show that 0[y(-^)] is an increasing 
function. Show also that the inverse of an increasing ninction is an 
increasing function. 

20. Show, by consideration of the graph, that a function which is 
continuous for all values of x can be infinite only when x is infinite. 

21. If a function continuous within a certain range is sometimes 
an increasing and sometimes a decreasing one, show that its inverse 
cannot be a one-valued function. 

22. State the peculiarity of the graph of a one- valued function 
having the property 

and show that, if the function is defined by /(or) = 0(j^), under 
this condition only can be a one-valued function. 

23. li /{x) is an unknown function having the property 

Ax) +/0') =/(■*)'). 

prove that 

/(I) = o. 
Put y— I. 

24. \i f(pc) has the property 

prove that /*(o) = o. Also prove that the function has the property 

in which/ is a positive or negative integer. 

For positive integers^ P^^ y = Xy 2X, ^x, e/c. in ihe given equation; 
for negative integers^ P^^y -=- — x. 

25. If y denotes the same function as in Example 24, prove that 

/{mx) = mf{x). 
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m denoting any fraction. 

Put z = ^x, p and q being integers ^ and apply the result of Ex. 24. 

26. Denoting by y the same function as in the preceding examples^ 
derive from the general property 

f(mx) = mf{x) 

the result 

and thence deduce the form of the function. See Art, 16. 

f(x) = ex. 

27. Given [0(-^)]*= [0(«)]% 2ii^d 0(i) = ^, 
determine 0(^). 



<f>{x) = ^'. 



28. Given 0(^) + <t>{y) = 0(^J'), 

prove 0(^ = m<p(x), 

and thence prove ^W = ^ ^^g •^» 

^tf //^^ methods of Examples 23, 24, <z«</ 25. 



II. 

Rates of Variation. 

17. In the Differential Calculus, quantities susceptible of 
continuous variation are treated of by means of the rates of 
their variation. Let a continuous variable be represented, as 
in Art. i, by the distance OP of a point moving along a 
straight line from a fixed origin of distances taken on the 
line ; then the rate of increase of the variable is represented 
by the velocity of the moving point. If the line is horizon- 
tal, as in Fig. 6, distances to the right being, as usual, 
regarded as positive, a rate of increase is represented by 
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motion to the right, and this is taken as a positive rate. 
Accordingly, motion toward the left corresponds to a rate of 
algebraic decrease, or a negative rate. 

Denote the variable by x, and denote by / the time, as 
measured from some fixed instant 

taken as the origin of time ; then, in 1 5 — » 5^ 

this representation, we are in effect 

making x a function of /. Negative 

values of t correspond to positions occupied by P at instants 

before that chosen as the origin of time. 

Constant Rates. 

18. A variable is said to have a constant rate^ when it 
receives equal increments in any equal intervals of time; in 
other words, when the dififerences of the values corresponding 
to the beginnings and ends of any equal intervals are equal. 
Under these circumstances, the point P in the graphic illus- 
tration. Fig. 6, will have a uniform velocity. The incre- 
ments of the variable x mentioned above are now repre- 
sented by spaces described by P in intervals of time having 
some fixed magnitude. The definition of uniform motion or 
constant velocity requires that these spaces should be equal. It 
readily follows that the spaces passed over in any intervals of 
time are proportional to the intervals^ and this may be taken 
as a more convenient definition of a constant velocity. 

19. The numerical measure adopted for a constant velocity 
is the number of units of space passed over in the unit of 
time (generally the second), and accordingly the measure of 
a constant rate for any variable is the increment received in a 
unit of time. Let k denote this increment (or, in the illus- 
tration, the space described in a unit of time), then the 
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increment received in / units of time by a variable x having 
the constant rate k will be kt. Hence, if a denotes the value 
of X at the time / = o, the value of x at the end of / units of 
time will be 

x^^ a'\'kt (i) 

Thus a uniformly varying quantity is a linear function of the 
time elapsed since a given instant, that is, of the time as 
measured from a fixed origin of time. 

Conversely, whenever a variable rv is a linear function of 
the time, it has a uniform rate ; and the coefficient of /, when 
X is expressed in the form (i), is the measure of this rate. 

Variable Velocities. 

20. If the velocity of a point be not uniform, its numeri- 
cal measure at any instant is the number of units of space 
which would have been described in a unit of timCy if the 
velocity had remained constant from and after the given 
instant. 

Thus, when we speak of a body as having at a given 
instant a velocity of 32 feet per second, we mean that, should 
the body continue to move during the whole of the next 
second with the same velocity which it had at the given 
instant, 32 feet would be described. The actual space de- 
scribed may be greater or less, in consequence of the change 
in velocity which takes place during the second; it is, for 
instance, in the case of a falling body greater than the meas- 
ure of the velocity at the beginning of the second, because 
the velocity increases throughout the second. 

21. Attwood's machine for determining experimentally 
the velocities acquired by falling bodies furnishes an example 



§11.] VARIABLE RATES. 17 

of the practical application of the principle embodied in the 
above definition. 

This apparatus consists essentially of a thread passing 
over a fixed pulley, and sustaining equal weights one at each 
extremity, the pulley being so constructed as to offer the 
slightest possible resistance to turning. On one of the weights 
a small bar of metal is placed, which, destroying the equilib- 
rium, causes the weight to descend with an increasing velocity. 
To determine the value of this velocity at any point, a ring 
is so placed as to intercept the bar at that point, and allow 
the weight to pass. Thus, the sole cause of the variation of 
the velocity having been removed, the weight moves on uni- 
formly with the required velocity, and the space described 
during the next second becomes the measure of this velocity. 

Variables with Rates not Uniform. 

22. When a variable quantity x is represented, as in 
Fig. 6, by a distance measured upon a fixed straight line, 
the increment which it receives in a certain interval of time is 
represented by the space passed over by the moving point in 
that interval. Such an increment (or difference of values of oo) 
is denoted by the symbol Ax, and the interval of time to which 
it corresponds is denoted by At. Then the characteristic of 
a variable which has not a constant rate is that Ax is not pro- 
portional to Aty so that neither the increment received in 
a unit of time, nor the ratio of any simultaneous increments, 
furnishes a measure of the rate. Under these circumstances, 
the measure of the rate at a given instant is taken to be 
the same as that of the variable velocity which represents 
it ; namely, it is the increment which would have been received 
in a unit of time^ if the rate had remained constant for the 
whole of that intervals 
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Differentials. 

23. The increment which would be received by x in any 
chosen interval of time, on the hypothesis made above, is 
called a differential. Such an hypothetical increment is de- 
noted by </x; while the interval of time to which it corresponds 
is denoted by dt and is called the differential of time. The 
differential of time can be chosen of any magnitude; and, 
considering several values of dt, the corresponding values of 
dx will be proportional to them. It follows that the ratio 

dx 
dt 

will be the measure of the rate of x, no matter what the value 
ol dt. 

24-. If now we put dt = ^t we shall not, in general, have 
dx = ^x. This will be true only when x varies with a con- 
stant rate ; that is to say, when x is a linear function of t. 
Therefore, writing the equation 

Ax dx ^ 

Tt=-dt^' (0 

^ is a quantity which in general will have a positive or nega- 
tive value. 

This quantity e is the difference between the rate of x 
and the ratio of certain actual corresponding increments of 
X and /. Since this difference is due solely to the fact that 
the rate of x changes during the interval J/, ^ is a function 
of At which vanishes with At. 

25. With this understanding of the nature of e, equation (i) 
expresses the fact that the limiting value of the ratio of the 
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increments Ax and At^ when At is diminished without limits is 
equal to the measure of the rate of x.* 

Formula far the Nan- Linear Function of t. 

26. A variable x which has not a uniform rate is a non^ 
linear function of /. Such a function may be expressed in a 
form which exhibits the difference between it and the linear 
function. For this purpose, we make use of the value which 
X has at any particular instant, and for simplicity take that 
instant as the origin of time. Denote by a the special value 
of X thus taken to correspond to / = o ; this may be called 
the initial value of x. Then, passing 'to any other correspond- 
ing values of x and /, we have 

t ■=■ At and x -=■ a-\- Ax (2) 

Denote also the value which the rate of x has when / = o, that 
is, the initial value of the rate^ by k. Now, since the rate is 
not constant, we have, by equation (i). Art, 24, 

Ax:= {k-\'e)At\ 

whence, equation (2) becomes 

^ = ^ + (>& + 0^ (3) 

where e is, by Art. 24, a function which vanishes when / = o. 

27. It follows that, when a given function of / is put in 
this form, k is the value which the coefficient of / assumes 
when we put / = o. Thus, if the coefficient of / is variable, 

* In accordance with this theorem, the hypothetical differences or differentials, 
corresponding to any particular simultaneous values of x and /, are quantities 
which (while they may have any magnitudes whatever) must always have that 
ratio which is the limiting value of the ratios of the actual increments, when 
made indefinitely small 
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the rate is variable , and its value when t = o is obtained by 

putting t = o in the coefficient. 

dx 
We have seen in Art. 23 that -^ is the symbol for the 

rate of x. When this is variable, the value of it which cor- 

the theorem just proved is that, when x is put in the form 

X = a'\' {k -{- ^)/, 
where e vanishes with /, 

The Differential of the Sum of Several Variables. 

28. Let X and y denote any two variables and k and k! 
their rates at any given instant. Then, taking this instant as 
the origin of time, their values may, by the preceding articles, 
be written 

x^a-^ik-^-ey, (I) 

^ = *+(>&' + 0/ (2) 

Hence their sum is 

«+^ = (« + *) + (>& + >^ + ' + 0'. . • (3) 

which is of the same form. Since ^ + / vanishes when 
/ = o, the coefficient of / takes the value k-\' k! when / = o. 
Thus, by Art. 27, 



d{x + y) 
dt 



i=.+*.=f]+^]. 
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The several rates in this equation are their values at the 
instant chosen as the origin of time. But, since any instant 
may be so chosen, we have proved that at all times 

d{x-\-y) _dx dy 

dt " dt'^ dt' W 

that is, the rate of the sum of two variables is always equal to 
the sum of their rates. 

29. Multiplying by dt we have 

d(^x^y)=zdx-^dy, (5) 

in which it is of course to be understood that all the differ- 
entials correspond to the same value of dt. 

This formula is readily extended to any number of varia- 
bles. Thus 

d{x •\- y-\- z-^- ...) = dx-\- d{y -{- z -\- . . .) 

=z dot-\-dy-\'dz+ (A) 

that is, the differential of the sunt of any number of variables 
is the sum of tlieir differentials. Since a constant has no dif- 
ferential it appears that in differentiating a polynomial, con- 
stant terms do not affect the result. 



The Differential of a Term having a Constant 

Coefficient. 

30. Let the term be denoted by mXy m denoting a con- 
stant. Putting, as in Art. 26, 

x = a + {k + e)t, (i) 

we have 

mx = ma + (^^ + fne)t (2) 
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Since me vanishes when / = o, the coefficient of / assumes 
the value mky and we have, by Art. 2^^ 






Hence, at the instant chosen as the origin of time, the rate of 
mx is m times the rate of x. But, as this may be any instant, 
the same thing is true generally, and multiplying by dt^ 

d{mx) = mdx. 

ft 

It therefore follows that the differential of a term having- 
a constant coefficient is equal to the product of the differential of 
the variable factor by the constant coefficient. 

The constant m may have a negative value, and in par- 
ticular 

^/( — jc) = — dx. 

The Differential of the Product of Two Variables. 

31. Let X and y be any two variables, and, selecting any 
instant as the origin of time, express them, as in Art. 26, by 

« = ^ + (>^ + e)t. 

Then their product is 

xy=zab+ [bk H- ak' + be+ ae' + (>fe + e){k! + e')t'\t. 

Assuming the initial values and rates, a, b, k and kf ^ 
to be finite quantities, the terms be and ae' as well as 
{k 4- e){k + /)/ vanish with t ; hence the coefficient of / 
reduces when / = o to bk'\-ak'y which is therefore, by Art. 
27, the measure of the rate at the instant / = o. Thus, at the 
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chosen instant, the rate of xy is the sum of the products of 
the values of each variable and the rate of the other. 

Since this is true at every instant, we have therefore in 
general 

whence 

d(xy) = xdy + ydx. 

Examples II. 



IlX X 

1. Find the differential of — and of 



3^ w — 2 



zdx . dx 
- and 



3a OT — 2 



%. Find the differential of " ^"^ ^ - and of ^ ^ 



ni^ m^ 



dx . dx 
— ir and — --5 . 



3. Find the differential of ^ + ^ + ^""zT ^^^- 

n* ^. n^ 



32 • . dx 



4. Find the differential of ^-±4 and of ^^"^ +-^^ 



a^V 



5. Given qy+dx+ 2cx + ad=zo, to find -f-. 



^-^ and ^^^ + ^) 
a + 3 a{a + d) ' 

dy 

^ _ 3 + 2C 



dx a ' 

6. Given J' log a + a? sin a — j^ cos a — <m; + tan a = o, to find 

^* '^ _ <2 — sin fl' 

dx log a — cos a 
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7. Given ay cos* a — 2^(1 — sin a)x = b{a — x cos^ a), to find 

^a:' ^y_ _ ^(i — sin a) 

dx «(i + sin tr)' 

dy 

8. Given ^* + 2(1 + cos d)y = (j; + ^) sin' or, to find — . 

dx 2 

9. Given — hrH — =1, to express dz in terms of <ilr and dy, 

dz z=. dx— 7 dy, 

a b 

10. The sides of a rectangle have the values 12 and 9 inches at a 
given instant, they are then increasing uniformly, the first at the rate 
of 2 inches per second and the second at the rate of i inch per 
second. At what rate per second is the area increasing ? 

30 square inches. 

11. How would the area be changmg if the first side were 
decreasing, other things being as in Ex. 10 ? 

12. In each of the last two examples what will be the rate after 
the lapse of one second ? 

13. A man whose height is 6 feet walks directly away from a 
lamp-post at the rate of 3 miles an hour. At what rate is the extrem- 
ity of his shadow travelling, supposing the light to be 10 feet above 
the level pavement on which he is walking ? 

Draw a figure y and denote the variable distance of the man from the 
lamp-post by x, and the distance of the extremity of his shadow from the 
post by y, 7^ miles per hour. 

14. At what rate does the man's shadow (Ex. 13) increase in 
length ? 
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III. 

/iaU of a Function of an Independent Variable. 

32. In many applications of the Calculus, the variables 
treated of are actual functions of the time, and therefore have 
definite rates, which being generally variable are themselves 
functions of the time. The spaces passed over by the falling 
body in Arts. 20 and 2 1 afford an illustration : the velocities as 
well as the spaces are definite functions of the time. 

In other applications, the variables concerned, although 

connected together, have no necessary connection with elapsing 

time. In these cases, one of the variables is arbitrarily 

chosen as the independent variable. Denoting it by x^ it is 

dtX 
assumed to have a rate -^ of arbitrary and constant value. 

Then, if ;y is a given function of x, its rate -y- will depend for 

di 

its value not only upon the functional relation of y to^, but 

also upon the rate assumed for x, 

33. Now, since dy and dx in the symbols for the rates 
imply the same value of ii^ we have 

rate of y _dy 
rate of x dx* 

that is to say, the ratio of the differentials expresses the rel- 
ative rate of y when the rate of the independent variable x 
is taken as the standard. Since the rate of x is assumed to 
be constant, the relative rate of y will, in general, be variable ; 
that is, it will be a function of the independent variable. 

But it is important to notice that this ratio -^ is not a 

dx 

function of dx\ for the value of it which corresponds to aspe- 
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cial value of x is absolutely determined by the rates of y and 
jc, and yet the values of dy and dx can be changed by altering 
the value of it. 

The Derivative. 
34. It follows that, when 

y=/(«) (0 



we may put 



|=^(-) <^) 



1 

where /* is a new function of x. The new function thus de- 
rived from the given function y is called the derived function^ 
or more commonly the derivative of the function f. 
Equation (2) may also be written in the form 

dy=f{x)dx (3) 

and, for this reason, the derivative f{pc) is also sometimes 
called the differential coefficient of y. 

It is only in the case of the linear function 

y = mx + i> 
which gives 

dy = fndXf 

that the differential coefficient is a constant and not a function 
of X. 

m 

35. We are said to differentiate a function of a single 
independent variable, when we express its differential in the 
form (3). The first part of our work in the following chap- 
ters will be to obtain the formulae or rules for the differentia- 
tion of the simple functions in this form. The expression of the 

value of ~ in the form (2) is called taking the derivative of 
dx 

y with respect to x. 
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It is to be noticed that the result of this operation, of 

which the symbol is --, is simpler than that of differentiation, 

ax 

of which the symbol is d. The reason is that dy is a function 

of the independent quantity dx * as well as of x ; whereas the 

dx implied in the value of dy^ equation (3), has been removed 

from the derivative by division. 

Graphic Representation of the Derivative. 

36. When the graph of the function y =^f{x) is drawn, as 
in Art. 6, the simultaneous values of x and y are the rectan- 
gular coordinates of a moving point which describes a continu- 
ous line. If the function is linear, this line is straight, and 
the moving point is said to have a constant direction. We 
have seen in Art. 34 that, in this case, the ratio of the rate of 
y to that of x is constant and equal to w, which, in the equa- 
tion y = mx'\- by is the tangent of the angle which the straight 
line makes with the axis of x. 

37. For all other functions, a curve is described and the 
direction of the moving point is 
variable. Let the curve in Fig. 7 be 
the graph of the function y=z/{x). 
Since we have assumed (Art. 32) the 
rate of x to be constant, the rate of y 
is now variable. When the moving 
poipt arrives at a particular position, 
as P in the diagram, let us suppose 
the rate of y to become constant with- Fio. 7. 

out suffering change in value. The moving point will then 

* Thus </ is not a functional symbol, for dx is independent of x. We cannot 
however say that dy is independent of ^, since it is a function of x upon which ^ 
depends, and therefore has diffsrent values for difierent values of >. 
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describe a straight line PP\ and the constant direction of this 
line exhibits the direction of the moving point in the curve at 
the instant it passes the point P, 

This straight line passing through a given point of a curve 
and having the direction of the curve at that point is called 
the tangent to the curve at that point, which is called the 
point of contact. 

38. Let PP y Fig. 7, be the space described in the time 
dX by the point considered in the preceding article, then the 
difference of abscissae PB represents dx^ and the difference of 
ordinates BP" represents dy. The fact that the ratio of these 
differentials is independent of their magnitude is illustrated 
by the similar triangles in the figure. 

Let denote the inclination of the tangent line to the 
axis of Xy then we have 

dy PB 
^=:^^=tan0. 

Thus the trigonometric tangent of the inclination of the graph 
oi y = f{x) is the graphic representation of the derivative of 
the function. 

It will be noticed that there are two values of 0, differing 
by 180°, according as we suppose the point to move in one 
or the other of the two opposite directions in the curve ; but 
the value of tan is the same for these two values, since 
tan (0 -|- 180**) = tan 0. 

Sign of the Derivative. 

39. By the definition given in Art. ii, a function y =zf(x) 
is an increasing one, when x and y increase together or de- 
crease together; in other words, when the rates of ^ and y 

have the same algebraic sign. In this case, the ratio -? 

dx 
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is positive. Thus f{x) is an increasing function for all values 
of X which make the derivative f\x) positive ; and, on the 
other hand, it is a decreasing function for all values which 
mdik^ f{x) negative. Accordingly, when the graph is drawn, 
tan is taken as the gradient or measure of the variable slope 
of the curve which, as stated in Art. 12, is positive in the 
first case and negative in the second. 

Limit of the Ratio of Differences. 

40. Denoting actual increments, as in Art. 24, by At^ Ax 
and ^y, we now have Ax = dx when At = (ft, because x is 
assumed to have a uniform rate. But we have not Ay = dy. 
The difference is illustrated in Fig. 7, where the actual in- 
crement of the ordinate is Ay = BQ^ terminating in the curve, 
while the hypothetical increment is dy = BP\ terminating in 
the tangent line. If, after the analogy of Art. 24, we put 

Ay dy , . . 

Ax dx ^ ^ ^ 

e will be a quantity which vanishes with Ax, Thus when 
y = J\x), the derivative is the limiting value of the ratio of 
simultaneous increments or differences^ when the absolute values 
of these increments are diminished without limit, ^ 

41. The quantity e in equation ( i) is illustrated in Fig. 7 by 
the ratio of FQ to PB. Not only does FQ vanish with PB 
or AXy but its ratio \.o Ax vanishes. The first member of the 
equation is the trigonometric tangent of the inclination, that 
is to say, the slope of a secant line which cuts the graph in 

* The actual increments or diflferences are sometimes called ^«/r differences in 
distinction from the small differences of which the limits only are considered in 
the Differential Calculus. The latter are then called infinitesimal differences, an 
infimtesimal being defined as a quantity having zero for its limit. 
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the points P and (2» of which the abscissae are x and x -f- ^x. 

The ratio in the second member is the slope of the tangent 

at the former point. Thus the geometrical equivalent of 

the proposition stated above is that the tangent is the limiting 

position of the secant line. 

dy 
The special value which the derivative -7- takes when x 

has a special value a is denoted by -r- J • Thus, if y =/*(jc)» 



Examples III. 

1. If a point moves in the straight line zy — 7jp — 5 = o, so that 

its ordinate decreases at the rate of 3 units per second, at what rate 

is the point moving in the direction of the axis of x? 

dx _ 6 

^" ""7' 

2. If a point starting from (o, b) moves so that the rates of its 
co-ordinates are k and ^, show that its path is_>' = mx + 3, w being 

equal to j. 

Express x andy in terms oft {Art, ip) and eliminate t. 

3. If a point moving in a curve passes through the point (5, 3) 
moving at equal rates upward and toward the left, find the value of 

-^ , also the equation of the tangent line to the curve at the given 

point. ^ \ = — i;y + x = S. 

aXj5 

4. If a point is moving in the straight line 

X cos a '\-y sin a ^=^p^ 
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its rate in the positive direction of the axis of x being / sin a, what 

is its rate of motion in the direction of the axis of^^ ? 

— / cos a. 

5. Given ay ^n a — ax -{- ax cos a —i^ sec a = o; show that 
is constant and equal to \a. 

6. lS/{x) = tan jc, show Xh3X/'{x) must always be positive. 

7. Show, by tracing the graph, that if_y = ji;*~- can never be 

negative. 

8. Given the property of the parabola, (which is the graph of 

V = j^x^ Fig. 2), that the subtangent is bisected at the vertex; deduce 

dy I 
the value of the derivative. -- = . 

ax 2 j^x 

9. The graph of the function y = |/(a' — j^) is the circle 
jc* -|-j^ = a*. Deduce the value of the derivative from the property 
that the tangent is perpendicular to the radius. 

dy ^ X 



CHAPTER II. 

Formulae and Methods of Differentiation. 



IV. 
Character of the required Formula. 

42. The functions of an independent variable are expressed 
by means of a few simple functional symbols and their com- 
binations, either by algebraic operations, or in the form of a 
function of a function. It is the object of the present Chap- 
ter to establish the formulae for the differentials of the simple 
functions of one independent variable, and also the formulae 
by means of which we can apply these to the differentiation 
of the more complex functions formed by combining the ele- 
mentary forms. 

43. Of the latter class of formulae we have already found 
those for the sum and for the product of two variables, Arts. 
29 and 31. From the latter we shall see, in the next section, 
that all the formulae for algebraic functions may be derived. 
We shall, however, first give a method of deducing the de- 
rivative of the square by means of a functional equation, and 
shall derive from it another proof of the formula for the product. 

Differentiation of the Square. 

44. Lety(^) = A;'; it is required to ^nA f[x). Assume 
another value of the independent variable connected with x 
by the relation 

s—mx, (i) 
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where #» is a constant. We propose to find a rjclation between 
the corresponding values of the derivative. 

Since the members of equation (i) remain equal while each 
is variable, their rates and consequently their differentials are 
equal. In other words, we can differentiate the equation. 
Thus, by Art. 30, 

(&= mdx (2) 

In like manner, from the relation between the functions, 
which is 

2* = wV, (3) 

we have, by differentiation, 

d(2«) = wV(jc») (4) 

Dividing equation (4) by equation (2), we have 

a relation between the derivatives f{i) zxidf{x) ; that is, be- 
tween the values of the derivative of the function *' square " 
which correspond to two values of the independent variable 
connected by equation (i). These values are thus not inde- 
pendent of one another in equation (5) ; but, if we eliminate m 
by means of equation (i), thus obtaining 

z dz X dx ' ^ ^ 

or 

7/'(«) = j/'(«). 

we have a relation in which x and z are entirely independent, 
because we obtain the same result no matter what the value 
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of m. In this equation the variables are already separated, 
as in Art. 16; accordingly, the members are of the same 
form and constitute an expression which does not vary with 
X, Hence, denoting its constant Value by r, we have 

^/'(^) = ^; (7) 

therefore 

/'(«) = ^=^*.* (8) 

or 

dij)?) = cocdx (9) 

Applying this to the identity 

where ^ is a constant, we have 

c{x + K)dx = cxdx + 2hdx ; 

whence c = 2yf and equation (9) becomes 

d{x^) = 2xdx (10) 

* Referring to the graph of this function, Fig. i, p. 4, it will be seen that the 
meaning of the process is that, if two points move on the curve in such a manner 
that their abscissae have the constant ratio m, the rates of the abscissae have the 
ratio m, and those of the ordinates the ratio m'. Hence the slopes or values, of 
tan 0T see equation (5), have the ratio m, that is, the same ratio as the abscissae. 
That is to say, M^ s/ope is proportional to the abscissa. 

\ Had we commenced with the relation ;s = j: -|- A we should have obtained 

— — ~ — 2< = — ^^ — - — 2X ■=. C% 

J , dz dx ' 

in which the constant is easily shown to be zero. 
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The Differential of the Product, 

45. If we apply the formula just derived for the square 
to the identity 

(» + y)* = ^ + 2^y + /, 

regarding the differential of the product xy to be as yet un- 
known, we find 

2(ji; + y) (dx + dy) = 2xdx + 2d(xy) + ^ydy, 
which reduces to 

d{xy) r= xdy + ydx. 

This formula is readily extended to products consisting 
of any number of factors. Thus, let x^x^^ . . . . x^ denote 
the product of/ variable factors, then 

(tyX-.X^X^ • • • • ^4/ ~~ ^2^3 • • • Xm^X-^ '~\~ X'^yXJX^ • • • X^j 

— XJX^ ■ ■ • XJuLX^^ —J" ^1^3 » • " XJOLX^ ~j~ X-^m\X^ • . ■ X^j 

= x^^ . . . x^^ + x^x^ . . . Xpdx^ . . . + 5^1 . . . Xp_^dxp, (B) 

Hence the differential of the product of several variables is the 
sum of the products of the differentials of the factors, each 
multiplied by all the other factors.. In other words, it is the 
sum of the differentials obtained by supposing each factor in 
turn to be the only variable one. 

Differentiation of an Inverse Function. 

46. When the derivative of a function is known, the 
derivative of the function inverse to it is readily deduced. 
Thus, in the^ase of the square root, which is inverse to 
the square, let 

y = ^a?, whence x = ^. 
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Taking the derivative of this function of y, we have. 

dx . dy I 

-=- = 2y, whence -j- = — . 
ay '^ ax 2y 

Finally, expressing this inverse derivative in terms of x, 

dy I . dx 

-T^ = — r"> or dy = — - ; 

dx 2\^x' ^ 2^x 

that is, 

, dx 

Differentiation of a Function of a Function. 

47. Since the ratio of differentials is independent of their 
actual values, x in the formula just obtained may be replaced 
by a variable which is not independent, and may not have a 
constant rate. Accordingly, the formula, when expressed as a 
rule, becomes : The differential of the square root of any varia- 
ble is the result of dividing the differential of the variable by 
twice the given square root. For example, if ^ + ^ is the 
variable which takes the place of x in the formula, we have 

a ^{a -h ^J - ^^^^ _^ ^^ 2V(a»+ o(?) " v(a^+jc*) * 

48. So in general, for any ** function of a function," or 
expression of the form 

:y=0[/(^)], 

if the rules for the differentiation of the functions and /* are 
known, we can differentiate y, that is, express dy in terms of 
X and dx. For, if 2 = /(jc), we have y = 0(2), whence 

dy = <p>\%)dz = <l>\z)f{x)dx, 

in which the functions 0^ and /^ are supposed known. 
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It is for this reason that, as mentioned in Art. 43, it is 
only necessary to prepare formulae for the differentiation of 
the simple functions. 

The Rates of Geometrical Variables. 

49. Geometrical magnitudes dependent upon the posi- 
tion of a point become variables having definite rates, when 
the velocity and direction of the point are given. We have 
already employed the velocity of the moving point to repre- 
sent the rate of its distance from a fixed point in the line of 
its motion supposed straight. Such a distance, when it occurs 
in a problem, is thus marked out as the most convenient inde- 
pendent variable jc, in terms of which -to express any other 
variable y of which the rate is required. For, the rate of x 
will be known, and the derivative with respect to x is the 
relative rate of y. 

50. As an illustration, suppose a man to be walking on a 
straight path BC at the rate of 5 
feet per second: required the rate 
of change in his distance AP from a 
point A at the perpendicular dis- 
tance AB ^= 120 feet from the path, 
at the instant when he is passing the 
point C 50 feet from the foot of 
the perpendicular. Denote the variable distance of the man 

ix 
from B by Xy so that -rr may denote the known velocity of Py 

and denote the constant AB by a. Then, by geometry, the 
variable distance of which the rate is required is 
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Hence its rate is 

dy __ d 4/(a' + ^) _ ^ ix 

'ai~ dt ■" \/{d*+o(?)' W' 

Substituting herein the special value a? = 5, together with 

dx dy 

a = 120 and -yr = 5» we find ~/r= iffi which is therefore the 

rate at which the distance AP is increasing at the instant 
P passes C. 

51. We might, in the solution of this problem, have ex- 
pressed y directly in terms of L For this purpose, assume the 
instant when P passes B as the origin of time. Then the 
value of BP at the end of the time / is 5/, and that of AP is 

y = |/(i20« + 25/2) = 5 ^(24^ + /»), 
whence 









dy 


5/ 


















dt 


1/(576 + 0* 
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Again, 


we 


have 




















dy~ 
dtl'' 


= 0, 


and 


dy 
dt 


= s. 

oa 









Of these results, the first shows that when P is at ^ it is 
neither approaching nor receding from A ; and the second 
shows that the rate of receding from A has for its limiting 
value the actual velocity of P, or rate at which it recedes 
from B, 
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Examples IV. 

1. Differentiate (20: + 3)^, and find the numerical value of its rate, 
when X has the value 8, and is decreasing at the rate of 2 units per 
second. 

The differential required is denoted by d\i^2X-\- 3)'], and the rate by 

4(2-^ + 3)'] .r ^ dx 

dt '^ ^^' ^"^ ra/. - = - 2. _^^^ ^^^^ ^^ ^^^^^ 

2. Find the numerical value of the rate of (jc* — 2xy, when x = ^ 
and is increasing at the rate of i of one unit per second. 

Differentiate the given expression before substituting, 

1 2 units per second. 

3. Find the numerical value of the rate of J^{y^ + •^)> when j' = 7 
and j: = — 7, if j^is increasing at the rate of 12 imits per second, and 
x at the rate of 4 units per second. 

4 |/2 units per second. 

4. li/{x) = ^ — j^{x^ — a% find/'(jt:), and show that /{x) is a 
decreasing function. ^, . x 

5. Differentiate the identity {yx -\- ^d)^ = a: -[- a + 2 ^^ax^ and 
show that the result is an identity. 



6. Differentiate!/ ( -3 -j- ]• 



The constant factor — ^-s 77 should be separated from the vari- 

j^[a^^2ab) 

4ible factor before differentiation, 

I X — a ^ 
• dx, 

7 . If/(^) = ( I + :«:»)i, f\x) = (T^j 

8. If /(at) = 4/(0* + 2^;i; + cx>), 



4/(<i8 -^ 232^ + cx^) 
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a» 



Rationalize the denominator before differentiating, 

x^ y' dy 

II. Given —^-^.— ^ i, express^ in terms of Jt:, and give the 



r~ — T T 



values of -^ and ~ r - — -p - . — — _ . 

12. Given j^ = 4<m:, express — in terms of jt, also in terms of ^, 

and give the values of ^ and 7- • -r- = 4/- = — • 

® dxja dxjia dx y X y 

13. If the side of an equilateral triangle increases uniformly at the 
rate of 3 ft. per second, at what rate per second is the area increasing, 
when the side is 10 ft.? 15 V3 ^q. ft. 

14. A stone dropped into still water produces a series of continu- 
ally enlarging concentric circles ; it is required to find the rate per 
second at which the area of one of them is enlarging, when its diame- 
ter is 12 inches, supposing the wave to be then receding from the 
centre at the rate of 3 inches per second. 36 n sq. inches. 

15. If a circular disk of metal expands by heat so that the area^^ 
of each of its faces increases at the rate of o.oi sq. in. per second, at 
what rate per second is its diameter increasing? 

I 
100 ^(nA) 

16. A man standing on the edge of a wharf is hauling in a rope 
attached to a boat at the rate of 4 ft. per second. The man's hands 
being 9 ft. above the point of attachment of the rope, how fast is the 
boat approaching the wharf when she is at a distance of 1 2 ft. from it ? 

5 ft. per second. 

17. A ladder 25 ft. long reclines against a wall; a man begins to 
pull the lower extremity, which is 7 ft. distant from the bottom of the 
wall, along the ground at the rate of 2 ft. per second ; at what rate 
per second does the other extremity begin to descend along the face 
of the wall ? 7 inches. 

18. One end of a ball of thread is fastened to the top of a pole 35 
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ft. high ; a man holding the ball 5 ft. above the ground moves uni- 
formly from the bottom at the rate of five miles per hour, allowing the 
thread to unwind as he advances. What is the man's distance from 
the pole when the thread is unwinding at the rate of one mile per 
hour ? I ^6 ft. 

19. A vessel sailing due south at the uniform rate 6f 8 miles per 
hour is 20 miles north of a vessel sailing due east at the rate of 10 miles 
per hour. At what rate are they separating — (a) at the end of i^ 
hours ? ()5) at the end of 2^ hours ? 

Express the distances in terms of the time, (or) 5^ miles per hour. 

20. When are the two ships mentioned in the preceding example 
neither receding from nor approaching each other ? 

When / = 1^ of an hour. 



V. 

The Differential of the Reciprocal. 

52. The differential of the reciprocal is readily obtained 
by means of the implicit form of this function* 
Denoting the function by y, we have 

Differentiating the latter equation by the formula for the 
product, we obtain 

ydx + xdy = o, 
whence 

ydx 

substituting the value of y, 
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That is, the differential of the reciprocal of a variable is 
the negative of the result of dividing the differential by the 
square of the variable. 

This formula enables us to differentiate any fraction of 
which the numerator is constant and the denominator a varia- 
ble whose differential is known. Thus if 



we have 



I - 2ocdx 



Differential of the Quotient of Two Variables. 

S3. Since a fraction of which both terms are variable 
is the product of its numerator and the reciprocal of its 
denominator, we can now express the differential of such a 
fraction in terms of those of its numerator and denominator. 
Thus 

<f) = <'7)=?^+-'(7) 

dx xdy ydx — xdy 



y f f 



(C) 



That is to say, the differential of a fraction is the result of 
taking the product of the denominator into the differential of 
the fiumerator minus that of the numerator into the differen- 
tial of the denominator y and dividing by the square of the 
denominator. 
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The signs of the terms in ydx — xdy can be recollected by 
recalling the fact that a fraction is an increasing function of 
its numerator and a decreasing function of its denominator. 

As an illustration of the application of this formula, we 
have 

J2x — a\ 2(0^ -^ b) — 2x(2x — a) , b + ax— y^ ^ 

d[ ~o—. — r = -^^ /. . ,.o ' dx= 2 / o . .xa dx. 



/ 2x — a \ _ 



{y? + bf (^ + *y 

Differentiation of x^. 



54. To obtain the differential of the power when the 
exponent is a positive integer, suppose each of the variables 
rCj, JCj, . . . ix> in formula (B), Art. 45, to be replaced by x. 
The first member contains p factors, and the second p terms ; 
the equation therefore reduces to 

d{p^)=. po^-^dx (1) 

p 
Next, when the exponent is a positive fraction, let n = -, 

where p and q are integers. Put 

y = air* = re ^ , whence y^ = a/. 

This last equation can be differentiated by equation (i), be- 
cause p and q are both integers. Thus 

qf'Hy = px^-^dxy 
whence 

p x^'^ 

dy=—' -zzi dx. 
I q f ^ 



1 
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Substituting the value of y, 

d(x^) = -' idx =: -x^" dx. • . . (2) 

Finally, when the exponent is negative, we have 

I 

Differentiating by the formula of Art. 52, we obtain 

dixT) 



^-m —. 



d(x-'^) = — 



x" 



m ' 



and, since »f is a positive integer or fraction, we have, by (i) 
or (2), 

mxf^'^dx , , , . 

d{x-'^) = ^^;ir- = - mx-'^-'dx. . . (3) 

Equations (i), (2) and (3) show that, for all values of n, 

d{x^) = nx^^^dx (a)* 

55. Formula (a) includes those already found for the 
square, the square-root, Art. 46, and the reciprocal. Art. 52, 
which are the. special cases corresponding to n = 2, « = J 
and n = — I. The two last-mentioned formulae are, how- 
ever, particularly useful because applicable to a familiar form 
of notation different from that of fractional and negative 
exponents. 



* The formuke of this series are recapitulated on page 79. Together with 
formulae (A), (B) and (C), for the algebraic combinations of functions, they form 
the body of rules for calculating differentials which properly constitute the Differ- 
ential Calculus. 
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On the other hand, it is often useful to transform an 
expression y by the use of fractional and negative exponents, 
in order to employ the general formula (a) instead of a com- 
bination of the special ones. Thus 

Again, 

'^[vri^J = '^^ + «)-«=-♦(« + *)-»d«. 

The derivative of a function may be written at once in- 
stead of first writing the differential, since the former differs 
from the latter only in the omission of the factor dx^ which 
must necessarily occur in every term. Thus, given 



y = 7(7^ =*(»+ «*)■*. 



we derive 
dy 



= (I + of)'^ - \x{i +5C»)"» . 2X = 



^ ^ ' ' ' ' (i +:»')»• 



X. Differentiate 



Examples V 

a-^ bx-^ cx^ 



Put the expression m the form — |- 3 -j- cjt. ( ^ "" Xs) ^' 

Find the derivatives of the following fiuictions : 

<i* — 3^ dy - 2X 
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2J^ dy _^ ^j^{2d^ — x^) 

dy 
5. > = (i + 2^)(i + 40:*). — = 4j;(i + 3Jr + ioa-S). 

e.y = {<^+^W+Z^) ^=3(5^+^^ + 2aV. 

g= 4(1 +^)»(i+-^)(i+ -^+2^-2). 

8.>^=(i+^r+(i+^)"'. 

dy 

-^ = »i» [(i + a:-)* - »af— » + (i + jc*)* - ijc- - 1]. 

0? — 2c^ dy , a^ 

9' y = 



10. ^ = 



11. y = 



12. J' = 



» 


dy 
dx' 


dx ' (jt- - ay 

dy a + X 




dx 2Jf« 

dy a^ 


a3 


dx~~ x^^{x^^ d^y 

ad 2x^ — a* 


COT v'(;c» — a^y 


c ;c3(jc« - ^2)1 • 



§=i[(i-^)-|- (I +;.)-!]. 

14. >'=(i +Jf)i/(i-Ar). /■= w""^"^ v > 

^ dx 2 /^(i — x) 

is.y={a+xy(d^xyx^. 

^ = x(a + xy(6 - xy \2ab + (5^ - 6a)x - 9:1^ . 
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i8. y^JU —^—. 



ffy^ I 

dx'^ (i - X) |/(i - x^y 



Rationalize the denominator, -— = — — — 3l ^ 4- 2;t . 

dx tf'LVv'' M""^) J 



20. ^ = 



21. y = 



22. ^^ = 



dy 



3jr <^ abx 

^{2ax - x^y di *" (2ar - jc«)*' 

• 

(2aj»; — JC^V 



See Art. 55. ^ = 3(aa - ^) "^ "* 



^ (2aAr — 0^)4* 

___ X ^{a -\-x) ^ _ 4/g j: 

_ j(? dy y^ 2 — ji^ 

*^' -^ ■" (I - jc«)t' ^ ~" (i -^2)t' 

{T+xy*' 'dx ~" (I 4- xy^^' 

__ I ^_ na -^^ mb ^ (m -{- n)x 

*^' -^ "" {a + Ar)"'(^ + :r)-' . ^ "" "" (a+a:)- + i(^ + a:)« + i- 
2;k* — I dy 1 -\- 4x^ 

x^{i + x^y d^ = ^+^)*' 

20. y = -^-^ — ! ^ ^ "^ '-, 

^ X 



26. j' = 



28. ^ = 



• iir a:* 1/(1 — i*) 
_ / I — ^ ^ 2 j;* — 4>v 

3^- -^ - r (I + ^)3- ^-(,_^)i( 1 + ^^)4- 
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31. y = x{<^ + x^) Vffl* - Jf»). 



dy ^ + ^^ — 4-*^ 



32.^ = 






33- ^ = 



34. J' = 



4/(1 + ^y di (i+A^)f 

:r + |/(i + ^y 

See Example 19. ^ = ^j".^*^, - 4^. 

^ y(jr4- i) 

^ _ _ 2 r I " ] 

^~ :^L'"^ 4/(1 - ^)J* 

37. Two locomotives are moving along two straight lines of rail- 
way which intersect at an angle of 60° ; one is approaching the inter- 
section at the rate of 25 miles an hour, and the other is receding 
from it at the rate of 30 miles an hour ; find the rate per hour at 
which they are separating from each other when each is 10 miles 
from the intersection. 2^ miles. 

38. A street-crossing is 10 ft. from a street-lamp situated directly 
above the curbstone, which is 60 ft. from the vertical walls of the 
opposite buildings. If a man is walking across to the opposite side 
of the street at the rate of 4 miles an hour, at what rate per hour does 
his shadow move upon the walls : (^ir) when he is 5 ft. from the curb- 
stone ? {/3) when he is 20 ft. from the curbstone ? 

(a) 96 miles; (/?) 6 miles. 

39. Assuming the volume of a tree to be proportional to the 
cube of its diameter, and that the latter increases uniformly, find 
the ratio of the rate of its volume when the diameter is 6 inches to 
the rate when the diameter is 3 ft. ^. 
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40. If an ingot of silver in the form of a parallelopiped expands 
rvVir P^^ ^^ ^Aoh of its linear dimensions for each degree of tempera- 
ture, at what rate per degree of temperature is its volume increasing 
when the sides are respectively 2, 3 and 6 inches? 

If X denote a side^ dx may he assumed to denote the rate per degree 
0/ temperature, ^^ of a cubic inch 



VI. 
Differentiation of the Logarithmic Function. 

56. The logarithm of x to the base b is the value of y in 
the equation re = ^ and is denoted by log^;*?. In finding its 
derivative regarded as a function of x^ we shall employ the 
method illustrated in Art. 44 in the case of the square. 

Assuming another value z of the independent variable 
connected with x by the relation 

z=mx, (i) 

where m is a constant, the fundamental property of the func- 
tion is expressed by 

log 2 = log w + log :», (2) 

the symbol for the base being omitted for the present. Dif- 
ferentiation of equations (i) and (2) gives 

dz = mdx, d{logz) = d{logx)\ 

whence, by division, we have 

d{log 2) __ I rf(log x) 



dz m dx 



> • 



(3) 
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■^ ■ ■ 

for the relation between the values of the derivative corre- 
sponding to two values of the independent variable connected 
together by equation (i). 

Now, eliminating m by means of equation (i), we obtain 

^ (j(logz) _ di^ogx) 

^ dz ^"^ dx'~ W 

in which the variables z and x are entirely independent, be- 
cause we arrive at the same result, no matter what the value 
of m. In other words, we have shown that, it /(x) = logjc, 

2/(2) = xfix).* 

It follows, as in Art. 16, that each member of this equa- 
tion has a value independent of x. Hence we write 

''~dr~ -^^ (5) 

in which we have denoted the '* constant" by 5, because, 
while it is independent of x, it is obviously not independent 
of the base b of the system of logarithms. 

57. We have next to derive a functional relation between 
B and b. For this purpose, let a be another value of the base. 
From equation (5) 

d(losiX) = ^, (6) 

and therefore also 

d(.\og^x) = -^ (7) 

♦ In the graph of the function^ = log jr, this equation^ signifies that the value 
of tan <f>, or the gradient of the curve, is inversely proportional to the abscissa. 
See Fig. 9, p. 53. 
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in which A is the same function of a that B is of 6. 
Since by the definition of the logarithm 

we have, by taking logarithms to the base a, 

loga ^ = log- ft • log^ :v; (8) 

whence, differentiating by equations (6) and (7), 

Adx , , Bdx 

-ir = '°s- * -X-' 

or 

A = B log^ 6. 



Hence, by the properties of logarithms, A = log^ 6^, and 

The independent quantities b and a are here separated, so that, 
as in Art. 16, the common value of the members is independent 
of a or b. In other words, it is an absolute constant, and 
denoting it by e we haye 

i''=e (9) 

Now, taking e as the base of a system of logarithms, we 
have 

B log, 6 = I ; whence B = 



log, ft* 
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r~ " - - - ■■ 

Finally, substituting in equation (6), 



Napierian Logarithms. 

58. The constant e is an incommensurable quantity second 
only in importance to the constant n. It is known as the 
Napierian base^ and the corresponding system of logarithms 
as the natural or Napierian system. The method of comput- 
ing its value to any required degree of accuracy will be found * 
in a subsequent chapter. 

Putting e in the place of h in the general formula (6), we 
have the special case 

mo%.x)=- (6') 

Thus the natural logarithm is that which has the simplest 
derivative.* On this account the logarithms employed in 
analytical investigations are almost exclusively Napierian. 
Whenever it is necessary, for the purpose of obtaining numeri- 
cal results, these logarithms may be expressed in terms of the 
common tabular logarithms by means of the formula 

which is derived from equation (8), Art. 57, by writing 10 for 
a and e for ft. The value of the constant log^^d will be com- 
puted in a subsequent chapter. 



* The ground upon which Napier, the inventor of logarithms, chose the natural 
base is equivalent to the assumption that x and log x shall, in starting from their 
initial values i and o, begin to vary at the same rate. 
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Hereafter, whenever the symbol log is employed without 
the subscript, log, is to be understood. 

59, The graph of the function log x^ or curve whose 
rectangular equation is 



y = log^ X, 

is called the logarithmic curve. 

The shape of this curve is indi- 
cated in Fig. 9. It passes through 
the point A whose coordinates are 
(i, o), since 

log 1=0. 
Since we have, from formula (6'), 



(0 




Fio. 9. 



dy I 

the value of tan at the point A is unity, and therefore AC^ 
the tangent line at this point, cuts the axis of x at an angle of 
45°, as in the diagram. It follows from equation (2) that 



when 

9 


X> \y 


tan < I , 


and when 


^ < I, 


tan > I ; 



the curve, therefore, lies below the tangent ACy as shown in 
Fig. 9. 

The point («, i) is a point of the curve; let 5, Fig. 9, be 
this point, then OR will represent the Napierian base, and 
BR = I = OA. Produce BR to meet the tangent in C; then, 
because the tangent lies above the curve, RC > i. "But since 
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RAC = 4S°» AR = RC; hence AR > i SindOR > 2; that is, 
the Napierian base e is somewhat greater than 2. 

Logarithmic Differentiation. 

dx 
60. The expression — is often called the logarithmic dif- 
ferential of X. When the value of x is positive, it is by the 
preceding articles the differential of the Napierian logarithm of 
X. But, when x is negative, so that the logarithm is imaginary, 
the logarithmic differential is still real, and is in fact then the 
differential of the logarithm of the numerical value of x taken 
positively: for 



rf[log (- x)-\ = 



d{— x) dx „ 

— X X ' 



Hence we may define the logarithmic differential as the dif- 
ferential of the logarithm of the numerical value of x regard- 
less of algebraic sign. 

The complete graph of the function corresponding to the 
logarithmic differential would consist of the curve of Art. 59, 
together with the dotted branch represented in Fig. 9. 

61. By the process of logarithmic differentiation we may 
derive independent demonstrations of the formulae already 
found. Thus, by differentiating the equation 

log {xy) = log :r + log y, 



* The logarithm of a negative quantity is imaginary ; but, by the properties of 
logarithms, we must have log (— jr) = log jr -j- log ( — i). The term log ( — i) con- 
stitutes the imaginary part; but, since it is a constant, the differential of log (~ x) 
is the same as that of log x. 
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we have 

d{xy) _ dx dy ^ 
xy X y 
whence 

d{xy) = ydx + xdy- 
In like manner, from 



we derive 



whence 



log(^j = logx-logy 
X \y) X y ' 



i_>'^-^^y 



t^)= 



Again, from 



we have 



whence 



log :r* = n log x 



dix"^) dx 

:x:* X 



d{x'') = «^"*(i)c. 



62. The method of logarithmic differentiation may fre- 
quently be used with advantage in finding the derivatives of 
complicated algebraic expressions. For example, let us take 

_ V(2^)(i - a?)i 



— 8:r^ + 24i)c2 - 


■ JK? — 


6 

• 


6(1 -x')(x- 


- 2)X 


9 


- 8rv» + 24Ar» - 


■ X—- 


6 
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whence we derive 

log 1* = 4 log {2x) + i log (I - 5f») - I log (:v - 2). '(2) 

Differentiating, 

^^ _ I 3^ 2__/ ,.x 

«d^ "" 2x 2(1 - :c*) 3(jc - 2) • • • ' ^^^ 

adding and reducing, 

du 
udx 

therefore 

du 

dx ~~ 3(2jj;)i (I - x')i (x - 2)* * 

Differentiation of Exponential Functions. 

63. An exponential function is an expression in which the 
exponent is variable. In the simple exponential function 

y - «' (0 

it is necessary to assume a to be positive ; otherwise y is not 
a continuous variable. This is the same thing as saying that 
in the inverse of this function, x = log^y, we cannot have a 
negative base for a system of logarithms. 

The differential may be obtained from the inverse function, 
as in Art. 46, or as follows, which amounts to the same thing. 
Taking Napierian logarithms of both members of equation 
(i), we have 

log y= X log a ; 
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differentiating by formula (6'), 



hence 



dy 

~^z=i log a»dx\ 

dy = log a.ydXf 



or 



d{a') = log a . a*dx. 



(c) 



64. Putting e for a in this formula we have the special 



case 



d(g*) = e'^dx (c') 



The exponential of this form is the most common in analy- 
sis. It is often denoted by the functional symbol exp, espe- 
cially when the exponent is a complicated expression, for 
example, txp[x \/{^ — i)]. 

Formula (c') shows that e* is the function which is its own 
derivative. Its graph, Fig. lo, is called 
tAf exponential curve, and is the same 
as the logarithmic curve in another posi- 
tion. If from any point P of a curve 
the tangent PT and ordinate PR be 
drawn, the subtangent TR = y cot 0. 
Now in this curve, tan = e*=y, we 
therefore have y cot = i. Hence the 
exponential curve is the curve in which the subtangent is con- 
stant. In the diagram, this constant value is equal to OBy 
which represent unity. 

65. When both the exponent and the quantity affected by 
it are variable, the method of logarithmic differentiation may 
be employed. Thus, if the given function be 




Fig. id. 



z = («jc)**. 
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— - — — 

we shall have 

log z= 0(^ log (nx) ; 

differentiating, 

dz dx 

— =c^ Uzx log (nx)dx. 

hence 

d[(fMc)**] = {nxy'x[i + 2 log inx)]dx. 

Examples VI. 

1. Given the function^ = log^x; show that ^ = , and 

hence prove that the tangent to the corresponding curve, at the point 
whose abscissa is e, passes through the origin. 

dy 

2, y = Ji^ log X. ~^z=z x*-^{i + n log x). 



3- y = log (log •^)- 



dy 



dx X log X 

A.y = log [iog(. + b^)-] . I = ^--^^^^-L——^. 

6 J, - log ♦^i±i^ ^ *^— 

o. > _ log ^^ _ ^^.. dlr - (a — *)f'ar- 

Put in the form log ( y« + ^x) — log (ya — yjf). 
7.^=log[(*/^-<z) + 4/(^-^)]. |=_^^^_L___. 

8.^ = log[.+ V(-^±a')]. |=_^_i_^^. 

_, X 4y I 

9- ->' - 'Og y^i _|. ;e»)' (ix: - ar(i + jt*)' 

^ - '"K ^^j + 4:) - V(l - •»^)' <^-« ~ X 4/(1 - *»)* 
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_, X ^_ i 1 L 

a(2je — a) A* ^ + a' 

14. J' = log {,x- a) - _ ^^^ . - 



15- J' 








dx' 


"(■^ 


-a)» 




dx 


log a 


a* AT. 


♦ _ 


I 




I 

p It X, 


^ 


(1 + 


xr 




dx'' 


: «•(! — 


3^- 


-^. 



1 

16. J' = ^1^^*. 

17. ^= ^(l — x^). 

18. J' = (^ - 3)^*' + 4^^- ^ = ^^-^ - 5)^'' + ^C-^ + ')^- 

__ e* — tf ■* ^ _ 4 

20. J/ = 3-'. £= log^ • ^og^ . ^'. ^. 

21. y = a'**. ^= «^''"- -^"^ • log ^• 

. dy e* — e 

n- y = log ('^ + •■*). ^= ;rqr7 

34. j; = «•«««. ^ = ^loga.a'<«-. 

26. j'=;e*. ^ = j;«(i+logA:), 



—X 
— 4f 



^iMf^og. 



38. y=v'' S =*'^ • ■**(' + l°g •*)• 
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1 dy - I — log-y 

30. J/ = r . ^ — e.e*. 

ax 

,T «-*.^* "^-^ ^ I + -y log -y 

31. y r=. xe , -T- = JE^ . ^ ' 

. ax X 

dy 

32. ^ = <J* (;c log a — i). T- = (log a)'A:a'- 

33. y = ze'^^x^- 3^+6^4- 6). ^ = a:e*". 

^'••^-(.-2)i(.-3)i' 

^.. ^r/. 62. ^ = - (a:-.i)*(7^ + 30-^-9 7), 

^■^ I2(a-- 2)T(ji:-3)y 

4/[ajt:(jt:— 3g) ] ^ ^ v^g(jt:g — S^za -f 12^^) 

4/(^ - 4a) • ^^ " 2 [jt(A- - za^l^x - 4^)*' 

36,^.- (-^ + ^)^(-^+3)* dy _ x\x + 3)i 

(•^" + 2)* ^•^' (a; 4- 2)5(.Y + i)i' 

37. y = (^-^)^ . efv_ (^-,2)8(x 2 ~7A'+ l) 

(^- i)l(:x:-3)V- fl!^ (ar-i)i(^_3)/ ' 

38. ^ _ (-^~2^+2)i(.r»+i)t 

(:r+i)f 

^ _ (8^:^ -- 2i.r3 + 260; — \^\x^ + i)l 
'^^ 2(A'^-2A-+2)f(a;+i)« * 

'^ Vi + |/(i-W (1-^-2)1 ' 

•'^^^ (i -I, ^(i -.jyg) / "^-^^ ^'^^ ^^ ^^^ ^^^^^ obtained in Ex, 40. 
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VII. 

Trigonometric or Circular Functions. 

66. As stated in Art. 7, when the trigonometric func- 
tions, sin B^ cos etc., are regarded as undergoing continuous 
variation, the independent variable B is taken to be the arcuai 
measure of the angle, that is, the ratio which the arc sub- 
tending the angle at the centre of a circle bears to the radius. 

Let O be the centre of a circle of radius ^ , referred to rect- 
angular diameters as coordinate axes, and let AOP^ Fig. 11, 
be the angle B, the radius OA being fixed in the axis of x. 
Denote the arc AP by j, then B = s/a, and as B increases P 
moves along the circumference, completing the circuit (and 
the radius OP completing a revolution), when 6^ = 2W. Since 
s may increase indefinitely with 
repeated revolutions of P^ the 
trigonometric functions defined 
by the ratios of the sides of the 
right triangle OPR are continuous 
functions for all values of B. 
They are called periodic functions, 
because their values repeat them- 
selves while B passes through suc- 
cessive ranges of values, each o^ 
extent 2n\ hence also 2;r is called Fig. ii. 

the period ol the functions. Compare the graphs in Figs. 12 
and 13, pp. 63 and 64. 

Since both the functions and the independent variable are 
defined by means of lines connected with a circle, they are 
often called circular functions. We shall derive their rates of 
variation from their geometrical definitions. 
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Differentiation of the Sine and the Cosine. 
67, We have then, by definition, in Fig. 1 1 

6>= ~, sin«='?^, cos^=:-. . . . (i) 
a a a 

Let PPy measured along the tangent line in the direction in 
which P moves when B is increasing, represent ds\ then 
drawing PB and BP' parallel to the axes, we complete, as in 
Fig. 7, the differential triangle for the motion of P, From 
their directions in Fig. 1 1 it appears that BP represents dy^ 
which is positive because y is increasing, and BP represents 
—dx because x is decreasing, so that dx is negative. 
Differentiating equations (i), we have 

de = -. rf(sln e) = ^. </(cos <?) = —: 
a a a 



whence the derivatives of sin 6 and cos # are 

</(sin fi) _ dy d(cos 0) _ dx 

dJ~ ~ Is ~~de 'Js 



(2) 



To express these in terms of By we note that the differential 
triangle and OPR are similar because their sides are mutually 
perpendicular, the tangent to a circle being perpendicular to 
the radius drawn to the point of contact.* 



♦ This can be shown independently of geometry by differentiating the equation 
of the circle, which is 

for this gives 

xdx-\-ydy = o, 
whence 

dy X 

-- iix^ y' 
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Therefore the angle BPP is equal to 5, and 



dy 
ds 



= cos Of 



dx 
ds 



= — sin 0. 



Substituting in equation (2), we have 



d{sin 0) = cos0d0 



id) 



and 



d(cos 5) = — sin e d0 (e) 



68. The arcual measure is the length of the arc in the 
circle whose radius is unity. In the graph of the function 
sin X, this is measured along the axis of x. The curve 
y = sin or is the full 
line in Fig. 12, which is 
a continuous curve of 
unlimited extent, con- 
sisting of repeated simi- 
lar branches. Since 

d{s\n ^) "] _ 
dx 



1= 




COSO = I, 



Fig. 12. 



this curve makes an angle of 45° with the axis of x at the 
origin. The graph of cos x is the dotted line in the diagram, 
which is the same curve moved a distance equal ^n to the 
left, since cos x = sin {pc + ^n). 



Differentiation of the Tangent and the Cotangent. 

69. The differential of tan is found by applying formula 
(C), p. 42, to the equation 

sin 



tan e = 



cos tf ' 
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thus, using formulae {d) and (6), 

rf(tan e) = -T7. dd = 



de 



or 



d(tan 5) = 



cos^tf 
dd 



cos'^ 



iA ' 



= sec'^dtf. . 



. . (/) 



The differential of cot can be obtained in a similar man- 
ner» or by applying this formula to the equation 



which gives 



cot 5= tan(i«' — ^; 



d(cot tf) = — 



d0 



sin^e 



= — cosec^O dO. . . (£) 



70. The function tan x is discontinuous for any range of 
values including an odd multiple of ^;r, because the value of 

the function is infinite when 5f = ± J;r, 
± f ;r, etc. Accordingly, the graph or 
curve y = tan x, given in Fig. 13, con- 
sists of an unlimited number of de- 
tached branches, each corresponding to 
a range of values of x of extent 7t. The 
period of this function is therefore 7t, 
Each branch cuts the axis of x at 
Fig. 13. an angle of 45**, and at these points the 

curve has, by formula (/), its smallest gradient. 

Differentiation of the Secant and the Cosecant. 

7(. The differential of sec d is found by applying the rule 
for the reciprocal to the equation 




sec 5 = 



cos d' 
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thus 



sin Odd ' - - __ ,,, 

rf(sec fl) = j^ = sec etSLnOdfl. . . . (A) 



The differential of cosec d is found by applying this 
formula to the equation 



which gives 



cosec = sec (i^ — tf), 
{/(cosec ^) = — cot^tf dd. . . . 



The graph of the function 
sec X is given in Fig. 14. It con- 
sists of discontinuous branches 
alternately above and below the 
axis of X. The period of the 
function, 2;r, corresponds to two 
branches. 

72. To these formulae (d) to 
{{) for the six trigonometric func- 
tions may be added that for the 
versed-sine^ which in Fig. 11 is 
the ratio of AR to the radius OP. ^^®* '*• 

This function is therefore defined by the equation 



(0 




vers I? = I — cos d, 



whence, by formula {e)y 



rf(vers 6) = sin dd. 



(J) 
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The Logarithmic^ Trigonometric Functions. 

73. Combining the formulae found above with that for the 
logarithm, we readily derive the following for the logarithms 
of the circular functions : 

J(log sin ^) = — d(log cosec 6) =cot Odd\ 

d(Iog cos ff) = — d(log sec ^ = — tan 5(W; 

d(Iog tan 5) = - d(Iog cot 9) = (tan 5 + cot d)dO. 

Examples VII. 

1. The value of </(sin B) being given, derive that of </(cos ^) from 
the identity cos^^ = i — sin'^. 

2. From the identity sec26' = i + tan^^, derive the differential of 
sec B. 

3. From the identity sin 26^ = 2 sin B cos ^, derive another by talc* 
ing derivatives. cos zB =. cos'^— sin^^. 

Find the derivatives of the following functions : 

dy 

4. ^' = ^ + sin ^ cos ft -^ = 2 cos'ft 

5. ^ = sin 6/ — J sin^ft -4^^ co^B. 

sin 6^ </y I + cos^^ 

6. y = - 



V(cos 6^) dB 2 (cos 6^)* 

sin AT dy X cos ^ — sin jc 



7- -^ ■" a: ■ ^ A^ 



S, y = sin22:r. -^ = 2 sin 4Jir. 



dy 
g. y = sin'jrr + cos^x. 7^^^ smjrcosA:(sinAr— cosJt). 

10. V = i tan«^ - tan ^ + ft ■^= tan*ft 

dy 
XI. j; = J tan«^ + tan ft ^= sec*ft 
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12. J' — sin^. 






dy 

-V-= e*cose*. 

dx 


13. y = jrsinjr^. 






-7- = sin o:^ + 20:^ cos x^. 
dx 


14. y = ^**» *. 






dy 

-7- = log a . cr^ * cos JC. 

dx 


IS' y — tan2^ + log (cos'^). 






da 


16. y = log (tan ^ + sec 6). 






i = sec <>. 


17. y - log tan (J;r + ^6). 






^ _ I 

d^ cos ^ 


18. >' = Jtr + log cos(J;r — 


^). 




<^ 2 


<^ "" I + tan a: 


19. J' = log 4/(sin j:) + log -f/(cos ji;). 


-^ — cot 2ar- 


20. J/ = sin n6 (sin ^)*. 




dy 
dd 


= «(sin»)«-isin(«+i)ft 


sin AT 






^v _ cos^jc — sin'je 


I + tan X 


dx (sinj;+cos;t)*' 


22. y = ^cos^Jir. 




dy 
dx 


= €^{a cos 5x — d sin dx). 


ya cos j; — 3 sin j; 




dy __ —ad 


^^'^-^""^yacosx + dsmx 


dx a^ cos^ X— £^ sin^or * 


24. y =z &* (cos a: — sin x). 






-f- = — 2^sin^. 
I 2 


1 






(/y e* sec^ ^* 


25. ^ = tan tf*. 






^ a;^ 


26, y = e^ {a sin ;c — cos x). 






^=(a'+i)e^sinx. 


27. > = |/(i + sin at). 






dy 

^^ -iV(.^-sinx). 


(sin wj;)* 
28. y = -) ^. 

(cos WJ?)* 


dx 


mfi 


I (sin nx)"^"^ cos (»j — n)x 
(cos«iar)* + ^ 
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// \ 4y — sec' a/(i— •^) 

29. J/ = tan 4/(1 — j;). -^ = --L^^ \ 

^ ^ ^^ ' dx 2^(1 — A-) 

30. J' = A**°*. ^= j;»*"'(cosj»r. logjc + ^i^y 

^v _ cos (log nx^ 



31, J/ = sin (log«:r). 



dx X 



dy 

32. _>' = sin (sin jp). _ =cos x . cos (sin x)^ 

2 3C0Sjr . , X dy 2 

33. _>/ = -r-2 ^^-2 h 3 log tan-, -j- = —r-^ 5— 

^^ sin'j;cosJc sm-^jr * ^ ° 2 dx snr;»;cos*jf 

34. The crank of a small steam-engine is i foot in length, and 
revolves uniformly at the rate of two turns per second, the connecting 
rod being 5 ft. in length ; find the velocity per second of the piston 
when the crank makes an angle of 45** with the line of motion of the 
piston-rod; also when the aagle is 135®, and when it is 90**. 

Solution : — 

Let a, b and x denote respectively the crank, the connecting-rod 
and the variable side of the triangle ; and let denote the angle be- 
tween a and x. 

We easily deduce 

X •=.a cos B -\- |/(32 — a' sin'6') ; 

whence 

dx /.^a^sinft cos 6 \d6 

df = - (" sin <? + _^^_j_j_^ j _. 

In this case, -^r = 4^', a = i and 3=5. 

When 6 = 45^", 3—= ^-- ft. 

^^ dt 7 

35. An elliptical cam revolves at the rate of two turns per second 
about a horizontal axis passing through one of the foci, and gives a 
reciprocating motion to a bar moving in vertical guides in a line with 
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the centre of rotation : denoting by d the angle between the vertical 
and the major axis, find the velocity per second with which the bar is 
moving when d = 60®, the eccentricity of the ellipse being ^, and the 
major semi-axis 9 inches. Also find the velocity when d = 90°. 

The relation between 6 and the radius vector is expressed by the equa^ 
tion 



r = 



I — ^ cos ^ 



dr 
When = 60°, — - = — 1 2 y3;r inches. 

36. Find an expression in terms of its azimuth for the rate at which 
the altitude of a star is increasing. 

Solution : — 

Let h denote the altitude and A the azimuth of the star, p its polar 
distance, / the hour angle, and L the latitude of the observer ; the 
formulse of spherical trigonometry give 

sin ^ = sin Z cos/ + cosZ sin/cos/ . . . (i) 
and 

sin/sin/= sin^cos^ . (2} 

Differentiating (i), / and L being constant, 

,dh T ' ^ ' A 

zQf&h-j^ = — cosZ sm/ sm/, 

at 

whence, substituting the value of sin/ sin/, from equation (2), 

dh 



di 



= — cos Z sin ^. 



It follows that --=— is greatest wnen sin A is numerically greatest; that 

dt 

is, when the star is on the prime vertical. In the case of a star that 

never reaches the prime vertical, the rate is greatest when A is greatest. 
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VIII. 

The Inverse Circular Functions. 

74, The graph of the function j/ = sin~^jr is given in 
Fig. 15 ; it is the same as that of sin x^ Fig. 12, 
with X and y interchanged. It shows that the 
function is real only for values of x between 
-(- I and — I, and that for any value of x be- 
tween these limits there are an infinite number 
of values of the function. To distinguish be- 
tween these, we have marked by the full line 
a portion of the curve corresponding to one 
value, and only one, for every admissible value 
of X. The values of y thus selected are all 
between i \n and are called the primary values 
The primary value of sin~^;r may thus be re- 
garded as a one-valued function continuous for the range 

from ;r=— ltojr= + i" 

When not otherwise stated, the symbol sin" ^x will be 
considered to mean the primary value. In particular, 
sin" *(— i) = — iff, sin~*o = o, sin"*i =i^. Then, as proved 
in Trigonometry and illustrated by the figure, the other values 
of the inverse sine are all included in one or the other of the 
two expressions 

2«7r + sin~*jr or (2« + 0^ "~ sin"*jr, 




Fig. 15. 
of sin"*jr. 



wftere « is a positive or negative integer. 

75. The graph of the function cos " ^x is given in Fig. 16. 
The portion indicated by the full line corresponds to one 
and only one value of cos ~ ^x for every admissible value of 
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X. These values are all between o and ^, and are called the 
primary values of the function cos"*;r. Thus 
the primary value may be taken as a one- 
valued continuous function for the range be- 
tween — I and + i« 

When not otherwise stated, cos^^at will be 
taken to mean the primary value. The other 
values are included in the expressions 2nn ± __ 
cos" ^jr, where n is an integer. In particular 
cos~X~~0 = ^> cos'"*o = i«', cos~*i = o. 

For negative as well as for positive values of ;r, the primary 
values of sin^^^r and cos"*;r satisfy the relation 




Fig. 16. 



cos"*;r = - — sin"*;r. 
2 







*ir 


/^ X 


__-;^ 






76. The graph of the function tan ~ ^x is the same as Fig. 

13 with X and y interchanged. 

The primary values correspond to 

that branch which passes through 

the origin as given in Fig. 17, 

Since all values of the tangent are 

i possible, tan~*;r is a continuous 

Fig. 17. function for all values of x. The 

curve approaches the straight lines y =^ ± J;r as asymptotes. 

Thus, using the primary value, we write tan" *(— 00 ) = — \n^ 

tan" *o = o, tan" *oo = \7t. 

The other values of the inverse tangent are all included in 
the single expression 

«7r + tan~*j:, 



where « is a positive or negative integer. 
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77. It will be noticed that, for each of the functions 
sin"^^, cos"*;r and tan-*^:, the primary value is so taken that it 
is in the first quadrant (that is, between o and \n) for all ad- 
missible positive values of x. Also, the primary value for 
negative values of x is so taken as to form a function con- 
tinuous for the whole range of admissible values of jt, as shown 
by the graph in each case. 

In the case of the other three inverse circular functions^ 
the same rule applies for positive values of x. It is not, how- 
ever, possible in the case of sec~^;r and cosec""*;r to obtain a 
continuous function for positive and negative values of x, 
because these functions are not real for values of x between 
-j- I and — I. For zoXT^x we can obtain a continuous function 
by taking the primary value between o and ?r, while x varies 
from -}- 00 to — 00 . 

The use of these last three functions can be avoided by 
means of the transformations : 

a P cc ft 

sec"*"s-= cos"^— , cosec~* -^ = sin"* — 



a* 



a p 

cot'^-ir = tan""*—. 

P OL 



Differentiation of the Inverse Sine. 

78. Proceeding in the usual manner for an inverse func* 
tion, let 

y = sin~^;tr ; whence x = sin y. 

Then, by formula {d) ; 

dx 

dx = cos^ dy ; whence dy = 



I 



I 



I 



cosy 
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Now cos y = ± |/(i — sin'y) = ± ^(i — o?)^ but if y is re- 
stricted to the primary value of sin"^i», which lies between 
— \n and + i«', cos y is positive. Hence, substituting, we 
have for the primary value 

Accordingly, the primary value of sin"*;*? is a continuous in- 
creasing function for the range of values of x between — i 
and -{- I, as shown in the graph, Fig. 15, p. 70. 
79. Similarly, when 



y = cos"*;r, x = cos y ; 



by formula (e), 



ix 
dx = — sin ydy; whence dy = : 



smy 



Here sin y = ± ^'(i — cos'y) = ± 4/(1 — 0^) ; but, when y is 
restricted to the primary value of cos~'a; which lies between 
O and «', sin y is positive. Therefore, for the primary value 
we have 

dx 

Accordingly, as shown in the graph. Fig. 16, p. 71, the 
primary value is a decreasing function. 

Differentiation of the Inverse Tangent. 

80, If y = tan~*i», X = tan y, 

and, by formula (/), 

dx = sec'y dy\ whence dy = — -3-. 
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But sec'y = i -|- tan^y = i -|- jc^, therefore 

dx 
d^tzxr^x) = -^^j^ (w) 

Since i + 5^ is always positive, tan'"*^!? is an increasing 
function as shown by the graph, Fig. 17, p. 71. 

The expression applies to all the values of tan"~*a?, which 
in fact differ only by values of the constant nn in the expres- 
sion given in Art. 76. 

In like manner, or from the relation 

n 
zoXT^x = — — tan"% 

we derive 

UfX 

d(cot-i^) = - ^^-p^ (n) 



Differentiation of the Inverse Secant. 

81. If y = sec"*a;, x = sec y, 

and, by formula (A), 

__ dx 

^ sec y tan y' 

where sec y=- x and tan y = ± j^{p^ ~- !)• But, taking y in 
the first quadrant when x is positive, tan y is positive, there- 
fore for the primary value 

ix 
d(sec-^x) = ^ ^(^ _ ,) (0) 

In like manner, or from cosec"*Jc = i^r — sec"*re, we derive 

dx 
d(cosec-'a;) = - ^ ^^^^ _ ^y . . . (p) 
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in which the negative sign indicates that the primary value 
of cosec~*i» when x is positive is a decreasing function. 

82. To the formulae found above we add that correspond- 
ing to the versed-sine of Art. 72. Let 

y = vers^^jc, then x = vers y = 1 — cos y, 

dx 
dx = sin ydy, dy = - — . 

^ -^ -^ smy 

But sin y = ^(1 — cos^y) = |/[i — (i — x)'^] = i/{2x — x^)\ 
therefore 

d(y^rs-^x) = -^^^-^^ (g) 

The inverse versed-sine is thus a continuous function for the 
range from oi; = o to re = 2, increasing from the value o to 
the value tt. 

Homogeneous Forms of the Formulcs. 

83. In geometrical applications, the independent variable 
of an inverse circular function usually occurs in the form of 
the ratio of two lines, in accordance with the definitions of the 
direct circular functions. Putting x/a in place of x in the fore- 
going formulae, we have their homogeneous forms, in which 
each letter stands for the length of a line, the constant a 
taking the place of the unit of length. We thus obtain 



,/ . «i^\ dx 
d[ sm '- 1 = — —, — ; 

J ^x\ adx 
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Examples VIII. 

1. Derive ^(sec~*^) from the equation see" *a: = cos-*-. 

2. Derive </f cot-*- j from the equation cot-*-=: tan-*-. 

3. J/ = smH — — -. 

4/2 

4. ^ = sin-*(2^). 

5. _>/ = sin-*(cos at). 

6. J' = sin (cos~ *a:). 

7. ^ = sin~*(tan or). 

8. ^^ = cos"" *(2 cos ^). 
^, y -=. X sin" *a: +1/(1 — ^). 

10. y = tan" V. . _ , 

1 1. ^ = (a;* -|- i) tan" *a: — jc. -j- z=z 2X tan~ *a*. 

12. J' = <2^ sin" * — |- xj^{a^ — a:*). -^ = 2 f^(a' — o:^) 





dy I 




<£;c ~ 4/(1 — 2Ar — a:^)' 




^ 4^ 




dx y(i — 4JC*)* 




<£^ 




dy X 




dx~ ^(i_^)' 




<fv sec'j^r 




dx ~~ 4/(1 — tanlv)' 


* 


2 sin Ji: 


dx 


~~ 4/(1—4 cosU*)* 




dv , , 
-,- = sm ~^x. 
dx 




dy I 



13. J' = tan 



I - or*' <£a: I + (;»« - 2)ji-'« + A-*' 



14. ^= tan"* ^'^ ^— ^«5 



2-|-j: d^ 2(^ + A'+i)' 

15. > = tan 



-1 X dy _ I 



|/(l — AT*)* <£r f^(i — 'V^j* 

, _ ^1 g ^^^ I 

T ). > - sec ^^^, _ ^^. — - -^ __ ^^^. 
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— ei*>~" 1 . 



X dy a 

18. ^ = sin- ^^/(sin jc). "^ ~ i '♦^(^ + cosec ^). 

y/ ^\ • -1 ^ -y sin - ^x 

, m + X dy 1 

20. ^^ = tan- * ! . -^ = — ^ — 2- 

,1 — jc* dy 2 

21. ^ = cos"" * — ; — ^. -J- = — :-— o. 

22. ^ = tan- ^4/ — ; . -r = i« 

'^ I + cos ;«; dx 

23- >' = -77Z zav + log V(i - -^^ 



V(i-Ar8) ' ** ^^ ' dx (I -jtr^) 

24. >^ = (^ + fl) tan- i|/^ - |/(a;i;). ^ = tan- y ^. 

/ . - , X ^ exp (sin- ^x) 

25. ^ = exp (s,n «*). - ^ = y(x - ^-^y - 

26. J' = exp [(i + x^) tan- ^j:]. 

dy 

— = (1 -\- 2X tan- *j;) exp {(i +-^) tan" ^a:]. 

2 sin - * Ji; , , I — Jt: ^ 2X sin" ^j»; 

27. V = — "7 ^ + log — r . -T-= ;• 

V(i - •**') I + V • ^^ (i _ ^^)J 

__ . __ J Ji' tan or ay ___ a^ tan or i 

28. >'-.sin -^^^^--— . ;5^ - a^ - ^ • j^{d' - ^-a gec^ ^)- 

30. >^ = (i-^)^sin-t^ 

or 

^ I — a:^ I 4- 2a:* ^x . - 1 

^ = -^ ^- t^( I - ^) SI n ^^. 



£^« logarithmic differentiation. 



dy (i +fl')^ , , ^ 

-:r- = ^^ — ■ ~i exp {a tan - 1^). 
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32. y = tan-^[;r + 4/(1 — •*^)]» 

dy _ 4/(1 — ^) — a: 



dx 2|/(i - ;t^)[i + ji:|/(i - a-2)]' 

, 3 + a cos j: ^>^ A/(a^ — ^) 

33. >' = sm- 1 — — ^ . --- = — --?-\_ ^. 

a + ^ cos ;t dfji; a -{- o cos ^ 

_ _i J^VS ^__ I 

34. >' - sec ^ ^^^ + ;»: - !)• djcT ^ x ^(x' + x - i)' 

35. y = tan- ^ ^- ^ ^- = -^ , — «. 

36. j/ = tan-^ 1 z • T-=r^. ^• 

a -^ cos ;«: ^ ^ + tf cos x 

37. y - sin -^^-^^^ -^^^^. ^ - (J ^ ^) ^(^ ^-3^^)- 

1 -^"^ — 2 dy 3 

38. V = COS-^ -3—. /- = — I r. 

^ dx X j^{xr — I ) 

39. >/ = a: exp (tan- ^ a:) ^ = J"^^ ' exp (tan - ^x). 



IX. 

Recapitulation of Formula. 

84. We have now obtained the formulae required in Art. 
42 to enable us to differentiate all the functions which can be 
expressed by combining the elementary functional symbols 
and the algebraic operations. They are here recapitulated : 

d{x-\-y-\-Z'\-. . .) ^dx-\- dy -^^ dz-\- (A) 

^(^1^2 • • • ^/) = ^1 • • • Xfix^ +^1^3 ** .Xp dx^ + . . . . (B) 

ydx - xdy 

y8 • yy) 



•i^h 
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d{x^) = nx" " ^dx • . . (a) 

dx • 

'^(log.*) = -i,— , (b) 

dx 

d(\ogx) = - (b') 

d(a') = log a.a' dx {c) 

d(e') = e'dx (cO 

d(sin e) = cos e d0 (d) 

d(cos 0) = -- sin dd (e) 

d0 

d(t3in 0) = ^^^ = sec^0 d0 (r) 

d0 

d(COt 0) = ^"2^ = — QOSQCWdd. ... {g) 

sin 0d0 

d(sec 0) = -^ = sec 0t2in0d0. . . . (h) 

1, ,A COS ^rf& r. ^ ,^ 

a(cosec 0) =: . on = — coseco' cot 0d0. . (i) 

d(vers 0) =sin0d0 O) 

'^(--^) = 7(i^) . (*) 

d(cos-^x) = - ^^f^^^ (0 

dx 

rf(tan-'*)= fqr^ (m) 

dx 

d(cot-'x) = - Y^r^ («) 

dx 

d(sec-'«) = ^ ^(^ _ ,) («) 

Jfcosec-'^) = - ^ ^(^ _ ,) (P) 
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^(vers-'x)= ^(3^_^) (?) 

Differential of a Function of Two Variables. 

85. Formulae (a) • • • (9) express the rate of variation in a 
function due to a known rate of variation in a single variable 
upon which it depends, by means of the differentials which 
measure these rates. 

This they do in each case by giving the ** differential co- 
efficient," or derivative which measures the relative rate. 

The formulae (A), (B) and (C) have hitherto been used 
in the combination of variables which were themselves func- 
tions of a single independent variable. But in them the 
several variables may be independent, so that they express 
the rate of a function of several variables in terms of the 
values of the variables and their rates. 

Now the form of these equations is such that the differen- 
tial of the function is the sum of several terms containing 
respectively as factors the differentials of the several variables. 

These several terms are called partial differentials^ and 
their coefficients, partial differential coefficients. In contradis 
tinction, the differential of the function of several variables is 
called the total differential. 

86. The same thing is obviously true with respect to the 
form of differentials resulting from the substitution of formulae 
(A), (B) and (C) in the other formulae. For example, sub- 
stituting from (C) in (^), {m) and (o) respectively, we find 

yix — xdy 
_/ . ,x\ y^ ydx — xdy , . 
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ydx—xdy 



<--;-)=^=^^^'; . . . . W 



'+? 

ydx — xdy 

Each of these total differentials consists of two parts, one 
containing dx as a factor and the other dy* The coefficients 
in these partial differentials are also called the partial deriva- 
fives of the function of x and y. This principle, namely, thiit 
the total differential is simply the sum of partial differentials j* 
each of which vanishes when the corresponding variable is 
made constant, shows that each partial derivative can be 
found by regarding the function as a function of the cor- 
responding variable alone. Thus the. partial derivative which 
is the coefficient of dx is nothing more than the derivative 
with respect to x. 

Accordingly, the coefficient of dy in equation (2) above, or 

X 

partial derivative for y of tan""*-, is simply the derivative of 

X y 

tan"*--, or of cot"*—, with respect to y. In like manner, in 
y X 

equation (3), the coefficient of dy is the derivative with respect 
to y of cos"**-. 

X 

* We do not at present need to show that this is true of every conceivable 
function capable of differentiation since we are dealing only with the functions 
expressible by the elementaxy symbols. 
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The Derivatives of Implicit Functions, 

87. When y is a function of x given in the implicit form, 
the relation connecting the variables is the result of equating 
to zero a certain function of x and y. The result of differ- 
entiating the relation between x and y is therefore equivalent 
to equating to zero the total differential of this function. 
This gives a relation between x^ y, ix and dy, by means of 
which the ratio dy/dx can be expressed in terms of x and y. 
For example, taking the illustration of an implicit function 
given in Art. 5, namely 

flw* — zaxy + / — a" = o, . . . . (i) 
differentiation gives 

{lax — iay)dx — {^ax —2>f)dy =o, 
whence 

dy _a{2x—iy) 



dx z{ax — y^y 



(2) 



88. This equation gives the derivative of the implicit 
function y, not directly as a function of Xy but implicitly so, 
by virtue of the original equation. It determines the value of 
the derivative for any known simultaneous values of x and y. 
Thus, in the illustration above, if we put y = a in equation 
(i), we obtain :v = o or :x; = 3(X. Hence (o, a) and(3a, a) rep- 
resent simultaneous values of x and y. Denoting the corre- 
sponding special values of the derivative by suffixes, we find 
from equation (2), by substitution, 

^1 =1 and f\ =1. 
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Regarding (i) as the rectangular equation of a curve, we 
have thus determined two points on the curve ; and also, for 
each of them, the value of the gradient at that point. 

Examples IX. 

Find the total derivatives of the following functions : 

1. u—xye^^^y, du = €* ^[^(i -|-^yA'4-ar(i 4- 2y)^]. 

X , ydx — xdy 

2. « = log tan—. du = 2 —• 

y sin 2 - 

y 

.X , ydx — xdy 

3. tt=logtan"^— . tf « = 



(^«+y)tan-y 

X -\- y 
j^ _ O- AT- 2 ^{xy)] ^ydx + [x ->/- 2 ^{xy)-] ^/xdy 

2 ^{xy) {x +yy 
ey . (x^ 4-j^ — x)ydx + xr^dy 

,x^y , ydx ^ xdy 

6. «=tan->^. ^« =:>__/. 

jx^ — y^ , 2xy ( ydx — xdy) 

y x-^+y (^+y ) * vC-^"^ - y) 

8. « = log "2 2r\' "" = 7775 2^"' 

9. From j: = r cos ^ and^' = r sin 6^, deduce 

{dxf + {dyf = (dry + r^{d6)\ 

10. Given x = r cos 6^ and j' = r sin ^, r and 6 being indepen- 
dent variables, prove that 

^ sin d -\- dx cos = </r , 
and 

dy cos ^ — <i[y sin ^ = rd0. 
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11. Given x z=^r cos 6 and y =■ rixnB -y eliminate and find dr ; 
also eliminate r and find dQ. 

^.= .^±:g,and^^ = ^fe:^. 

v(-^ +y ) ^ +y 

12. If J' is defined as an implicit function by the equation 

^ + ^y — 2 = o, 
find the values of its derivative corresponding to a: =: i. 

-5^ = — I. and-5^ = o. 

13. Given j;*(j/— i) +>^(a;+i) = i; find an expression in terms 

dy 
of a: and ^^ for-^ and also its numerical values when^ = 2. 



f1 =-6.and|l =-A. 
^•«J-i,t dxS-1,% 23 



14. Show that the equation 

^ — Z^y + 6)^ + 2:t = o, 
is satisfied by (2, i) and by (o, o); and find the corresponding values 

ofl^. tl =^; ?-l =00. 



^' ^orja,! 2' dx}^^ 

.X — a .V — a . dv 

15. tan 



-i^^^-tan-»-^-=l^=^. dy^_^t±l 



x-\-a y + ^ dx x*-{-a^' 

dy & 



16. ^^ = I -\-xe\ 

17. (^— jXj«=ar+j/. 



dx 2 ^y 
dy 2)^ 



dx 2xy — n{x^ — y^) 



.s, (^+y,. = ^^-^y. | = ^^ig±|af. 



19. yeT^ = <m;*. 



^_ «ry 



dx x{i -\-ny) 



20. y - 3>^ sin- *a: + a:» = o. -f = ay-— ^-- ^-—. 

dx (2^ — .;!;«) (i — x^)\ 
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21. J' sin iir — at^y = o. 

22. y tan" *:c — >^ -|- j;* = o. 



-r- = — :^— (i — cotflLr). 
<^ I —J' ' 

^ J^i' + *-^ + 2^:*) 
:5i^-(i+;^)(>a+l?)' 



I. ^ = 



Miscellaneous Examples. 
X dy 



^+ 2 



2. ^^ = 

4. i' 



V(i+^) 



<£y 2{l-\^X)\ 

dy ^ ^a{ ^x — ^a) 

dx^ 2 j^x 4/(fl + Jt:) ( 4/a + |/Ar)* 



(y'AT — 2 4/a) ^(j^a + 1/^). ^ = — ^ 



s.> = 



_(JC— l)(g«+l)tf« 



^— I 






^(JT^* — 2JCtf* -^ 26* — X) 



6.> = 



log(jLdLf!)*+iton-^a:. 

7. > = log(j-^) -itan-»:r. 

8.> = log[.+ ^(a--.»)] + sec-f | = l/(^) 






I — j: 



9-> = 

10. > = g log 



1-1 






%x^ 



* = 



- 4/(a«-j^). 



♦ _ y(tf» — 0^) 



11. J' 

12. y 



(1+ 3-^ + 3-^)» 



dx" 



= alog^+^("'^^>-y(g» ■-;.»). 



<£r ~ 


(1 + 


X 

or)' 






+3*»)* 


<to~ 




X 



86 



FORMULM OF DIFFERENTIA TION. [Ex. IX. 



14. y 

15- ^^ 

16. y 



= log|/- 



I — COS X 



= tan 



y\ 



+ cos.r 



tan 



a- 



= sec ~* 



= cos "* 



2jr* — I 







'6' 


I 






dx' 


sin X 


dy , 


2 


♦/(«». 


-^) 


dx 


(«+^ 


cos X) 


dy 


— _ 




2 


dx 


♦^(' 


[ —x^y 






• 


2nx^'^ 




r'"4. I 



17. ^ = fl cos-* — -= ^[^ — (a — a:)2]. 



18. y = cos 



1 /I ^x 

r I +•* 



19. >/ = j^*. 



20. J/ = 



x-\ 



dx " |/[^ - (a - xf] 
dy^ __ i/(i -A ') 

dx (i+jj;)J* 

^ xP'^\x^* "* + log .V -f- I ) 
^ ~ I — jfJ'"*"* log a: 

^=(«log x-\- i>Ar-«^"^-^ 



— -K^ 



21. y —X 



22. j^ 

24.^ 

25-^ 

26. > 

27. > 



-I:=.x^x* (logj;)2+log^+iJ. 

/ . XIV • / , /i\ '^ exp (jT tan /?) COS AT 
exp (x tan >») sm \x + p). "^ = — ^^ r • 



= tan 



log[^+V(i+^)]. 



COS, (S 
dy 2X 



X COS ;r 

log tan r-5— . 

I + AT 4/2 + Ji;* 



= 7-^(- + ^+^+ ^-^+ s^)+ 5 log- 



^ 2(1 + x) ^(a + 6x) 

dy ^ 2 
dx sin^jr" 
_j jr 4/2 <^ _ 41^2 

dU: I 4-^* 

X 



*1 



^(i+at)*' 
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dy _ 6 



dx I — a;** 

29. > = (i + ;c*) » sin {m tan ~^:r). 

— = /w(i4-:r*) ■ cos [(« — i) tan~*;i;]. 
^o. y = loe -A» 2 i^3 tan * — -r —- = -s • 



I— * 



31. If> = "*" _^ , show that 

©^ — ^ 

^ ^ -^• 

32. Given uz=,xZ'-\-a sin «4-'^ cos «, and jit = a — a cos t ; 
prove that 

</« __ 12a — ^i. 



CHAPTER III. 



Successive Derivatives. 



X. 

Velocity and Acceleration. 

89. We have in Art. 1 7 employed the velocity of a mov- 
ing point to illustrate the rate of a variable, the variable x 
being represented by the distance of the moving point from a 
fixed origin in the line of motion. If we now represent this 
velocity by v^ we have 

ix , . 

"=* <^^ 

When this velocity is variable its rate of variation is the rate 
of the rate of x. Since dt is constant, we have, by differentiat* 
ing equation (i), 

d(dx) , dv d(dx) , . 

dv^ -^, whence ^ = -pjF. • • (2) 

The rate of the velocity hs called the acceleration of the mov* 
ing point, and may be denoted by the single letter or. In 
equation (2), d{dx) is generally written in the abbreviated 
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form d^Xy which may be read ''^-second'* x\ also the marks 

of parenthesis are omitted in the denominator. Thus we 

write 

dv d'^x ^ ^ 

''=di=Tf (3) 

90. In equations (i) and (3), x^ the space described^ is a 
definite function of / ; v^ the velocity, is the derivative of the 
space with respect to / ; while or, the acceleration, is the 
derivative of v with respect to /, and is called the second 
derivative of x with respect to /. 

Just as a positive value of the first derivative v indicates 
algebraic increase of x, so a positive value of the second 
derivative a indicates algebraic increase of v. The term 
acceleration is of course derived from the case when both the 
velocity and its rate are positive, so that the moving point is 
hastened. A negative acceleration is a retardation of a posi- 
tive velocity, but an algebraic increase of a negative one. 

91. For example, suppose it to be known that the space 
described in the time / by a freely falling body varies as the 
square of the time, so that it may be represented by 

where ^ is a positive constant. From this we derive 



and 



V 


dx 
~ dt~ 


■gt* 


a 


dv 

~di~ 


d*x 
dfi 



-g^ 



In this case, therefore, the acceleration is constant and posi- 
tive. Accordingly, the velocity which is positive for positive 
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values of /, is increasing. At the instant when / = o wc 
have ;ir = o and 2^=0. Supposing the body to be already in 
motion before that instant, we see that v is negative for nega- 
tive values of /, that is, the body was moving in the oppo- 
site (or upward) direction, and then the positive acceleration 
implied a decrease in the negative velocity. 

92- The time, space, velocity and acceleration may be 
regarded as four, variables connected by the two general dif- 
ferential relations 

dx dv 

^ = 57' "^Tf 

Therefore, when one other relation between them is given, 
three of the four variables become definite functions of a 
single independent variable, which may be any one of the 
four. The problem of so expressing them under different 
forms of the additional datum relation (which makes the 
motion definite) is the application of the Calculus to the subject 
of rectilinear motion^ and for the most part requires the inverse 
process of Integration. 

We may here, however, notice another general differential 
relation found by eliminating dt from the two given above, 
Thus 

dv dv dx dv I d{np^ , ^ 

dt dx dt dx 2 dx ^ ' 

that is to say, the acceleration is always equal to the space- 
derivative of one-half the squared velocity. 

By means of this we can, when v is given in terms of at, 
express a in terms of x. For example, if we are given 
tf = « \/{x^ — ^), we thus find a = n^x. 
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COMPONENT VELOCITIES. 



9' 



Component Velocities and Accelerations. 

93. When a point moves in a plane curve its motion is 
most conveniently discussed by means of points geomet- 
rically connected with it which have rectilinear motion. Refer- 
ring the path of the point P to rectangular coordinates as in 
Fig. 1 8, these points are the pro- 
jections R and 5 of P upon the 
axes. Their velocities (which arc 
the rates of x and y respectively) 
are called the component velocities 
of P. The actual velocity of P is 
the rate of 5, the space described 
measured along the curve from 
some fixed point of it, as A in the 
figure. Denoting it by v, and ^°' * ' 

the component velocities by v^ and v,, we have 





Y 
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F 




dy 
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dx B 











JL 






R 





ds 
dt 



Vx = 



dx 



__ dy 



"^^^di 



94. In the differential triangle, constructed as in Art. 37, 
PP^ represents ds and P'PB is 0, the angle of slope. Then, 
since the triangle is right-angled, we have 



dx= cos (fa, dy = sin ds 



and 



ds^ = dx^ + df. 
Dividing by dt and dfi respectively, we find 



and 



Vjg = V cos 0, Vy = V sin <p 



^ ^Vj?-^ Vy\ 
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These equations serve to determine the actual velocity, v^ 
and the slope of the curve, when the component velocities 
are given. 

In these equations, is the angle of inclination of the 
actual motion of P, thus distinguishing between the two 
values of which in Art. 38 correspond to the same gradient. 

95. The accelerations of R and S may be denoted by 
a^ and ot^ ; thus, 

These are called the component accelerations of the point P. 
It is evident that their values determine not only the accel- 
eration of the point P in its path, but the curvature of this 
path. 

Examples X. 

1. The space in fpet described in the time / by a point moving in 
a straight line is expressed by the formula 

a; = 48/ — 16/^; 

find the acceleration, and the velocity at the end of 2^ seconds; also 
find the value of / for which » = o. 

a = — 32; 1^ = 0, when /= ij. 

2. If the space described in / seconds be expressed by the formula 

4 *r * 

Hnd the velocity and acceleration at the end of i second and at the 
end of 16 seconds. When / = i, p = — 2 and or = f . 

3. If a point moves in a fixed path so that 

show that the acceleration is negative and proportional to the cube of 
the velocity. Find the value of the acceleration at the end of one 
second and at the end of nine seconds. — i > — tJ^- 
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4. If a point move in a straight line so that 

X =za cos \ni, 
show that 

a = -^Ti^x. 

5. If jtr = fl^ + b^*, 

prove that 

or = jc. 

6. If a point move so that v = 4/(2^;^?), determine the acceleration. 
Use equation (i), Art, 92. a •=• g, 

7. If a point move so that we have 

t^ = t — /I log jr, 

determine the acceleration. a =: — — . 

2jr 

8. If a point move so that we have 

2/1 



i^ = c + 



lAX 

determine the acceleration* a •=. — — «. 

(^ + **)* 

9. The velocity of a point is inversely proportional to the square 
of its distance from a fixed point of the straight line in which it moves, 
the velocity being 2 feet per second when the distance is 6 inches ; 
determine the acceleration at the distance s feet from the fixed point. 

-J feet. 

xo. The velocity of a point moving in a straight line is m times its 
distance from a fixed point at the perpendicular distance a from the 
straight line ; determine the acceleration at the distance x from the 
foot of the perpendicular a = n^x, 

II. The relation between x and / being expressed by 

/2\X 2X 

iJu — = i^{<ix — A*^) — \a vers"* — ; 
£nd the acceleration in terms of jp. or =: — ^. 
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« ■ I — . . ■ . 

12. \ii^ •=^ A ■\ , show that the acceleration varies inversely as 

X 

the square of the distance from a fixed point in the line of motion. 

13. \i 1? ■=. A-\' Bx -f- Oc*, show that the .acceleration varies as 
the distance from a fixed point in the line of motion. 

14. In " tram motion '' each end of a xoAAB is constrained to 
move in one of two grooves crossing each other at right angles 2X O. 
If the velocity of one end is proportional to the distance of the other 
end from Oy prove that its acceleration is proportional to its own 
distance from O, 

15. A point referred to rectangular coordinate axes moves so 
that 

X z=z a cos / + ^, y=.a^\vi i-^ c\ 

show that the velocity is constant and that <f> uniformly increases* 
Find also the equation of the path described. 

16. A projectile moves in the parabola whose equation is 

y = j: tan or — - _-,- — ^—:^ 

(the axis of^ being vertical) with the uniform horizontal velocity 

2/;^ = F cos a ; 

find the velocity in the curve, and the vertical acceleration. 

^ = V( F* - 2gy); fl> = -^. 

17. A point moves in the curve, whose equation is 

jtrt -|- yt = ai, 

in such a manner that v^ is constant and equal to k ; find the acceler- 
ation in the direction of the axis of y. __ ai^ 

^xtyi 

18. A point moves in the hyp)erbola 



§ X.] EXAMPLES. 95 

in such a manner that v^ has the constant value c\ prove that 



v^ = /»(r^ - 






and thence derive Oy. a^^z ^ 

19. A point describes the conic section 

p^ having the constant value c\ determine the value of ay in terms of^. 



XI. 

Successive Derivatives of a Function, 

96. The derivative oi f{x) is another function of Xy which 
we have denoted by /^{x); if we take the derivative of the 
latter, we obtain still another function of Xy which is called the 
second derivative of the original function /{x), and is denoted 
by fXx). Thus if 

/[x) = C(^y f{x) = ic^ and f\x) = 6x. 

Similarly the derivative ol f\x) is denoted by /"'(a;), and 
is called the third derivative o{ f(x) ; etc. When one of these 
successive derivatives has a constant value, the next and all 
succeeding derivatives evidently vanish. Thus, in the above 
example, f"\x) = 6, consequently, in this case, f^''(x) and 
all higher derivatives vanish. 

97- When the function is denoted by the single letter y, 

i 
we have seen in Art. 35 that -r- may be taken as the symbol 
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of the operation of taking the derivative. The single letter D 
is often used for the same purpose, and an exponent is applied 
to the symbol to denote repetitions of the operation ; thus 
D{Dy) or IJ^y is the second derivative of y, and D^'y is the nth 
derivative* In like manner the higher derivatives may be 
denoted by 



{ih {iy^'-'-i^Jy 



in which the independent variable is directly expressed. 
These last symbols are more usually written in the abbrevi- 
ated forms 

d^y d*y (fy 

db?' 5^' • • • d^' 

although the former symbols are the more accurate, because 
the operation to be performed n times is that of differentiaiing 
and removing the factor dx after each differentiation* 

Geometrical Meaning of the Second Derivative. 

98. When the graph of the function y =/(:v) is drawn, we 
have seen that 

^ = /'(*) = tan0, 
being the inclination of the curve to the axis of x\ hence 

* It is to be noticed that, on this account, it is immaterial whether <£ris constant 
or variable. But when dx can be assumed constant (like dt in Art. 89), we may 
suppose all the differentiations performed first, and {dx^ removed by division 
afterward. 
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If now we suppose a point to describe the curve in such a way 
that the rate of x is constant and positive, the value of the 
second derivative gives the rate at y 
which tan 0, the gradient of the 
curve, varies. In Fig. 19 are shown 
several curves having a common 
tangent, MiV, and a common point 
of contact at C, so that the value of 
the functions represented and also_i? 
of their first derivatives are equal 
at C. But it is obvious that in the Fig. 19. 

curve AB the gradient is increasing more rapidly than it is in 
the curve A'B\ which lies nearer the tangent and is therefore 
said to have less curvature. Thus the value of the second de- 
rivative at C is greater for the curve AB than for the curve A'B' . 
Again, for the tangent itself, which represents a linear func- 

tion, the value of -7-^ is zero; while for the curve A^'B" (in 

which the gradient is decreasing as x increases) its value is 
negative. 

Accordingly, when the second derivative is positive^ the 
curve lies like AB above the tangent line and is concave as 
viewed from above; and, when the second derivative is negative ^ 
it lies below the tangent and is convex as viewed from above. 

99. When a curve crosses the tangent line at the point of 
contact, in which case that point separates a convex from 
a concave portion of the curve, as in Fig. 20, the point is 
called a point of inflexion or of contrary flexure. Suppose 
the point of contact, carryvig t/ie tangent with ity to 
move in the positive direction along the curve. As it passes 
through a point of inflexion changes from a state of decreas- 
ing to a state of increasing, as in the figure, or vice versa. 
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The tangent at the point of inflexion is called a stationary 
iangenty because after turning in one direction it stops and 

then begins to turn in the 
opposite direction. The value 
of the second derivative there- 
fore changes sign as x passes 
through a certain value; 
hence, if it is a continuous 
function of x. it must take the 
value zero. Hence, to find 
the abscissa of a point of in- 
^^^* ^* flexion, we put the second 

derivative equal to zero, and if the equation so formed has a 
root for which the function is real we must then ascertain 
whether the second derivative changes sign. 

For example, the equation y = 0^ gives -pi = 6x, which 

vanishes when re = o; the curve has a point of inflexion at the ^ 
origin because 6x changes sign as x passes through zero. 

Again, y =^ or gives ^= 120^, which also vanishes when 

^ = o ; but, since it does not change sign, there is, in this 
case, no point of inflexion. 

Higher Derivatives of Implicit Functions. 

100. When y is given as an implicit function of x^ the 
higher derivatives, like the first derivative (Art. 87), can in 
general be found only in terms of x and y ; hence the numerical 
values of these derivatives can be determined only for known 
simultaneous values of x and y. The following examples will 
serve to illustrate the method of finding such derivatives. 
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Given 

log(a: + y) = :v-y; (i) 

we obtain, by differentiating and reducing, 

{x-\-y'\'\)dy'\'{\—x^y)dx=^0\ . . (2) 
whence 

dy _x -\-y — I 



dx X'\-y -{- \ 
Differentiating, and dividing by dx^ 



(3) 



dy 
substituting the value of ^ , we obtain 

^ ^ 4(^ + y) . 

^ (^ + y + 0' ^^^ 

In like manner, the third derivative may be found. 

Simultaneous values of x and y are readily found in this 
case. Thus, if we put x-\- y= i , we have re — y = o, whence 
x^=^\ and y •=^\\ by substituting these values in equations 
(3) and (4) we obtain 

^1 =0 and ^1 • =1 

dxA\,\ (i»*J^, ^ 2 

These results show that the curve represented by equation 
(l) passes through the point (i, i), is there parallel to the axis 
of X and lies above the tangent line. 
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Examples XI. 

.. If/(:.) = J, find/"'(;.). /"'(^) = - «('' + i)j>>+2). 
3. \iy is a function of x of the form 



prove that 



^AT* 



= «! ^. 



4. If/(^) = ^^ find/^(A:). /^(or) = a«(log3)«^. 

5. If/(jc) = ;r3 log {mx), find/^(jc). /'^W= - . 

X 



2 cos JL* 



6. U/{x) = log sin ^, find/'"(:^). /'"(^) = . 3 . 

7. If/ (a) = sec a:, find /''(or) and/'"(:r). 

f^'(pc) = 2 sec'j; — sec x\/*"(pc) = sec ;r tan ar(6 sec'jc — i). 

8. If/ (at) = tan jit, find /"'(a:) and/^(jk:). 

/'"{x) = 6 sec*^ — 4 sec^Jt: ; /'^(•^) = 8 tan a: sec'.A;(3 sec*Ar — i). 

9. If/(A)=:x;*, find/"(:«:). /'\x) :=: x'{i J^\og xf ^ x-K 

I d^y d^y i i. 

10. liy^e*, ^^^dx^' ^=-^(1 + 6^ + 6^)^-. 

11. \iy = ^-'' find Z??)/. L^y = 407(3 — 2jr«)^-''. 

12. If >'= log {e^ + e-'), find g. ^= - 8 ^ " ^"' 



I d^y d*y 

13. If V = , find ^^ and -7^ . 

'^ -^ ^— i' ^o^ dx* 

dy ej^ + e* d*y g^ -f- n^a* -|- ng"^ + g** 

dx^'' (e' ^ly'' dx* " (ff* - 1)5 

14. If V = sin-^jc, find D^y. L^y = ^ — i^ — - . 

(I - ^\ 
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15. \iy — «»*«»«, find L^y. 

Lfy = — ^*° * cos X sin x (sin ;ir + 3). 

, _ _ X £ J ^ ^ I — log ;s: 

16. If J/ = — -^i , find -^ -^ & 



I + log AT ' dx^' dx?" x{\ 4- log •^)'** 

17. If _>' = (cos~*;r)*, show that the following relation exists be- 
tween its derivatives : 

18. If^ = a cos log ^ -f- 3 log sin x, show that 

19. If ^ = a^ 4- *^^*7 show that 

€^y , dv 

90« If^' = ^e* sin {x + Of), show that 

d^y dy , 

5^-2^. + 2.>' = o. 

</» 
ax. Find the value of Tg-(sin 6), 6 being a known function of/. 

+ cos U -j^. 



^(sm^) = -.cos6/(^^j-3Sin6^^- 



<//« ' dfi 



d^u 
22. If_>' is a function or" :»;, and if « =^ logj'; find --z-^ 



d^u 
dj? 



= (2 log^ + 3) (£) VX^ log J/ + I) ^ . 



ji? d^u 

23. If fi =3 — , ^ being a function of at, find — ^ . 



</% 
<£«» 



__ 2 dv 2x/dy\^ X d^y 
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24. Distinguish the concave from the convex ix>rtions of the 
curves _>' = sec Xyy-=. tan x and y = sin x, 

25. Find the point of inflexion of the curve 

J/ = 2jrS — 3A:« — 12^ + 6. (J, — \). 

26. What portion of the curve 

^ = a;* — 2x^ — 1 2:>^ + 1 1 jtr -f- 24 
is convex? Between (2, — 2) and (— i, 4). 

27. Show geometrically that at a point of a curve where the gradU 
ent is positive -j-^ and -jj have opposite signs. 

Consider the position of the curve relatively to the tangent line, as in 

Art. 98. 

d^x d^x fix) 

28. Determine -^ when.y =/{x). ^= ^ UT^JT' 

d^y 

29. Find the value of --^ for the curve and points considered in 

Arts. 87 and 88. 

d^'i ^ 2 d^y^ _ I 

30. Show for the same curve that it lies above the tangent at the 
point ( — fl, o) and below it the point (a, o), and that the curvature is 
the same at these two points. 

32. If j; = tan (x +_y), find ^ . ^ = i y '. 

33- Ify + J- = •»^, find ^^-. ^ = - (T+ljf • 

34. Given ^ -f .r = ^ + j', find -~ and --r^ , and show that 

dx^ dy* 

they satisfy the relation found in Ex. 28. 

d^y (^+'— 1)(^— ^) 



doc^" (^+1) 



8 
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35. Given e* + ^ — e = o, find j^. 



d^_ (2 -y)^+ 2x 



(Py 
36. Given J/* — $axy + a:» = o, find -5^. 






XIL 

Expressions for the nth Derivative. 

101. When the derivative of a function can be put in a 
form similar to that of the function itself, a general expression 
for the derivative of any order may be written. Thus, be- 
cause De* = ^ we have obviously D^e* = ^, where n is any 
positive integer. So also, since the derivative of sin jc, which 
is cos Xy may be written sin {x + Jw), we have 



2?" sin (re -f" ^) = sinfat:+ a + - — ^ 



TV 



which includes, as a particular case, 

D"^ cos X = cosfrcH J. 

102. Again, taking the derivative of x^ r times in suc- 
cession, we have 

—^ = «(« - I) . . . (« - r + i)r»— % 

which vanishes if » is a positive integer when r^ «+ i, but 
never vanishes if n is fractional or negative. In particular, 
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if ;i is a negative integer, putting n = — fn, the equation 
may be written 

^^ = (- !)•■'«('« + I) ...(« + r - 1^-^--^). 

When /// = I, this becomes 

d 



dx' 



(^)=^-')'^- 



Since D log x = — , it follows that 

X 

f y jN t 

-DMog :x; = ( - I)-' ^-^— . 

103. The derivative of a function does not necessarily 
bear any resemblance in form to the function itself; but, in 
some cases, a more or less obvious device suffices to reduce it 
to the required form, so as to enable us to express the ;fth 
derivative. For example, let 

yz=ze^zo%{b:^, (i) 

then 

dy = e^''\a cos {bx) — b sin {bxf\dx. 

Employing an auxiliary constant a determined by 

b-= a tan a, (2) 

we have 

dy d 

-y- = ^^"^fcos ibx) cos a — - sin (bx) sin a], 

dx cos a *■ ^ ^ ^ •* 

or 

Dy = a sec a e^ cos {bx + «). ... (3) 

Therefore the operation of D upon this function is to multi- 
ply by the constant factor a sec a and to add the constant a 
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to the angle involyed. Hence, repeating the operation, we 
have 

D^y = tf • sec* rt e^ cos {bx + not) ; 



or, since, by equation (2), ^ sec a = V(^ + ^)» 

D\^ cos {bx)\ = (^ + ^)»" ^^' cos \bx + « tan-^ - j . (4) 

This formula represents a series of functions of which it will 
be noticed that the original function is the member corre- 
sponding to « = o. 

X 

104. The successive derivatives of y = cot~^ -, though 

bearing no resemblance in form to the original function, yet 
follow a law which is detected by expressing them in terms 
of y. Thus, let 

y=cot~^— , then x^=^azoX.y\ , . (i) 



differentiating, dx= — a cosec'y dy ; whence 

dy sin^y 



dx a 

Taking the derivative, we have 



• • • 



• . (2) 



^=-jsmycosy^=^.sin2ysm»y. . . (3) 



Again, 



■^ = ^ sin Xsin 2y cos y + cos 2y sin y) ^, 
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and, substituting from equation (2), ^ 

^ = - -^ sin 3y sm»y (4) 

In like manner we obtain 

^*y 1.2.3. .4 

^ = — ^4— sm4ysm*y, 

and, in general, 

^ = (- 0" — —n — sm ny sin-y. 

Finally, since from equation (i) sin y = 



|/(tf» + ix?)' 



(^)-cot-^ = (^ i)--(^:::^)-:sinr. cot-q. (5) 

The nth derivative of tan~^ - is the same expression with 
its sign changed. ^ 

Leibnitz Theorem. 

105. By means of the following theorem, which is due to 
Leibnitz, the higher derivatives of the product of two func- 
tions is expressed in terms of the successive derivatives of the 
given functions. Let u and v be functions of x ; then 
di^uv) = uiv + vduy and using D to denote the derivative with 
respect to x^ 

D{uv) =^ u.Dv -\- Du ,v (i) 

Thus the derivative of the product is the sum of two terms of 
which the first is the value it would have if u were constant, 
and the second the value it would have if v were constant. 
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Applying this principle in taking the derivative of the 
second member of equation (i), we derive 

P^{uv) = u . D^v + Du.Dv 

+ Du . Dv-\- D^u . V, 

in which the first line is the result of treating the «-factor of 
each term as a constant, and the second that of treating the 
^/-factor as a constant. Thus we have 

I^{uv) = uD^v-^- zDuDv + D^u.v, . . . (2) 

in which the coefficients are those of the expansion of {a +^)^ 
Again, the application of the same principle to equation (2) 
gives 

D^iuv) = uiy^v + zDuLf^v + D^uDv 

+ DuJOf^v + 2D^uDv + D^u . v, 
or 

n^{uv) = uD^v + iDuD^v + iD^uDv -\-D^u.v, . (3) 

in which the numerical coefficients are those of the expansion 
of (a + b)\ 

In like manner we can derive D*{uv), etc.; and from the 
manner in which the coefficients arise it is evident that they 
will always be identical with those in the successive expan- 
sions of the powers of a-]- d ; that is to say, they are the 
coefficients given in the Binomial Theorem. Hence 

106. In particular, if we put u = x, Du= i, the higher 
derivatives of u vanish, so that Leibnitz* Theorem reduces to 
its first two terms. Thus 

D^{xv) = ^Do ^v -f- nP^-^v ; . . . . (i) 
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hence if we have the expression for the «th derivative of v^ 
we can write that of xv. 

For example, given v = log jc, using the expression for 
D"" log X found in Art. I02, we have 

Z>-(«log*) = (- O—^-^.r'- - ^^-t ^ J. 

which reduces to 

(« — 2)» 
/?-(:» log rjf) = (- I )- ' /' . 

This result is not applicable when n = i , because the symbol 
D^ log jc, which then occurs in the application of equation (i), 
cannot be evaluated by putting r = o in the expression for 
ly log X. 

In like manner, if U'=> o?^ Leibnitz' Theorem reduces to 
its first three terms. 

107. If « = ^•', -0*« = a^e^""'^ that is to say, as applied to 
this simple function, the operation D has the same effect as 
multiplication by the constant a, and, since at each step the 
operand, or function operated on, remains of the same form, 
this is true of repeated operations. Now, using this value of 
u in Leibnitz* Theorem, we find 

D^e^'v) = ^'["i?* + «aZ?— ^ + ' "" ^^ c?D^'^ + . . .1v, (I) 

in which the compound symbol prefixed to v means that the 
results of the operations of the several symbols upon v are to 
be added. 

The result may be written in the form 

D^{e^'v) = e^{D + ayv (2) 



§ XII. J EXAMPLES, 109 

Here the symbol D -\- a indicates the operation of taking the 
derivative and adding a times the operand itself, and the 
symbolic power indicates the repetition of this operation n 
times. In fact equation (2) may be derived directly from 
the value of the first derivative of e^'v. For 

= e^^'iJD + d)v. 

The second member is of the same form as the original 
operand, (i?+tf)z/ taking the place of the function v\ hence , 
repeating the operation, 

r^{e^*v) = e^{p + «)(Z> + a)v = e^{D + afv, 
and so on for higher derivatives. 

Examples XII. 

Find the «th derivatives of the following functions : 

I dy __ (ot + » — i) ! 



\, y :=-- 



{a^-xY dx^ (/w — i)! {a—xY^' 

2. J' =log*(a + ^). -—=(-1)" ' 



dx^ log ^ (<2 + a)* 

3. ^ = log (i - mx). ~£^ = -(» - i)! w«(i - mxy^. 

4. y — ef^ sin hx, -^ = (a«+32)V* sin Vbx -f- » tan -^ - 1 . 

5. ^ = ^<^<>"*cos(A:sin a), Dy = ^*co*« cos {xsina -\- ntx), 
■6. J' = cos'j:. D^y = 2"-* cos (20: + 4«;r). 
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9. Prove that 

Z>*+ \xf^ log :r) = . 

10. jf z= x^. Dy = 2*"'(« + 2x)e^. 

11. y =: a^e*. Dy = [n(n — i) + 2nx + jc^]^. 

12. Prove that, when « > 3, 

6(«-4)! 



n* (x^ log X) = {-- ly 



ar«-» 



13. ^^ = j: sin X. — ^ = a: sin Ix + «— 1 — » cos (x + «— ) • 

14. If J' = tan-*j;, we have 

hence derive the following relation between any three consecutive 
derivatives of tan""*jc : 

(i + x^)B^^ tan"' a: + znxD^ tan~*:i; + »(« — i)/^"* tan"*:v = o. 

15. \iy = sin"^;i;, prove that 

(i — x^)I)^y—xDy = o; 
and thence show that the higher derivatives satisfy the relation 
(i — :««)2>'+?y — (2« + i>:ri>+> — f^Dy = o. 

16. >' = (i —x^^. 

^ = « 1 i (i - a:)« - »*jc(i - jc)—' 
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17. \iy = jc*» «^, prove that 



and thence show that 



dj(f^ 



1.2 J 



18. From the «th derivative of tan"^— , Art. 104, derive that of 



a^ + x^ 

I . ._ »! 



^ ^ = <-'• :;::i::7?''-[<" + ■> --? ] 



19, If J/ = log ^(c^ + ;i;*), prove that 



2)-y = (- i)-^i2 — ILL cos /» cotr» — V 



CHAPTER IV. 



Maxima and Minima. 



XIII. 
Characteristics of a Maximum Value. 

108. One of the simplest applications of the Differential 
Calculus is the determination of the greatest and least values 
which a quantity varying continuously under given conditions 
can assume. 

We suppose, at present, that the quantity can be expressed 
as a function of a single independent variable ; so that the 
problem is that of determining the greatest or least value of a 
function f{x) while x goes through a certain range of values. 

For simplicity we shall always suppose x to increase 
through its range of values. Then, by Art. 39, f{x) increases 
so long as the derivative f\x) is positive, and decreases so 
long as f{x) is negative. Hence, if z is a value of x for which 
f{x) is a maximum, y(:v) must change sign from + to — , when 
X passes through the value z. Except in special cases, to be 
considered hereafter, fix) is a continuous function, and there- 
fore must take the value zero at the instant when it changes 
sign ; hence z must be a value of x which satisfies the equation 

fix) = o. 

109. For example, let it be required to divide the number 
a into two such parts that the product of the square of one part 
and the cube of the other may have the greatest possible value. 
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Taking the part to be squared for the independent varia- 
ble x^ the other part \s a — x, and the quantity to be made a 



maximum is 



fix) = o?(a - x)^. . 

The equation f\x) = o becomes in this case 

2x{a — xY — 3oc^ia — xY = o, 



(I) 



or 



x(a — x)\2a — 5rc) = o (2) 

The roots of this equation are x =zOf x = a and x = ^a* The 
last value only corresponds to a division of a into two parts ; 
it therefore gives the maximum required, and accordingly we 
find, on examining the first member of equation (2), that fix) 
is positive when x is less than j^a, and negative when x 
exceeds fa. 

The maximum value o[ /{x) is /(fa), which, by substitution 
in equation (i), is VAV^^- 

Maxima and Minima of Continuous Functions. 

J 10. When a continuous function changes more than once 
from an increasing to a decreasing function, or vice versa, it is 
regarded as having a maximum or a minimum value whenever 
the change takes place. In other words, a value of a continu- 
ous function which is greater than the neighboring values is 
called a maximum, and one which is less than the neighbor- 
ing values is called a minimum ; 
even though greater values in 
the one case, or less values in 
the other, may exist. 

For example. Fig. 2 1 is the 
graph of the function in equa- 
tion (i) of the preceding article, ^^°- 2'- 
so that the problem is to find the maximum or minimum 
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ordinates of the curve 

which is continuous for all values of x. The point B in the 
diagram corresponds to the maximum value found above. The 
origin O and the point 4, (a,o) correspond to the other roots 
of equation (2). Now the first member of this equation 

or value of /'{x), is negative for negative values of x, and 
changes sign from — to + when x increases through zero. 
Accordingly, we have a minimum at the origin as well as a 
maximum at B; although there are values of y to the left 
of O greater than the maximum, and values to the right of A 
which are less than the minimum at O. 

111. Since y^(5f) = tan the roots of the equation /'(x) = o 
are the abscissae of the points on the curve where the gradient 
is zero, that is, where the tangent is parallel to the axis of x. 
They may be called i/te critical values of x because they are 
points at which maxima and minima may occur. But any 
one of them may fail to give either a maximum or a minimum. 
For example, in the present case, while x passes through a, 
f'(x) becomes zero, but does not change sign. In fact f\x) 
after becoming negative at B remains negative, and the 
original function f{x) continues to be a decreasing function 
for all values to the right of B. 

The various sections of the curve are marked in the dia» 
gram with the sign of the derivative. 

Maxima and Minima of Geometrical Magnitudes. 

112. When the maximum or minimum value of a geo- 
rtietrical magnitude restricted by certain conditions is required. 
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we seek if possible to obtain an expression for the magnitude 
in terms of a single unknown quantity, that is, to express it 
as a function of one independent variable. 

For example : let it be required to determine the cone of 
greatest convex surface among those which can be inscribed in a 
sphere whose radius is a. 

Any point A of the surface of 
the sphere being taken as the apex 
of the cone, let Fig. 22 represent a 
great circle of the sphere passing 
through the fixed point A. 

If we refer the position of the 
point P in the base of the cone to 
rectangular coordinates, taking the 
centre of the sphere as origin, the 
required cone will evidently be de- pj^ 22. 

termined when x is determined. We have now to express 
the convex surface S in terms of x. 

The expression for the convex surface of a cone gives 

5 = ;ry V[/ + (a + »)»] (i) 

in which the unknown quantities x and y are connected by the 
equation of the circle 

:)C» + /=:tf» (2) 

Substituting the value of y, we have 




^ 



5 = ^ f^(a» - ^ |/(2rf» + 200?), 



which reduces to 



5 = ;r v'(2a)(a + iJP) 4/(a — 5p) (3) 



ii6 
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Since the factor n ^{20) is constant, we are evidently re- 
quired to find the value of x for which the function 

y(x) = (a ^- A?) 4/(a - :v) 

is a maximum. The equation f{pi) = o is, in this case, 



whence 



^ ^ ^2 i/{a — x) 



x = ia. 



r 



The altitude of the required cone is therefore |a. Sub- 
stituting the value of x in equation (3), we have 

5 = I i/3 • ^<*'» 

the maximum value required. 

113. As a further illustration, let it be required to determine 

the greatest cylinder that can be in- 
scribed in a given segment of a parab- 
oloid of revolution. 

Let h denote the altitude, and h 
the radius of the base of the seg- 
ment. The equation of the gener- 
ating parabola is of the form 

Since (A, 6) is a point of the curve. 
Fig. 23. we have the condition 6* = 4aA; 

hence, eliminating 4a, the equation of the curve is 




f^-rx. 



(I) 
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The volume V of the cylinder of which the maximum value is 
required is expressed by F = ;ry*(A — rr), or, by equation (i), 



Hence we put 



h 



f{x) = hx — :x?, 



and the condition /'(jc) = o gives 



Consequently h — Xy the altitude of the cylinder, is one-half 
the altitude of the paraboloid. 

114. A problem involving a maximum or minimum some- 
times requires statement in a changed form, 
before the variable can be made a function of 
a single independent variable. For example : 
required the length of the longest rod which 
can be passed up a chimney of which the width 
is b and the height of the opening above the 
floor is a, the rod being supposed to lie in a 
vertical plane, see Fig. 24. Taking as coordi- fig. 24. 

nate axes the intersections, OA and 05, of this plane with the 
floor and the vertical back wall of the chimney, it is obvious 
that the rod cannot be greater than any line AB passing 
through the point (a, b) and terminated by the axes. The 
length required is therefore the same as the minimum length 
of the line AB. This length may now be expressed in terms 
of 0, its inclination to the floor. Thus 




AB = /{B) = a cosec ^ + t sec 6. 
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Hence, putting 

f{o) = — a cosec d cot 0-]-b sec tan ^ = o, 
we obtain 

tan*^ = r» 


and substituting, we have for the minimum value of A^, or 
maximum length of the rod. 

Examples XIII. 

1 . Find the sides of the largest rectangle that can be inscribed in 
a semicircle of radius a. The sides are aj^2 and J<2|/2. 

2. Determine the maximum right cone inscribed in a given sphere. 

The altitude is four-thirds of the radius of the sphere. 

3. Determine the maximum rectangle inscribed in a given segment 
of a parabola. 

The altitude of the rectangle is two-thirds that of the segment. 

4. Find the maximum cone of given slant height a. 

The radius of the base is ^^4/6. 

5. A boatman 3 miles out at sea wishes to reach in the shortest 
time possible a point on the beach 5 miles from the nearest point of 
the shore; he can pull at the rate of 4 miles an hour, but can walk at 
the rate of 5 miles an hour ; find the point at which he should land. 

Express the whole time in terms of the distance of the required point 
from the nearest point of the shore. 

He should land one mile from the point to be reached. 

6. If a square piece of sheet lead whose side is a have a square cut 
out at each corner, find the side of the latter square in order that the 
remainder may form a vessel of maximum capacity. 

The side of the square is \a. 
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7. A rectangular court is to be built so as to contain a given area 
c^y and a wall already constructed is available for one of the sides ; find 
its dimensions so that the least expense may be incurred. 

The side parallel to the wall is double each of the others. 

8. Determine the maximum cylinder inscribed in a given cone. 

The altitude of the cylinder is one-third that of the cone. 

9. Find the maximum cylinder that can be inscribed in a sphere 
whose radius is a. The altitude is §^^3. 

10. Through a point whose rectangular coordinates are a and b 
draw a line such that the triangle formed by this line and the coordi- 
nate axes shall have a minimum area. 

The intercepts on the axes are 2a and 2b, 

11. The illumination of a plane surface by a luminous point varies 
inversely as the square of its distance from the point, and directly as 
the cosine of the angle of incidence of the rays; find the height at 
which a bracket-burner must be placed, in order that a point on the 
floor of a room at the horizontal distance a from the burner may re- 
ceive the greatest possible amount of illumination. 

The height is 

4/2 

12. A cylinder is inscribed in a cone whose altitude is a, and the 
radius of whose base is b\ determine the cylinder so that its total sur- 
face shall be a maximum, and thence show that there will be no maxi- 
mum when a <23. „,, , . , . a^—2ab 

1 he altitude is —7 r- 

2{a — b) 

13. Determine the cone of minimum volume described about a 
given sphere. The height is twice the diameter of the sphere. 

14. A sphere has its centre in the surface of a given sphere whose 
radius is a ; determine its radius in order that the area of the surface 
intercepted by the given sphere may be a maximum. ^a, 

15. Find the point, on the line joining the centres of two spheres 
whose radii are a and 3, from which the greatest amount of spherical 
surface is visible. 

The distance between the centres is divided in the ratio cr : b*. 
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1 6. Find the minimum isosceles triangle circum^ribed about a 
parabolic segment. 

The altitude of the triangle is four-thirds of the altitude of the 
segment. 

17. A tinsmith was ordered to make an open cylindrical vessel of 
given volume, which should be as light as possible ; find the ratio be- 
tween the height and the radius of the base. 

The height should equal the radius of the base. 

18. What should be the ratio between the diameter of the base and 
the height of cylindrical fruit-cans in order that the amount of tin used 
in constructing them may be the least possible ? 

The height should equal the diameter of the base. 

19. Assuming that the expenditure of coal in driving a steamer 
through the water is proportional to the time and to the cube of the 
speed V, find the most economical speed against a current whose speed 
is <z. v-=i \a. 

20. In Fig. 24, find the minimum value of the sum of the inter- 
cepts OA and OB. {i(/a + ^d)K 

21. Find the minimum perimeter of the triangle OAB in Fig. 24. 

2[a +d + i/(2a3)]. 

22. A right cone is cut by a plane parallel to the slant height 
AB. Given that the section is a parabola, and that the area of a pa- • 
rabola is J of the circumscribing rectangle ; prove that the area is a 
maximum when the plane bisects the radius OB. 

23. From a point whose abscissa is c, on the axis of the parabola 
^ = 4aXy determine the shortest line to the curve. 

The abscissa of the required point on the curve is c — 2a. 

24. Determine the greatest rectangle that can be inscribed in' the 



ellipse 






The sides are a 1^2 and h^2, 
25. The top of a pedestal which sustains a statue a feet in 
height is h feet above the level of a man's eyes ; find his horizontal 
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distance from the pedestal when the statue subtends the greatest 
angle. 

26. It is required to construct from two circular iron plates of 
radius a a buoy, composed of two equal cones having a common base, 
which shall have the greatest possible volume. 

The radius of the base = Jai|/6. 

27. In a given sphere, determine the inscribed cylinder whose en- 
tire surface is a maximum. 

Solution : — • 
Using the notation of Art. 112, we find (y 

/{x) =ia^ — x^-\- 2x^(a^ - x^)\ 

ix^ 
whence f\x) = - 2X + 2^{a^ - ^) - -y(^_^» 

andy'(;r) = o gives 

x^{(^ — a:*) = a* — 2Jifi. ••»••(!) 
Squaring, we have 

^j(4 _ ^^8^ 4- a* = o, 

thd roots of which are 

^ = «'(i ± \^\); 

but, since the radical in equation (i) must be positive, we must have 
^ < i^^ '} hence the altitude, 2X, of the cylinder is 

28. In a given sphere determine the inscribed cone whose entire 
surface is a maximum. 

The altitude of the cone is ~ (23 — ^17). 
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XIV. 

Discrimination between Maxima and Minima. 

115. We have seen in Arts, no and in that, in the case 
of a continuous function, the equation f\x) = o may have a 
number of roots, which are the critical values of x to be 
examined for the occurrence of maxima and minima; and 
that, in the graph of the function, these correspond to points 
where the curve is parallel to the axis of x. If one of these 
occurs in a part of the curve which is convex as viewed from 
above, as for example B in Fig. 21, the ordinate y(:if) is there 
a maximum. If it occurs, like O in Fig. 21, in a concave 
part of the curve, f{oc) is a minimum. Finally, if it occurs at 
a point of inflection^ like A in Fig. 21, there is at the point 
neither a maximum nor a minimum. 

116. It was shown in Art. 98 that, when the value of the 
second derivative /"(jc) is negative ^ the curve y=z/{x) is con- 
vex^ and when it is positive, the curve is concave. Accord- 
ingly* if f'\^) h^s a negative value for a critical value of re, 
we have a maximum value ofy(^); and \{ f'{x) has 2, positive 
value, f{x) is a minimum. Thus if fix) has a finite value at 
a critical point (that is, a point at which y'(^) = o), a maxi- 
mum or minimum occurs ; but, \{ f'{x) = o, it is necessary to 
make a further examination to ascertain whether there is or is 
not a point of inflection. 

117. For this purpose, we notice that at any point of in- 
flexion the gradient f{x) is either a maximum or a minimum. 
For example, in Fig. 20 f(x) has a minimum value at the 
point of inflexion, while in Fig. 21 its value at ^4 is a maxi- 
mum. It follows that, for a point of inflexion, the derivative 
of /'(re), which \&f\x)^ must not only vanish but must change 
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sign. Therefore, by Art. 116, if f\x) has a finite value, 
there will be a point of inflexion ; and in that case the origi- 
nal function, f{x), will have neither a maximum nor a mini- 
mum value at the critical point in question. 

118. In the next place, if f"\x) vanishes at the critical 
point as well as f[x) and f'\x)^ we examine f(pc). If this 
has a finite value, /^x), of which it is the third derivative, will, 
as shown above, not have a maximum or minimum value ; 
hence there will be no point of inflexion at the critical point, 
and the original function /{x) will have a maximum or mini- 
mum value. 

Continuing in this way, we can prove that, whenever the 
first one of the successive derivatives which does not vanish is 
of an even order ^ there will be a maximnm or minimum value; 
but, if it is of an odd order ^ there will be a point of inflexion, 
and hence no maximum or minimum value. 

In other words, if all the derivatives of y(^) precedingy'*(x) 
vanish for a certain value of Xy while /^'{x) has a finite value, 
fix) will have a maximum or minimum value if n is even, but 
not if n is odd. 

119. In the next place, supposing n to be even, we shall 
show that to discriminate between a maximum and a minimum 
we have the same rule, depending on the sign of f\x), as in 
the case when « = 2, Art. 1 16. 

To prove this, we notice: first, that at a horizontal point 
of inflexion where f(x) is a maximum (like A in Fig. 21), 
the function f{x) is a decreasing one. Secondly, when at a 
horizontal point f{x) is a decreasing function, so that it 
changes its value in the order + » o, — , f{x) is a maximum. 
It follows that when/*(jc) is negative , the preceding functions 
are alternately decreasing ones and maxima. In like manner, 
when/*(a(;) is positive, the functions are alternately increasing 
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functions and minima. Thus when n is even, di positive value 
indicates a minimum and a negative value a maximum. 

120. As an illustration, let us take the function 

f{x) = ^ + e'* + 2 cos X, 
whence 

/'(^) = ^ — ^"' — 2 sin :». 

In this case, f'{x) = o is a transcendental equation, but it is 
obvious that a: = o is a root. We therefore examine the 
values oi/^\o)f etc. Differentiating again, 

/''(x) = <r* + ^-* — 2 cos », .-. /^'(o) = o; 
f(x) = ^ - ^-* + 2 sin X, .-. f(o) = o; 

/'^(^) = ^ + If-* + 2 cos :», .-. /'^(o) = 4. 

The fourth derivative is the first one which does not vanish, 
and it has a positive value ; we therefore conclude that /{p) is 
a minimum value ol f{x). 

Alternation of Maxima and Minima. 

121. It is obvious that, in the case of a continuous func- 
tion, maxima and minima (when several exist) must occur 
alternately. This fact facilitates the discrimination of these 
values. For example, given 

f{x) = 3^ — i6at? — 65C* + 12, 

which is continuous for all values of x. Here 

f(x) = \27? - 48i»» - \2X. 
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The roots oif{pi) = o are rr = o and 5; = 2 ± ^5. Again, 

f\x) = i6x^ — ^6x — 12. 

For the root rv = o, we find f\<S) = — 12 ; therefore at? = o 
gives a maximum. 

Now, of the other two roots one is positive and the other 
negative, so that zero is the intermediate root. It follows 
that each of these roots gives a minimum of the function. 

122. The same conclusion may be arrived at, in this 
case, as follows: Very large positive values of x makey(x) 
very large and positive ; hence for the range of values of x 
beyond the greatest critical value, which is iv = 2 -|- ^5, f{pi) 
is an increasing function. Therefore this value of x corre- 
sponds to a minimum. These conclusions are made clear by 
means of a rough sketch of the graph of the function.* 

123. It is obvious also that, in the case of a continuous 
function, a maximum must be greater than an adjacent mini- 
mum and a minimum less than an adjacent maximum. But 
neither this conclusion nor the alternation of maxima and 
minima can be inferred of the maxima and minima occurring 
in different branches of a discontinuous function. 



* In the same way, we can see that the function in Art. 120 must have at 
least one minimum; for its values increase indefinitely and are p>ositive both for 
large positive and for large negative values of x. Hence, if zero is the only criti- 
cal value, it must correspond to a minimum. Moreover, that there is no other 
critical value except zero may be shown as follows: f"{x) may be put in the form 

^„ , ^»* — 2 cos ^ . ^« 4- X ^2* _ 2/r* -4- I 

/^(*) = -^ > :^ : 

bat the last expression (of which the numerator is a perfect square) cannot become 
negative. Therefore /'(jt) cannot again become zero. 
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Employment of a Substituted Function. 

I / 124. It is often convenient, in determining a maximum or 
minimum, to substitute for the given variable some function 
of it which obviously arrives at its maximum or minimum at 
the same time. For example, to determine the maximum 
value of 

It is obvious that the square of a positive quantity will reach 
a maximum simultaneously with the quantity itself. In this 
case 

which is obviously a maximum when a: = o. We infer that 
y is a maximum when ^ = o ; the maximum value is there- 
fore 2 ft. 

125. A decreasing function of a variable (that is, one 
which decreases when the variable increases and increases 
when the variable decreases) will evidently reach a maximum 
when the original variable reaches a minimum, and vice vers<L. 
Thus, to find the maxima and minima of 

Ax) = : * 



we may with advantage employ the reciprocal, viz., 



<p{x) =x-3 + ^. 



Taking derivatives, 

tP^{x) = I-^» <f>^\x) = 2X-\ 

The roots of 0'(rv) = o are 5P = ± i ; jc = i makes <f>'\x) 
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positive ; hence it gives a minimum value of 0(:v), and there- 
fore a maximum value of f\x). In like manner, ^ = — i is 
found to give a maximum value of <t>(x), and therefore a minu 
mum oi/{x)» 

In this example, the maximum value, which is/{i) = — i, 
is algebraically less than the minimum, which is/(— i) = — J. 
This is accounted for by the fact that the function is discon- 
tinuous; it has an infinite value corresponding to 

a value which lies between + i and — i ; so that the maxi- 
mum and minimum points occur in different branches of the 
graph of the function. 

126. In some cases we may use a simplified function in 
place ol f^{x) in discriminating between maxima and minima. 
For example, given the function 

fix) = r-^, whence f{x) = ^5^""a^ > 

log X (log Xf 

Since our object is only to ascertain whether f\x) changes 
sign in the order — , o, + or in the order +» o» — » we may 
omit the denominator, which is always positive. The numer- 
ator, log » — I, vanishes when x = Cy and its derivative which 
takes the place of f\x), namely rv"S is positive when a: = e ; 
hence the corresponding value of the function, namely 
/(e) = e, is a minimum. 

Examples XIV. 

1. Show that the function fl^**+3^""** has a minimum value 
equal to 2 ^{ab). 

Determine the maxima and minima of the following functions : 

2. fix) = A^. A min. for j; = — . 
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^ ^ log X A ^ I 

3« j{x) = ■ ° > A max. for x z=z —, 

4« y[-*^) = -^ A mm. for x = ia. 

I + v^ 

5. Ax) = ,^ . , . A min. for or = — ^V. 

6. /(j?) = 2 cos or + sin'jT. Max. for x = 2«7r; 

min. for x = (2« + i);r. 

7. /(:r) = sin a;(i + cos x). Max. for ;c = Jtt; 

min. for a: = — ^tt; 
neither for x =z tc.. 

8. /{x) = sec j: 4- log cos'a:. Max. for x z= o, and x= tr; 

min. for a: = ± ^tc. 

tan^j; Min. for ;»: = o, |?r, f w, and ;r; 

^' "^^ ' "" tan 3^:* max. for x = ^;r, ^tt, |;r, etc. 

10. /[x) = ^ + tf ~' — ^c*. A min. for x = o. 

11. /{x) = 4J»;® + cos 2X — |(^ + ^ " **). 

Max. for x = o. 

12. /(.^) = (3 — x)e^ — 4are* — x. Is there a maximum or a 
minimum corresponding to j; = o ? Neither. 

Min. for a; = — a and x = ^a; 
max. for a; = — ^. 

14. /(.:«^) = sin 2X — jc. Max. for x = nrc + ^tt; 

rain, for x = «;r — J;r. 

15. /{x) = 2.^+ 3jc^ — 36^+ 12. Max. for ^ = — 3; 

min. for j; = 2. 

16. /{x) = jc* — 3jc^ — 9^ + 5, Max. for jc ri: — i; 

min. for a: = 3. 

17. y{x) = 3^;* — las^r^ + 21600:. 

Max. for JT = — 4 and x= y, 
min. for jc = — 3 and x = 4. 
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18. /{pc) = 3 -|- c(x — a)l. Neither a max. nor a min. 

19. f(pc) = (^ — i)*(:r + 2)^ Max. for x — —.4^ 

min. for or = i. 

20. f{x) = (a: — 9)*(a: — 8)*. Max. for or = 8; 



I — :i; + J^ 



min. for x = 8^. 



21. /(at) = ^ . ^_^ M»»- ^or ^ = i. 

^ ^ ax Max. for^t = i: 

■^ ^ ' o^i;* — ^a; -|- fl mm. for ;»; = — i. 

*3. yi^) = ^_3^ + L+54 - ^- ^^^ "^ = ^- 

^ ^ j:* — ;c + I Max. for a: = o; 

24. /Tji;) = -3-T ^ . . . 

^^' 0:8-1-^; — I mm. for or = 2. 

25. The lower comer of a leaf of a book is folded over so as just 
to reach the inner edge of the page. Denoting by a the width of the 
page, and by x the part of the lower edge turned over, show that the 
length of the crease is 

__ X J^X 

and thence find x when^^ is a minimum. at = fa. 

26. Find when the area of the part folded over is a minimum. 

a: = Ja. 



XV. 
Implicit Functions. 

127. When y is an implicit function of x^ defined by the 

equation 

i?'(^. y) = o, (I) 

the first derivative, found as in Art. 87, takes the form 

dy u - . 

ax V ^ 
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[Art. 127. 



where u and v are usually functions of x and y. This deriva- 
tive takes the value zero if « = o, provided v does not vanish 
at the same time.* Hence, to find a maximum or minimum 
value of y, we must find the values of x and y which satisfy 
simultaneously the two equations 

F{x^ y) = o and u = o. 

This is the same thing as finding the horizontal points of the 
curve whose rectangular equation is F{Xf y) = o. 
128. For example, let us take the equation 

xf — o?y =^ 2a\ (i) 

in which a denotes a positive constant. Differentiating, 



therefore, 



iy __ y(2rc — y) 
dx~~ x(2y — x) 



(2) 



In this example, u = y{2x — y) and v = x{2y — x) ; putting 
u = o, we obtain 

y = o or y = 2x. 

Substituting ^ = o in equation (i) gives an infinite value 

of Xy showing that the curve has the axis of 
5pfor an asymptote as represented in Fig. 25. 
Next combining y = 2x with equation 
(l), we find 

and 




X = a 



jy= 2a, 



Fio. 25. 



which are the coordinates of the point A in 
the diagram. At this point v does not 



* The case in which u and v vanish simultaneously will be considered in the 
next chapter. See Art. 171 
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vanish, therefore the curve has a horizontal tangent, the .ordi- 
nate in this case being a minimum. 

129. When it is necessary to find the value of the second 
derivative at a horizontal point in order to discriminate be- 
tween maxima and minima, the work of finding it, as illus- 
trated in Art. lOO for the general case, can be much shortened. 
Differentiating equation (2), Art. 127, with respect to x, wc 
have 

du dv 

V u — 

dy^ __ dx dx 

1^ '^ ' 

but, since, in the cases now under consideration, li = o, the 
second term in the numerator vanishes. Hence, distinguish- 
ing by brackets the special values which the derivatives take 

dy 
when -f- = o, we have 
dx 

rrfw"l 
_dx^j V 

in which the values of x and y found for the horizontal point 
are to be substituted. For example, in the illustration given 
in Art. 128, we find 



(P 






1 I ^^^ ^ • • whence 

do^S oc{2y — x) ' do^ 

which, having a positive value, in^licates a minimum ordinate 
as in the diagram. 
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Maximum and Minimum Abscisja. 

130. If, in equation (i), Art. 127, we regard x as an 
implicit function of y^ we have, using the same notation, 

dx _v 
dy u 

Hence the points at which x has a maximum or minimum 
value are found by means of the simultaneous equations 

F{Xj y)= o and v = o. 

For instance, in the example of Art. 128, v = o gives x= o 
or :x; = 2y. Combining these in turn with equation (i), the 
first gives the infinite value of y, indicating the axis of ^f as 
an asymptote ; the second gives jc = — 2a, y = — a, the 
coordinates of the point B in Fig. 25, at which the abscissa 
is a maximum. Points of this character, where the tangent 
to the curve is parallel to the axis of y, may be called the 
vertical points of the curve. 

Infinite Values of the Derivative. 

131. When x is regarded as the independent variable and 
y as the function, the vertical points are those at which the 

derivative -Stakes an infinite value. They are usually points 
dx 

like B in Fig. 25, at which the function y is discontinuous. 

Thus, in the figure, y is a two-valued function for values of x 

less than —2a. The two values become equal when ^ = — 2a, 

and become imaginary for values greater than —2a. 

In fact, whenever x regarded as a function of y has a maxi- 
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mum or minimum value, it is evident that the curve lies on. 
one side of the tangent in the neighborhood of the point of 
contact ; hence this value of x is, for the inverse function y, the 
limU of a range of values for which thai function is continuous. 

When the equation is quadratic for y this gives a convenient 
method of finding maxima or minima values of x. 

132- There are, however, two exceptional cases in which 
a vertical point does not give a limiting value of x, the func- 
tion y remaining continuous when x passes through the value 
in question. In other words, there are cases in which the curve 
crosses the vertical tangent. 

The first case is that in which the 
point of contact is also a point of in- 
flexion. For example, in the case of the 
function 



y = ^x or y^ =z X, 



we have -^ = 
ax 



3X 



r 



which is infinite at 




Fio. 26. 



the origin, but is real and positive on 

both sides of the origin. The curve 

takes the form given in Fig. 26, neither x nor y having a 

maximum or minimum value. 

133. The second case is that in which the curve lies on both 
sides of the tangent at the critical point, but upon the same 
side of the normal. In this case, the curve is said to have 
a cusp. For example, in the case of the function 



y z= x^ 



or 



/ = ^, 



dy 



we have -^ = — r , which, as in the preceding case, is infinite 



dx 



3X^ 
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at the origin and is real on both sides of the origin, that is for 

positive and negative values of x. There 

is, in this case, a minimum value ofy be- 

dy 
cause the derivative -j- changes sign from 

— to + as X passes through, the value o. 
The curve, which is the semi-cubical parabola^ 
takes the form given in Fig. 27. 
Yio, 27. This is the exceptional case mentioned 

in Art. 108 in which a maximum or mini- 
mum occurs although the derivative is not zero. The general 
condition for a case of this kind is that when the derivative 
is infinite, the function y shall remain finite and continuous, 
and that the derivative shall change sign. The function y is 
then a maximum or minimum according as the change is from 
+ to — or from — to +, exactly as in the usual case.* 

Fu7tctions of Two Variables, 

134. A maximum value of a function f{Xy y) of two in- 
dependent variables is defined as a value greater than any 
neighboring value of the function. In other words, /(a, b) is 
a maximum value, if /"(rv, y) changes from a state of increasing 
to a state of decreasing when x and y pass simultaneously 
through the values x=a and y=b, irrespective of the relative 
value of their rates. In particular, if either of the variables is 

* On the other hand, if in such a case we were considering x as a function of >', 
we should nnd the derivative ^ =0; but neither x nor its derivative would be a 
continuous function while y passes through the critical value. Thus, in the ex. 

ample, jc = v^ and = — l<y» ^t^ of which become imaginary when y passes 

^ " ^ dy 2 

through the critical value zero. 
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assumed constant, the conditions for a maximum must be 
fulfilled when the other varies. 

Similar remarks of course apply to a minimum value. 

135. When a maximum obviously exists, it is easy in this 
way to obtain two relations which must exist between the 
variables, and thus determine the special values of x and y. 
For example, let it be required to divide a number a into 
three parts such that their product shall be a maximum. 
Here two of the parts are independent variables; but assign- 
ing to one of them any fixed value, it is easily shown that the 
other two parts must be equal if the product is a maximum. 
It follows that all three parts must be equal and therefore 
«ach part is \a. 

Again, let it be required to inscribe the maximum parallel- 
opiped in a given cone. Here, supposing the height to have 
any fixed value, it is obvious that the base must be the maxi- 
mum rectangle inscribed in a given circle, which is a square. 
Now when the altitude varies, the parallelopiped with a 
square base bears a fixed ratio to the circumscribing cylinder 
which is itself inscribed in the cone. Hence the altitude is 
the same as that of the maximum cylinder inscribed in a cone, 
which is readily found to be one-t&ird the altitude of the cone. 

Critical Points on a Surface. 

136. In general, if we put 

2=y(^, y), (I) 

in order that /(a, V) shall be a maximum or minimum value 
of 2, it is a necessary but not a sufficient condition that the 



derivative y- shall change sign when y = b and x passes 
dx 
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dz 
through the value a, and also that -r shall change sign when 

^ =a and y passes through the value 6. We shall consider 
only the usual case in which each of these derivatives takes 
the value zero. Thus the special values of x and y will be 
found among those which simultaneously satisfy the two 
equations 

.— = o and -- = o. ... (2) 
ix ay ^ 

137. If we regard x^ y and z as the three rectangular 
coordinates of a point » and consider the surface represented 
by equation (i), the problem before us becomes that of finding 
the points on the surface which are at a maximum or mini- 
mum distance from the plane of ocy. The points on the 
surface of which the x and y coordinates satisfy equations (2) 
are those at which the tangent plane is parallel to the plane 
of xy. These are the critical points at which maxima or 
minima may occur. But for a maodmum it is further neces- 
sary that the surface shall lie below the tangent plane at least 
for a certain region, in the neighborhood of, and completely 
surrounding, the critical point. That is, the surface must be 
convex as viewed from above. 

138. When this is the case, the sections of the surface 
made by planes parallel to that of ocZy and passing through or 
near to the critical point, will also be convex as viewed from 
above. The equation of a section of this kind is simply the 
equation of the surface when y is regarded as a constant and 
2 as a function of x only. Hence the convexity of these 
curves is equivalent to the condition that z shall fulfil the 
requirements of a maximum when regarded as a function of x. 
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It is of course also necessary that z should fulfil the condi- 
tions of a maximum when regarded as a function of y. 

In like manner a minimum function of two variables must 
fulfil the conditions for a minimum, both when regarded as a 
function of x and when regarded as a function of y, 

139. When examining a point in a given example, it must 
be remembered however that, although the above conditions 
are necessary, they are not of themselves sufficient to estab- 
lish the existence of a maximum or minimum. 

But if we determine the value of x for which 2 is a maxi- 
mum in terms of y, and substitute this in place of x in the 
expression for z, we shall have a function of y which repre- 
sents the greatest of the values of z in each of the several 
sections of the surface made by planes parallel to the plane of 
ocz\ and if it can then be shown that this function assumes its 
maximum value when y=b, it will have been completely 
demonstrated that this value is a true maximum. So also, 
muUUis mtUandiSf in the case of a minimum, as illustrated in 
the following example : 

140. Given the function 

« = ^ — 3<wfy-f /, (l) 

whence 

d2 , dz ^ 

From the simultaneous equations 

35{? — say =0 and 3/ — iax = o . . (2) 

we find the critical values (a, a) and (o, o). In order to test 
the values (a, a), we form the second derivative of s as a func- 
tion of Xf namely 

= ox. 



da? 
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This has a positive value for every point near the critical 
point (a, a), indicating a minimum. Now, from the first of 
equations (2), the value of x which makes z a minimum is 
X = \/{ay). Substituting this in equation (i), we have for the 
minima values of z corresponding to different values of y, 

2 = y»-2ay; (3) 



whence 






The first derivative is zero when y = a as before found 
and the second derivative has a positive value. This indicates 
that the value of z corresponding to y = a is a minimum 
among the minima represented by equation (3), therefore it 
is a true minimum. 

Considering next the critical values (o, o), we find that the 
second derivative with respect to x vanishes for x = Oy and 
since the third derivative has the finite value 6, there is, 
according to Art. 117, neither a maximum nor a minimum at 
the origin. 

Examples XV. 

1. Given 2^ — (>xy-\- jir^ — 9 = o, determine the maxima and 
minima of^'. Min. for or = — | ; max, for jr = J. 

2. Given x^ -{• 2ax^y — a^ = o, find the maxima and minima 
oiy, Min. for a: = ± «. 

3. Given y^ — x^y -f- .JC" — ^ = o, prove that :r — — i gives a 
maximum value of^. 

4. Given 3^^ + x^ + 4^-^ = °' Show that when x = |<2, 
y has a maximum value, namely — 3a. 

5. Given j^-j- :^ — ^axy = o, find maxima and minima oi y. 

Max. {ox X :=. a |/2 ;. 
min. for a: = o. 
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6. Given x^ij^ -\- i) = ^H{xy -\- K)^ find the maximum value of 
.V by the method mentioned in Art. 131. x=: 2^ {IP + ^^)' 

Find maxima and minima of the following functions : 

7. /{x) = (,r* — 3*)i. Min. for x = o. 

8. /(:*:)= {x^ - 32)f. Max. for at = o ; 

min. for a; = ± b. 
9. /(^)=(:c«+3^ + 2)» + ^». 

y^(.v) =00 gives min. corresponding to;r= — 2, a:=--i andA:=o. 
/^{x) = o gives two intermediate maxima. 

10. /(jr) = (x^ + 2x)\ — (x + 3)t. Max. fora; = i( — 3±f^i7)j 

min. for or = o and or = — 2. 

II. /{x) = (a* — a)i (at— ^)l -f c. Max. for a; = — ^^ ; 

min. for a: =. a and at = 3. 

„. /(,.) = (-r - ^) (-V - i) , Min. for x= -I^. 

•^ ^ ' AT* a -|- ^ 

i3-/(-*)=(^-«)*(^-<^)*. 

Solutions for a* = <z and a; = 4(2^ + «) ; if 3 > a, the former 
gives a max. and the latter a min. 

14. A number is to be divided into three parts, such that the 
product of the mt\i power of the first, the wth power of the second, 
and the pih pow^er of the third shall be a maximum. Show that the 
parts will be in the ratios m \ n : p. 

15. Show that the polygon of given perimeter and number of sides 
has a maximum area when equilateral and equiangular. 

16. Show that the function 

x^ — Z^y + 2y + 4a; — 2y + 3 

has a minimum value corresponding to a: = io,>' = 8. 

17. Show that the function 

aa + ^a-A^-y— 23|/(a8 — y) 
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has a maximum when a^ d, but neither max. nor min. when a < ^ 
and when a = 6. 

1 8. Determine whether 



has a maximum or minimum value. 



/ 



CHAPTER V. 

Evaluation of Indeterminate Forms, 



XVI. 



Indeterminate or Illusory Forms. 

141- A QUANTITY given in the form of a fraction is inie- 
terminate in value if both numerator and denominator have 
the value zero and admit of no other value. 

Suppose now that the terms of the fraction are continu- 
ous functions of x which becomo zero for a particular value, 
say a, of x (but are in general not equal to zero) ; then the 
fraction is itself a continuous function of x, and is said to 

o 
take the indeterminate form — , when re = a. Such a fraction 

o 

has definite values, which for all values of x except a can be 

found by division. As x approaches indefinitely near to a, 

these values approach indefinitely near to a certain value 

which is often called the limiting value of the fraction ; and, 

in order to make the fraction a continuous function of x when 

x passes through a, it is necessary to regard this limiting value 

as the value of the fraction corresponding to re = a. 

142. For example, it is shown in Trigonometry that, if 

^ stands for the arcual measure of an angle, each of the ratios 
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sin % t^n cc 

and approaches indefinitely near to unity, when 

X X 

X is made indefinitely small. We therefore assign unity as 
the value of either of these ratios when re = o. In this way 
only can we regard, them as continuous functions of x when 
X passes through the value zero. These and similar results 
are expressed. by using the value of the independent variable 
as a suffix : thus 

sin x^ , tan x^ 
= I and = I. 

o 

143. The form — may be regarded as the standard inde- 
terminate form, but the term is also applied to functions 

00 

which, on direct substitutions, take one of the form — , 

00 

00 X o, 00 — 00 , and to certain forms whose logarithms take 
the form 00 X o. 

The term illusory is also applied to each of these forms 
because their evaluation requires some process other than the 
operation directly implied in the form of the function. 

144, In some cases, a function in the standard inde- 
terminate form can be evaluated by making an algebraic 
transformation which permits the cancelling of the factor 
which causes the terms to vanish for the given value of x. 
For example, the function 

a — i/(a' — bx) 

X 

o 
takes the form — when re = o. Multiplying both terms by 

the complementary surd a + V{<^ — bx), 
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Hi 



we obtain 



hx 



The last form is not illusory for the given value of x, since 
the factor which becomes zero has been removed from both 
terms of the fraction. The value of the fraction for ap = o is 
therefore 

a - 4/(a« - Wy 



X 



Jo 2a 



Evaluation by Differentiation. 

145. The principles of differentiation afford us a general 
method by which we can derive from a function, which takes 
the standard indeterminate form when n; = a, another function 
which, although not generally equal to the given one, has the 
same value when a: = o- 

V 

For this purpose, let - represent a fraction in which both 

u and V are functions of x^ which vanish when jc = a ; in other 
words, for this value of x^ we have u = o and v = o. 

Let P be a moving point of which the abscissa and ordinate 
referred to rectangular axes are simul- 
taneous values of u and v (x not being 
represented in the figure); then, de- 
noting the angle FOIJ by d, and the 
inclination of the motion of P to the 
' axis of u by 0, we have 



tan = - , 



and 



tan ^ = ^. 




Fig. 28. 
At the instant when x passes through the value a, u and v 
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being zero by the hypothesis, P passes through the origin ; 
the corresponding value of d is evidently determined by the 
direction in which P is moving at that instant, and is there- 
fore equal to the value of <t> at that point. In other words, 
the limiting direction of the secant OF is that of the tangent 
at O. 

Hence the values of tan d and tan corresponding to 
x=^ a are equal, or 

u\ "" duj ' 



V 

therefore, to determine the value of — for 5P = a, we substi- 

u 

dv 
tute for it the function -r-, which has the same value as the 

du 

given function when x = a, although differing from it when 

X has any other value. 

146. This result may also be expressed in the following 

manner: Let /{x) and (p{x) be two functions, such that 

/{a) = o and <p{a) = o ; then 



Aa) _ f{a) 



<t>{a) <p\a) 



(0 



log X 
As an illustration, let us take . When 5P = i, this 

X— I 

o 
function takes the form — ; by the above process, we have 



log x"! __ jig"^ n __ 



the required value. 
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dv fix) 
' 147. Since the substituted (unction 3- or t77~\ frequently 

du (t> [x) ^ . 

takes the indeterminate form, several repetitions of the pro- 
cess are sometimes requisite before the value of the function 
can be ascertained. 

I — cos o 

For example, the function ^ takes the form — 

when ^ = o ; employing the process for evaluating, we have 



I — cos 6 



cos Sn __ sin ^n 

s^ Jo"" '^2r]: 



which is likewise indeterminate ; but, by repeating the pro- 
cess, we obtain 

I — cos ^"1 sin 6^ cos 0"\ I 



cos ^"1 sin tfl 

^ Jo" 'w]r 



2 Jo*"2^ 



148. If the given function, or any of the substituted 
functions, contains a factor which does not take the indeter- 
minate form, this factor may be evaluated at once, as in the 
following example. 
The function 

(i — x)ef — I 
tan*a: 

is indeterminate for x^o. By employing the usual process 
once, we obtain 



Jo 2 sec*r» tan^Jo* 



tan^ji; 



which is likewise indeterminate; but, before repeating the 
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process, we may evaluate the factor j- I . The value 

' 2 sec'xjo 

of this factor is — ; hence we write 

(I ^x)er ^ il xe^ n _ ^ I X _ £ 

tan'jc Jo"" 2 sec'rup tan xj^ 2 tan x "" "" 2' 

149. In like manner, a factor which takes the indetermi- 
nate form but has a finite value may be evaluated sepa- 
rately. Thus if the given function be 

(g* — I ) tan^aq 
knowing that = i, we may write it in the form 

The second factor is found on evaluation to have the value 
unity ; hence the value of the given function is unity. 

150. Again, if the given function can be separated into 
parts which have finite values, the parts may be evaluated 
separately. As an illustration, we take the expression 



(e» — e-'y — 2x^(^ + g- *) 



1- 



The process of separation into parts does not immediately 
apply, since the second term reduces to -!— 2 —^ — , which is 
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infinite when jc = o. But, after making one application of the 
dififerential process, we have 



u = 



2(g* — 0(e* + e") — 4JP(g + O— 23c»(g* — g-* )n 

4^ Jo* 



Here the last term reduces to — 



2X Jo 2 Jo 

The rest of the expression contains the factor e^ + ^^» which 
has the finite value 2 when jp = o. Hence the whole expres- 
sion reduces to 



«• - e-' - 



«o = 



^ Jo 

and, evaluating, 

«* + e~" — 2 1 _ g* — g~* ~[ _ 2 



**•= 3«^ 



Functions which vanish with x. 

151. A function of x which vanishes when m; = o will gen- 
erally be found to have a finite ratio to some integral power 
of X. Thus, \if{x) is a function such that/(o) = o, we have 

"-i-i =/'(o), giving a finite value for the ratio o{f{po) to the 

X Jo 

first power of x, unless f'{p) is either infinite or zero. But, 
,if /'(o) = o, we have 

*^ Jo 2a? Jo 2 ' 

giving a finite ratio to o^^ unless the second derivative is in- 
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finite or zero. In like manner, if all the derivatives preced- 
ing /*(^) vanish when x — o^ while that derivative has a finite 
value, we shall find 



a;" J o w ! ' 



For example, each of the functions sin x and tan x van- 
ishes with a finite ratio (namely unity) to the first power of x, 
because its first derivative has a finite value when x = o. 
Again, i— cos^ vanishes with a finite ratio to x^, because its 
first derivative, sin x, vanishes when x = 0, but its second 
derivative does not vanish. 

152. The vanishing quantities whose limiting ratios are 
considered above are often called infinitesimals y an infinitesi- 
mal being defined as a variable whose limit is zero. Then, tak- 
ing X as the standard infinitesimal, 0^ is called an infinitesimal 
of the second order. Thus, we have seen above that, when x is 
infinitesimal, sin x and tan x are infinitesimals of the first order, 
and I — cos x is one of the second order ; in fact its ratio to 
cf is the finite quantity ^. Again, tan x — smx is, under the 
same circumstances, an infinitesimal of the third order ; for 
it may be written in the form tana?(i — cosjc), which is the 
product of two infinitesimals of the first and second orders 
respectively. Accordingly, 

taniv— sinrv 



j? Jo "" 2' 



Examples XVL 

Evaluate the following functions: 

, ^-5^+7-^-3 ^hen x = 3. 



I 
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jc* — 8jr* + 22jr* — 24J: + 9 V _ ^ 

jc* — 4;e* — 2j:'+ I2X + 9 ' "" 4' 

yj? - 4/<J -fy(^-a) i_ 

3- - ^(V-a») ' V(2a)' 

■y|/(3Jf-a.y*)-Jft _ 81 

6. ; : : r, X-=.0. 2. 



log(i+^)' 

a* — .^c* 
7 



8 



10 
II 
12 

13 
14 

15 
16 

17 



log a — log X* 
xe^ — e^ — X -\-i 

sin X — cos X 
sin 2x — cos 2X — i' 

log Jf 



- x^( x\ 



x^a ' 
log sin ;c ' 



x=z o. — I. 

ar= I. o. 



4/(1 -^y 

a* - 3* , a 

, ^=0. lOgjT. 

x ^ 

4/(i+^)(l-_^ \^^ J/2 



I — J(r, ' n 

a^^x^f x\ I 

^ = o. — 



2 
X = a. me^. 

X = ^n, a log fl. 



I — cos X I 

j;= o. 



.Jt=;o. I. 



^ log (i + ^)' "2 

|/a: tan ^ 

^ sin jc — a: cos j: 
18. : , Ar = o. 2. 

JT - sm a: 
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tf* — C — * — 2JC 

ig. 7 , when a: = o. — i. 

^ j; — tan x 

{x — 2)^ + -^ + * I 

20. 7— To f x^o. — • 

j:(^ — i)* 6 

31. -_^ ;i?=i. —2. 

I — j: + log •* 

tan'^ — sin'^ 

22. -j ., ;i; = o. I. 

(x - i)« + sin* (a^ — i)* 

23. ^^ ^— ^ ^^ — I — ^, JT = I. 4/2. 

I -.jg + log^ 

*4- >7 Ia\> Ar= I. — I. 

sin jr — log (e* cos jc) i 

.\n — tan~^j; __ i 

*^- ;t« - tf-inOog*)^ •*-'• 2(1 -«)" 

tan (a + jt) — tan (fl — ^) / , ax 2 

27. n — — { 7 \-, '-Ty or = o. (1 + fl') sec'fl. 

' tan-^(a4-ar) — tan-i(a — or/ v n / 

^ a: sin AT — \7t . 

28. ^— , xz^^n. — I. 

cos ;ir 

20. : , X=zo. I. 

^ AT — sin:*: 



fllO«» _ X 



a:= I. log a ■— I. 

Ar = o, I. 

x = a, 3a. 



30. log X ' 
cos"'(i — ^) 

^^' V(2^ - Or^) ' 

X* — ai^ax 
^^' i/(ax)-^a' 

tan nx — n tan at 

33. : : 3 X=:0. 2. 

•'*' « sm j; — sm fur 

4/ 2 — cos JIT — sin a: _^ 

^ log sin 2Ji; ' — * • 1 r • 

35- (, _ jj4)3 

;ir= I. «'. 



00 
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, m* sin nx — n* sin mx 
36. — 7 , when ^ = 0. I. 

^ tan nx — tan mx 

tan nx — tan mx __ 1 

sin {f^x — w-'^r) m + n 

tan «j; — tan ww; sec*«;r 



^ ' sin («*^ — p^xY 



m =n. 



m 



I* sin «.r — »* sin mx 



39. — , m r= ». 

^^ tan «;ir — tan mx 



If*" *(« cos ;i^ ^ sin nx) coshix. 



XVII. 



00 



Z'^^^ Form — . 

00 

iS3. If /(«) and 0(jp) are continuous functions of x both 
of which increase without limit when x approaches a given value 

a, the function -^ takes the form ?? when x = a. This, 

like - is an indeterminaie form^ because its value cannot be ob- 
o 

tained directly by division ; but, since the fraction is itself a 

continuous function, its value is not indeterminate, being in 

fact the limit to which the ordinary values of the function 

approach as x approaches a. 

154. It is sometimes possible to ascertain this limit by 

removing from both terms of the fraction by division a factor 

which renders them infinite. For example, the function 

jg — sin jc 
x+ cos» 
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takes the form — when » = 00 . But, dividing both terms 

00 

by Xy we have 

sin X 
I 

jc — sin rr ^ 



n;+ cosnc J [ cosy 
Since neither sin x nor cos x can exceed unity, and 

X X 

vanish when ;r=oo ; therefore 



x — sin 






^4" cos 

I5S. We can, in the same way, evaluate any algebraic 
fraction when x is infinite. For example, dividing both terms 
by of, and then making x infinite, we have 

4^+ 5«*+3^+ io"| _i 



8:x^ — 3:^2 + 32 



J« 2 



It is obvious that, in this process, all the terms except those of 
the highest degree disappear from the result, which is there- 
fore the ratio of the terms of highest degree. The value is 
finite only in case the numerator and denominator are of the 
same degree. 

156. A fraction which takes the form 00/00 can be so 
transformed as to take the standard form 0/0, and then treated 
by the differential process. For this purpose, the reciprocal of 
the denominator is placed in the numerator, and that of the 
numerator in the denominator. For example, 

sec35fn — ?^ — cos a: "I __o__ — sinji? "| _ i 
seca?J^, 00 cos3a?J*,""o""— 3 sin 35i;J^" 3' 

Since the formula for the derivative of a reciprocal involves 
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the square of the original function, this method fails to sim- 
plify the function * unless some transformation takes place, 

such as that in the example above, where is replaced by 

sec % 

the simpler function cos x. 



Differential Formula for the Form 



00 
00 



V 



157, Let -represent a function in which both u and v are 

functions of x which increase without limit as x approaches 
the value a. Let P be a moving point of which the abscissa 
and ordinate referred to rectangular axes are simultaneous 
values of u and v : then, denoting the angle POV by tf, we have, 
as in Art. 145, 



tan 5 = - , 
u 



dv 

tan = -—-- 

du 



In this case, as x assumes the value a, u and v by hypothesis 

become simultaneously infinite, and 

therefore the point P recedes to an 

infinite distance from the origin. Let 

OQ be the limiting direction of OP. 

Then, assuming that the motion of P 

tends to have a fixed direction (which 

will generally be the case) , f it is obvious 

that the limiting direction of OP will 

be that of this motion ; in other words. 




Fig. 29. 



a I 

* Thus -r- 



-7- y7~r =s TTFxY^' '^^^ method may, however, be used to prove the 

theorem geometrically demonstrated below. 

f The example given in Art. 154 furnishes a case in which the motion of Pdoes 

not tend to a fixed direction. For in that case tan = , - = ; — . Both 

^ au I — smjp 
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we shall have, when ^ = a, tan 6 = tan 0. Thus 

dv'\ 






91 00 

when - takes the form — ,* as well as when it takes the 



00 



form -. 
o 

This result, like that of Art. 145, may be otherwise ex- 
pressed thus: if 0(a) = 00 and 0(a) = 00, then 

/(a) ^ fia) 

158. Since a variable cannot become infinite in a finite in- 
terval of time while its rate is finite, a function of x cannot 
become infinite^ for a finite value of x^ unless its derivative with 
respect to x is infinite. It follows that, in the application of 
this formula to a case in which a is finite, the substituted func- 

tion-^TT^x will also take the form — . Hence, in order to effect 
<f/(x) 00 

the evaluation, we must be able at some point in the, process 

to make a transformation similar to that made in Art. 1 56. 

Thus, in the example 

log sin 2X' 



log sin 



n 2x'l __ 00 
in re Jo "~ 00 



numerator and denominator vary periodically between o and 2, thus tan is a 
periodic function. The curve described by /*, in this case, is a prolate cycloid 
with its axis inclined at an angle of 45** to the axis of «. 

* When, as in the diagram, the limiting ratio is a finite quantity, the curve will 
usually have an asymptote AB whose inclination is the limiting value of tp; but this 
is not always the case, for the distance of /* from OQ may increase without limit, in 
which case the curve is said to have a paraboiic branch in the direction of OQ, 



9 

O 
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by using the above formula we obtain 

log sin 23c^ ^ 2 cot 2rc"| 
log sin ^ J ^ ~" cot X J 

which takes the form oo /oo ; but the last expression is equivalent 

to 2— , and is therefore easily shown to have the 

sm2:x?cosjipJo 

value unity. * 

The Form oXoo. 

IS9. A function which takes this form may, by introduc- 
ing the reciprocal of one of the factors, be so transformed as 

O 00 

to take either of the forms — or — as may be found most con- 

O 00 * 

venient. For example, let us take the function 



which, supposing n positive, assumes the above form when 
» =oo . In this case it is necessary to reduce to the form — . 

00 

Thus, 






n^r-^L nCn-^O^--^.-- 



By continuing this process, we finally obtain a fraction whose 
denominator is finite while its numerator is still infinite. Hence 
we have, for all finite values of n, 

•* OB 

160. When x is infinite, and n > i , «" may be called an 
infinite of the nth order, with respect to jc as the standard in- 
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finite. Thus an infinite of higher order has an infinite ratio to 
one of lower order. The result found in Art. 159 shows that, 
when X is infinite, €" is an infinite of order higher thin that 
indicated by any finite number ; that is to say, it bears an 
infinite ratio to every power of x. 

In like manner, log x, when x is infinite, is an infinite of a 
Urwer order than that indicated by any positive value of n. 
For 



Xo^x 



thus log X bears a zero ratio to any positive power of x^ when 
X is infinite. 



Limiting Values of Discontinuous Functions. 

161. The cases which we have hitherto met in which 
the continuity of a function f{po) is broken belong to one 
or the other of two kinds. In the first kind, the func- 
tion becomes imaginary when x passes a particular value, 
say r» = a. That is to say, f{x) is imaginary for values on 
one side of a .and real for values on the other side. The 
limiting value, /(a), of the function is usually finite, being the 
value common to two values of a multiple-valued function 
which become equal. This is illustrated by Fig. 15, p. 70, 
thQ graph of the functions sin" ^x\ also, in the case of an im- 
plicit function, by Fig. 25, p. 130. 

In cases of the second kind, the function increases with- 
out limit when x approaches a, and it is usually found, as 
illustrated by the graphs given in Fig. 3, p. 6, and Fig. 13, 
p. 64, to have positive values on one side of jc = a and nega- 
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tive values on the other. In such a case, there is no proper 
value olf{a) ; but we may say that the limiting value olf{x)y 
when X approaches a from one side is + oo, and when x ap- 
proaches a from the other side it is — oo. Thus the recip- 
rocal — is said to pass through infinity and change sign when 

X 

X passes through the value zero. 

162. Consider now a function of a function which becomes 
infinite when x = a. The limiting values to which the com- 
plex function approaches when x approaches a from one side 
or the other may be finite and equal. For example, tan^^z 
admits of the limiting value ^tc whether 2=00 or 2= — 00; 

accordingly tan"* — has the finite value ^tc when x passes 

X 

through zero. There is then no break of continuity. 

On the other hand, ef has the value 00 when z = -|- 00, 

and the value o when z = — 00 ; ac- 

1 
cordingly e^ has the limiting value 00 

when X approaches zero from the posi- 
tive side, and the limiting value zero 
when X approaches zero from the nega- 
tive side. Thus the function presents 

a third sort of discontinuity.* Its 

1 
graph, that is the curve y = ^«, which 

is given in Fig. 30, is said to have a 

stop-point at the origin. 

* The function e* may be said to have a break of continuity when jc = 00, 
while tan-»jr has not Accordingly the graph of e». Fig. 10, p. 57, approaches the 
asymptote at one end only, while that of tan-*x, Fig. 17, p. 71, has at each end 
.a branch approaching the asymptote. 




Fig. 30. 
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The Form oo — oo. 

163. It is obvious that the difference between two func- 
tions, each of which increases without limit as x approaches 
a, may approach a finite limit * : hence 00 — 00 is an illusory 
form. A function which takes this form can be so trans- 
formed as to take the standard form. For example, each 
term of the function 

I fog ( i + y) 

takes an infinite value when jc = o. But, reducing to a com* 
mon denominator, we have 

r I _ log (i + y)- [ _ y — (i+jp) log(i+jc) n _ o 
\x{i^x) c^ }r ^(1+^) Jo"o' 

Hence 

r I _ logCL+_fO'l _ x-{i+x) log(i+^) "| 

_ I — log(i-f y)— i n __ _ £ 



2X L 2 



]. 



• 



Examples XVI L 

Evaluate the following functions : 

log sec X 1 * 

I. i— 5 , when X = \n. — i. 

log sec yc ■ 

cosec {mcr'^) 

* This can, of course, happen only when the ratio of the two quantities has 
unity for its limit when they become infinite. 
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lofif JC 

3. -s^,(«>o), wheiiJcr = oo. o. 

tan Jt ,_ 

sec (iTTJtr) 
e, U i-, AT = I. 00. 

log cos (^TTJT) 

log(i— jt) 

' tan T^x 

« log (i + jp) 

8. ^\ ^ ' JT = 00 . o. 

AT 

9. Vj* - I/a:, 

AT* — a« ;rA; 

10. 5 — tan — , 

11. A^(logA;)«, {m atid n being positive,) 

12. ^sm— , 

X 

13. e- i (i - log x), 

nx , I 

14. sec^ — . log—, 
^ 2 A? 

log tan nx 
^' log tan Af ' 

X 

log cot — 

16. 



AT = 00 . 


log a. 


a: = a. 


4 


a: = 0. 


0. 


Af = 00. 


00. 


AT = 0. 


0. 


a; = I. 


2 
n 



X = O. I. 



cot a; + log A? 

17. sec a: (x sin a: — ^^), 

18. log(^.--jtan_. 

19^ (i — at) tan {^nx), 

20. log (a? — tf ) tan (at — «), 



a; = 0. 


0. 


X = ^TT. 


— I. 


AT = tf. 


2 


AT = I. 


2 
7t 


X = a. 


0. 
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ai. (<!» - x»)^ cot I ^(1^) I . -""hen x = a. 

tan /^ 

Denoting the arc by 0, and multiplying by — ^— (whose tfolue, 

u 

when X = a, is unify), we obtain — (a -\- x) \ — . 

7t Ja TT 

1 

22. x^^ , when Jt = o. oo ando. 



sector 



2^. , X = ^7r, o. 



e 



24. a: - ^ log^i + ^j. 



Put jr = - . 



j; = — 00 



30. -^-5 cot*^, or = o. 



z 
2 



I 
2 



^ ^ — I j; — I 

cosec X sin"^;i; i 

26. » — : • ^ _ O. — T". 

2 

27. cot ^X, X = o. o. 

28. X tan X — \n sec jc, :t = ^w. — i. 

XI __ I 

20, ^ --, ^ — I. -•• 

^ AT — I log X 2 



^ _.,„ „ _ 7 

6' 



I ;r ^ 

^ 2X* 2X tan ;rj? o 

^^* 4Jtr 2^(^" + 1)' " 8' 

nx — 1 ^ n -». — « ^* 

34. Prove that, whenyi;^) = i and <t>{cC) = i, 

log/W ./>) 
log 0(a) 0'(ar 
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35. Prove that, when/(flr) = o and 0(a) = o, 

logVW^ 
log 0(a) ' 

provided that ^tttA is neither infinite nor zero. 

0'(fl) 



XVIII. 
Functions whose Logarithms Take the Form oo X o. 

164, If u and v are functions of ^ there are three cases 
in which the logarithm of the function u* takes an illusory 
form. We have, in fact, 

log «• = 2; log u. 

This is indeterminate when, for a particular value of %^ 
v = 00 and log 1* = o, in which case the given function 
takes the form i" : it is also indeterminate when v = o and 
log li = ± 00 , in which case «' takes one of the forms 00® or 
o^. In each of the three cases, the function is evaluated by 
first evaluating its Napierian logarithm. 

165. For example, the function 



={■+»-) 



(I) 



takes the form i* when x increases without limit. From 
equation (i) we have 

l<« y = « log (i + ^ = ; ' 



X 
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O 

the last expression taking the form — when iv = oo. In 
evaluating it, we may conveniently put z for — , then 

log(i + z) 



Hence 






The Napierian base is in fact often defined as the limiting 
value of the function in equation (i) when x increases with- 
out limit. When the graph of the function y is drawn it 
is the distance of an asymptote parallel to the axis of x. 

166. The same function furnishes an illustration of the 
form 00**, namely when a? = o. Making the same substitu- 
tion, a = — , we now have 

X 



Whence 



A = ('+5)l=--* 



167. The function 



* This gives the point at which the graph of the function meets the axis of y. 
It is a stop-point since the curve is discontinuous (log^ being impossible) between 
jc r= o and x = — I. The curve is again continuous from jt = — i, for which. 
y is infinite, to j: = — oo , for which > again approaches the limit e. 
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takes the form 0° when jc = o. In this case, 

log ^1 ^~*1 

log y\ = X log x\ = -^^ J^ = - ^J^ = o. 

Hence x*']^ = i. 

A function which takes this form, or one which takes the 
reciprocal form oo**«, is usually found to have tl>e limiting 
value unity.* But this is not necessarily the case, as the 
expression 






will show. This expression takes the form 0° when x = o, 
but it is only another way of writing e* + *; hence, when x = o^ 
its value is e*. 



Indeterminate Forms of Functions of Two Variables. 

168. The value which, as explained in Art. 141, defines 

the ratio of two vanishing quantities is the limit of the ratio 

with which they vanish. Thus, in accordance with Art. 145, 

y — b 
the value of the ratio , when x and y simultaneously 

take the values a and 6, is 

y — b~\ dy 



y- n ^ ^y"| . 



* The reason is that in either case it is the factor log u in the product z/ log «, 
Art. 164, which is infinite. But when m = o, as well as when » =: 00, as shown 
in Art. 160, log u bears a zero ratio to an infinite of any finite order. Hence, if v 
is an infinitesimal of any finite order, the product is zero, as in the example above. 
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that is, the value of the vanishing ratio (or ratio with which 
the terms vanish) is, in this case, the ratio of the rates with 
which y and x assume their special values. 

169. When x and y are two independent variables, this is 
a rtalXy indeterminaie quantity. In like manner, when the 
numerator and denominator are any functions of x and y, the 
value of the fraction, when it takes the indeterminate form, 
depends upon the relative rates of x arfd y at the instant of 
assuming the special values. For example, the function 

^ — 3xy + X 
y^ — xy -\- I 



takes the form - when x = 2 and y = i . Employing the 
usual method, we obtain 



dy 



-a.- 



a, I 



which is indeterminate when x and y are independent. 

170. If, on the other hand, x and y are connected by an 

equation which admits of the simultaneous values x = a and 

dy] 
y = b, the value of — (or relative rate with which x and y 

assume these values) is determined by the given equation. 
Hence, in such a case, the value of a fraction which takes the 
indeterminate form for these values is determinate. For 
example, in the case of the fraction considered in the pre- 
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ceding article, suppose x and y to be connected by the 
relation 

^ + / = 5y» 

which admits of the special values (2,1) for which the given 
fraction takes the indeterminate form. By differentiation, 
we have 

iy 2x . dy'l 4 

■J- = , whence -— \ = — . 

ax 5 — 2y {teja,i 3 

Substituting this value in the expression found above, we 
find the value of the fraction under the given conditions 
to be 6. 

Since, in an example of this sort, y is an implicit function 
of Xy the given fraction is virtually a function of the single 
independent variable x. We are thus able to evaluate an 
indeterminate form involving an implicit function. 

Application to the Derivative of an Implicit Function. 

171. When y is an implicit function of x its derivative 
presents itself in the form considered in the preceding article : 
that is to say, as an expression containing y as well as x. 
Suppose now that, for given simultaneous values of x and y^ 
the derivative takes the indeterminate form. For example^ 
given the equation 

2ix?y + / + 45P= 3, (I) 

from which we derive 
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Equation (i) is satisfied by the values jc = i, y = — i, and, 
substituting these values in equation (2), we find 



dy 
dx 



1 =-• 

Ji,-, o 



Hence, applying the differential process, we have 



dy-l y'^^dx 



■]„-,=- 






I.- I 



2-2^1 

dy 
dx 



1 +2 ' 

— I X|— I 



an equation involving the required derivative in each mem< 
ber. Clearing of fractions, we have the quadratic 



whence 



dy 



i\_=-2±V6. 



Thus the derivative has two distinct values. We infer 
that the curve of which (i) is the equation has two branches 
passing through the point (i, — i), which is therefore a double 
point of the curve. As x passes through the value i, the im- 
plicit function y has two values which become equal when 
jp = I, but do not become imaginary. Compare Arts. 128 and 
1 30, which treat of the cases in which one term only of the 
fractional value of the derivative becomes zero. 
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172. When ^ = o and y = o are simultaneous values of x 
and y, the equation of Art. 168 becomes 



^ Jo, o dx^Ofi 



The curve in this case passes through the origin, and if the 
equation is algebraic the value of the derivative at that point 
may be found by evaluating the first member by an algebraic 
process. For example, the curve 

passes through the origin^ Dividing the equation by x, we 
have 

x + y^ — 2+51 = 0. 



v^ X 



Assuming — to have a finite value, this equation becomes, 

^ Jo,o 

when we put iv = o and y = o, 

-2 + ^1 =0, .-. ^1 =2. 

It is obvious that in this process no teirms remain, when we 
put jp = o and y = o, except those which arise from the terms 
of lowest degree in the original equation. Hence the result 
can be found by simply equating to zero the terms of lowest 
degree. 

173. In like manner, when the equation contains no terms 
lower than the second in degree, the terms of the second de- 
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gree determine two values of the derivative at the origin^ 
which is then a double point. Thus the curve 

y* + ^* "~ 3^**^ = o 

has a double point at the origin, and the tangents at the ori- 
gin are given by 

xy =^o\ 

that is, the values of tan are o and 00 , and the two coordi- 
nate axes are tangents to the curve. If the values of tan 
are found to be imaginary there is no tangent at the origin, 
which is then an isolated point of the curve. 



Examples XVIII. 

I. (cos a;)«>***, when jit = o. 



3. (cos aar)®<*****^". 

- ©"■■■ 

5. (tanjc)*"*", 

7. (i-^)', 

8. (sin *)•«»••, 



j: = o. 



I 



9. X 



J? = 0. 


•^ a/8« 


ar = 0. 


I 


ijp = i^r. 


X 

e 


jr = 0. 


I 


ir= 0. 


I 


* = i?r. 


I 


Ar= 00. 


I. 
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0. (sin x)*^*, when jc = a 1. 

1. (sinA:)^*, a; = -. i. 



2. ^lo«»to*, AT = O. ^. 

3. (sin ^)iogUn*^ AT = O. tf*'. 

4. jf«*(a > o), AT = o. I. 



5. (jc»)»og(* + iogoo«*)^ jir=o. ^•. 



1 



I 



6. A"*-* = I. 

e 

7. A^-^ Jl? = o. I. 

8. (cos mxy^, AT = o, tf-**«*. 



,. (!a5)i 



AT = 00 . I. 



20. (i ± a:)*, jc= 00. I. 

21. AT'CsmA:)"^*! — ; 1, AT = —. 



:. Af*(sinA:)*»°^( ^ . ^"^ V, 
^ ' \2 Sin 2X1 



2 o** + ' 



I dy 

22. If J/ = J-, find the value ofj', and also that of-—, when 

I + e *■ 
jr approaches zero from the positive and from the negative sidje. 

dy 
>^ = o;-=o: 

dy 

23. If > = i", find the value of j' and of ~1 when x ap- 

proaches zero from either side. -V — o, ^^ — o. 






-^ "" ''^ ^jt: 

24. The variables x andj' being connected by the equation 

2(1 - X +>) — 4>» + 3jf< = o, 
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show that j; =.o andj/ = i are simultaneous values, and find the cor- 
responding value of 

xy* — \x* 

25. The relation between x and>' being expressed by the equation 

3^ + 4>^ - 24(^ +^) + 37 = <>, 

show that or = I and^ = 2 are simultaneous values^ and find the cor- 
responding value of 

dy 
In this example^ on substituting the numerical value of ^, the 

function again takes the indeterminate form ; it is therefore necessary to 

dy 
substitute the value of -=- in terms of x andyy and to repeat the process, 

26. Given :^ — axy + c^x ^ ay^ -\- 2c^y — a* = o; 

show that jt: = o and^ = a are simultaneous values, and find the cor- 
responding values of -3-. o and — i. 

27. Given >^ — a:* — 4^)^ -f- 2<i'jt:^ + 5^!)^ ■" ^a^ = o; 

show that AT = o and^ = a are simultaneous values, and find the cor- 

dy 
responding values of -7-' ± V^. 

28. Given c^ — 2ay^ — 3^^^ — 2a^x'^ + ^ = o; * 

dy 
find the values of j- when^ = o, also when ^ = o. 

29. Given y — a(;r + a){x +y) = o; 

^dy'^ dy'l 

find the value of ^ . -j^ = — i. 
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30. Given x^ + oj^y — qy* = o; 

dy 
find the values of -j- when x = o. 

ax 

31. If ^^ = x{x — i) log (at ± ^x), 

dy 
find, by the method of Art. 172, the value of ~ when ;ir = o; also 

its values when Jf = i, by substituting a/ for j: — i. 

dy-] dy-] , 

32. Given >* + 3«!y* — 4(^xy — a^j;* = o; 

dy 
find the values of -7- when je = o and v = o. 

dx 

K2 ± V7). 

33. Show that the point (a, a) is an isolated point of the curve 

•^ — 3^^ +J^ 4- a* = o. 

34. Show that the point (e, e) is a double point of the curve 



CHAPTER VI. 
The Development of Functions in Series. 



XIX. 

Series in Ascending Powers of x* 

174. A polynomial consisting of a number of terms in- 
volving powers of X with positive integral exponents (including 
the exponent zero) and coefficients independent of x is called 
a rational integral function of x. Thus 

f{x) = il -h Bx+ C:)c8 + . . • + Nx^, 

in which A, B,Ct etc., are constants, is the general type of a 
rational integral function. The coefficient A of the zero power 
is the value of the function when x =^ o and is called the 
absolute term. 

A series of terms beginning with the absolute term A and 
proceeding by ascending powers of x with coefficients follow- 
ing a certain law (so that we can write any number of terms 
we choose) is called an infinite series in ascending powers of x. 
In general, for a given function of Xy a series of this kind exists 
which is an algebraic equivalent for the function, and which 
will, at least for certain values of x^ furnish a mode of obtain- 
ing the values of the function to any desired degree of accu- 
racy. 
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The determination of this series for a given function is 
called thedevdopmefU of the /unction^ and the function of which 
a given series is the development is called its generating /unc- 
tion. 

175, A rational fraction in x (that is one of which the 
numerator and denominator are rational and integral functions 
of re) affords an example in which the development can be 
found by an algebraic process; namely by division, the terms 
of dividend and divisor being arranged in ascending powers 
of X. For example, we thus find 

■= I— 2ji; + iic* — :»" + :xr* — • . . , . (i) 



X 



where the law of the successive coefficients is that after the 
second they are alternately + i and — i . 

The algebraic equivalence of the series and the generating 
function, which is expressed by the sign of equality in equa- 
tion (i), maybe verified by multiplying both members by 
1 + ^- For this gives in the second member 

I— 2x4-0^*— 0^-}- X^ — ' ' * 
+ X'-'20^+ X^ — JC« -4- . . . 

which is equal to the given numerator, because we may as- 
sume the value of a series all of whose coefficients vanish to 
be zero for all values of x. 

Convergent and Divergent Series. 

176^ Iff in equation (i) of the preceding article, we sub- 
stitute for X a numerical value, we have in the first member a 
value of the generating function and in the second an infinite 
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series of numerical terms. Two very different cases may arise ; 
these we shall illustrate by putting in turn x-=\ and n; = 2. 
In the first place, we have 

t = I - i + i-i + iV 

We cannot verify this as a numerical equation, but we notice 
that the results of summing 3, 4, 5 and 6 terms of the series 
are J, J, Z^, ^y, which approach nearer and nearer to \ the 
value of the generating function. The latter is in fact the 
limit to which these sums approach as the number of terms 
included is increased indefinitely. Under these circumstances 
the series is said to be convergent, and the limit is called the 
sum of the infinite series. 

177. In the second place, putting :x; = 2 we have the series 

1—4+4—8+16— • • •, 

in which the result of summing 3, 4, 5, etc., terms are values 
which differ from one another more and more ; the series is 
therefore said to be divergent. The successive sums do not 
approach a limit ; hence there is, in this case, no meaning to 
the expression **sum of the series,** and no propriety in 
equating the series to a value of the generating function. 

178. Denote the sum of the terms of the series up to and 
including that containing x^ by 5'«, and denote by R^ the dif- 
ference between 5„ and the value of the generating function^ 
Thus we shall have, for any value of Xy 

/(x)=:5« + ;?,., 

in which R^ is called the remaindefy and depends for its value 
upon n as well as upon x. Then the series is convergent if 
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R^ tends to the limit o as n increases indefinitely ; and it is 
divergent if Rn has no limit. 

In the example considered in the preceding articles, the 
process of division gives us a general expression for the re- 
mainder ; for we have 



Here, if x is numerically less than uniiy, Rn decreases without 
limit as n increases, that is, it tends to the limit zero when 
n = 00. Hence the series is convergent for all values of x 
between + ^ ^^^ "~ i* These values are therefore called 
the limits of convergence, 

179. In this example, the value of R^ increases without 
' limit as n increases, for all values of x beyond the limits of 

convergence, and the series is, for such values, divergent. 
At the limits two special cases arise. When x = i the values 
of Rn are alternately + i and — J. When a; = — i , i?„ is 
infinite for every value of «, which indicates that the gener- 
ating function has an infinite value In each case, the series 
not being convergent is said to be divergent. 

180. Since the successive terms of the series are the dif- 
ferences between consecutive values of i?^, they must, in a 
converging series, ultimately decrease without limit as n in- 
creases. But it must not be inferred that the series is neces- 
sarily convergent when the terms so decrease. 

Consider, for example, the algebraic series 

* + i*' + i«' + i»*+-- • (I) 

of which we at present suppose the generating function un- 
known. If 5P>i, it is easily seen that the successive terms 
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will ultimately increase; therefore the series is divergent. 
When n; = I , we have the numerical series 

in which the terms decrease without limit. But in this case 
Sn can be shown to increase without limit. For, consider 
the terms after the second in groups of two, four, eight, etc., 
ending with the terms J, |, -^^ etc. ; the sum of the terms in 
each group is greater than ^, and the number of groups is 
unlimited. Therefore the series is divergent. 

181. In fact, unity is for the series (i) a limit of convergence. 
For, supposing x positive and less than unity, every term of 
the series is less than the corresponding term of the series 

a?+:x? + a;*4-jitr* + --- . . . . (2) 

Therefore 5* in series (i) is less than 5, in this geometrical 
series. But 5- in series (2) has for its limit the value , 

which is the ** sum of the series" when ^ < i. Therefore 5, 
in series (i) must have a limit of less value; that is, the series 
is convergent when a? < i. 

It will be noticed that we can in this way prove the con- 
vergence of any series in which, after some given term, the 
ratio of successive terms is always less than the common ratio 
in some decreasing geometrical series, that is, less than some 
quantity which is itself less than unity, 

182. If the terms of a series, after a certain term, are 
alternately positive and negative and decrease in absolute 
value without limit, the series is convergent. For suppose 
that 5„ ends with a positive term, then 5« + i will be less 
than Sn because the new negative term is greater than the 
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new positive term. For the same reason 5,^4 is less than 
Sn-»t%\ hence the values of 5,, 5^+,, ^n^v etc., decrease in mag- 
nitude. Moreover, we can show in the same manner that the 
values of 5»+i, S^^^^ S^+i, etc , increase in magnitude. But the 
value of Sn+tmf which ends with a positive term, is greater 
than that of 5„+8^+i, which includes the next negative term. 
Therefore each set approaches a limit intermediate to Sn and 
Sn+i' But these limits must be the same because the differ- 
ence between Sn+tm and Sn+^+i is a term of the series, and 
therefore by hypothesis can be made as small as we please. 
Thus, for example, the series 

i-4+*-i+l 

obtained by putting jc= — i in the negative of series (i) of 
Art. i8o is convergent. 

If, in the same algebraic series, x is negative and numeri- 
cally greater than unity, the terms increase in numerical value 
and the series is divergent. Therefore + I and — i are, for 
this series, the limits of convergence; hence in this case we 
have found the series to be convergent at one of the limits 
and divergent at the other. 



Differentiation of a Series, 

183. Let us now suppose that/(5c) admits of development 
in the form 

/(a:) = il+Bje + Ca?+ . . . +iVrp* + i?., . . (i) 

in which A, -B, C, • • • , JNT are coefficients independent of x to 
be determined, but R^ is an unknown function of x and also 
a function of n. It is assumed, however, that when :c = o 
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R^ = o, no matter what the value of n. For this reason, 
equation (i) gives, when :r = o, 

/(o) = A. 

Thus the absolute term in the development must be the value 
of /(o), just as it is in the rational integral function, compare 
Art. 174. Hence the development is impossible if /(o) is 
infinite.* Of course the assumption that the development 
is possible implies, in like manner, that a finite value can 
be found for each of the other coefficients 5, C, etc. 

From the fact that R vanishes with x it follows that every 
series of which the generating function has a finite value when 
^ = o must be convergent for some small values of x. 

184. When the development oT f{x) is known that of the 
first derivative /'(:*;) can be found. For example, from the 
known development 

= i+iv4-i»'+:J«P*+iX^+* • • . . . (l) 



I — X 

we obtain, by taking derivatives, 

j-l—^lJ^2X+ZP^+^-\ • • (2) 

These series are convergent for the same values of », 
namely for values between + i and — i. 

185. On the other hand, if the development of f{x) is 
known, that of f{x) can be assumed in the required form, 
and then the coefficients can be so determined as to make the 

* That is to say, the development is impossible in the form (i). It may happen, 
wheny|[o) is infinite, that [xf{x)\i has a finite value, and that xf(x) admits of 
development in the form (i). In that case, dividing by x we should have a de- 
velopment oi/{x) in ascending powers beginning with a term in jr-^ 
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derivative identical with the known series. Thus, supposing 
/(x) = log (i -}- x), f{x) = (i + iv)-i of which we know the 
development. Therefore, assuming 

log {i+x) = A'\'Bx-\'Cx* + Dt^ +...,. . (I) 
we have 

= £ + 2Cjc + 32>5c:» -I , ... (2) 



I + X 
which must be identical with 



= 1— » + :x^ — 5C*+''"* • • • (3) 



I -\-x 



Hence, equating coefficients, 5 = i, 2C = — i, %D = i, etc.; 
and, putting 5C = o in equation (i), A = log i =o. Therefore 

log ( I + ^) = ^ - i^ + 4^ - i^ H . (4) 

Changing the sign of Xy we have also 

log(i-:v) = -(:v + i:^ + 4:^ + ix*+. . .)•* (5) 

■ 

Maclaurin s Theorem. 

186. If we assume the development oi f{x), as in Art. 183, 
and take successive derivatives, we have the following series 
of developments: 

* Hence — log (i — x) is the generating function of the series in Art. 180, 
which we found to be convergent for values of x between -f- ' and — I. At the 
limit X = 1 the generating function is infinite, while at the limit x = — i the series 
is convergent 
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f{x) = A+Bx-\-Ci^ + Do!^-\ [-Nitr + R,, . (i) 

fix) = B + 2C»+ iDa? H \- nNKf-' + ^, . (2) 

(toe 

r{x) = 2C + l.2Dx+- ■ • +«(„-i)JVar-»+''^-. (3) 

f"{x) = 3.2Z) +...+»(»- I) (« - 2) iV»-» + '^. (4) 

Putting :xr = o, and making the same assumption as in Art. 
183, we find A =/(o), B = /'(o), C = i/"(o), D = j^/'Co), 
etc. Thus the general expression for the coefficient of x^ 

in equation (i) is JV = — ./"(o). We infer that, if the devel- 

til 

opment be possible, it is 

Ax) = /(o) +fio)x +/"(o) ^j 

+/"(o)fr+---+/"(o)J+-'- • (s) 

This result is known as Maclaurin^s Theorem, We shall 
give in the next section another demonstration, which de- 
pends upon a single differentiation, and leads also to an ex- 
pression for the remainder. 

187. As an example, we deduce the expansion of e*, 

which is called the exponential series. Putting f{x) = ^, we 

havey^(rc) = e*, and in general fix) = e* Hence f{o) = i, 

f{p)=. i,/*(o)= i; and, substituting in Maclaurin*s series, 



2! ■ 3! 
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This series can be shown, by the method of Art. i8i, to be 
convergent for all values of np, although when x > i the terms 
begin by increasing. When np = i, we have the following 
numerical series for e\ 



*= ^ + ' + nj-+ riTi + • • • ' 

from which the value of e may be derived with any required 
degree of accuracy. For example, to find e to nine decimal 
places the computation would be as follows : 

2.5 
.16666666667 
4166666667 

833333333 
138888889 

19841270 

2480159 

275573 

27557 
2505 

209 

16 



f = 2.718281828^^ 

Each term is here derived from the preceding by division, 
and is carried to the eleventh place to insure the accuracy of 
the sum to the nearest unit in the ninth place. 

188. Again, to expand the function sin x in powers of x^ 
we put 
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fi^x) = sin X, . •. f\p) = o. 

f(x) = cos X, f{o) = I . 

f\x) = - sin X, f\o) = o. 

f^\xy = - cos X, r\o) = - I. 

/'\x) = sin 5C, f'\o) = o. 



Since the fourth derivative is the same as the original func- 
repeat the values o, i, o, — i indefinitely. Hence 



tion, we infer that the coefficients of —^ in Maclaurin's theorem 



0^ C(? x'^ 



sin:c =:x;-7j- + -^ --yH . . . (i) 



In like manner, or from this equation by taking derivatives, 
we find 

^ ^ ^ 

COS^= I -^+^-gj-+... ... (2) 

Each of these series, like the exponential series, converges for 
all values of x. 



The Binomial Theorem. 

189. The Binomial Theorem, containing w + 1 terms 
when f» is a positive integer, gives the expansion of (a + 6)* 
arranged in descending powers of a and ascending powers of 6. 

When m is fractional or negative, by putting re = - the ex- 

a 

presaioa becomes a**(i + -*')*'» >n which (i + xf is to be devel- 
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oped into an infinite series in ascending powers of x. This 
is readily effected by Maclaurin's Theorem. Thus, putting 

/(r^)=(i+:rr, .-. /(o) = i. 

f\x) = m{m - i)(i + :x:)-*-^ f\o) = m^m - i). 

f'\x)= w(w-i)(w-2)(i+:x;)-^, f'\o) = w(f»-i)(m-2). 



Hence 

7!-^ + j! 



(1 + ^)" = i+mx+ '!!!L!^V+ "^^ :r~ ^ + 



Each term of this series may be derived from the preced- 
ing one by multiplying by a factor of the form 

fn — n 

\ — ^> 

n + 1 

« 
which, when w is a positive integer, ultimately becomes zero, 

thus causing the series to terminate with the term containing 
0^. Otherwise, the fraction ultimately becomes negative, and 
approaches the limit — x sls n increases. Therefore, by Art. 
181, the series is convergent when x is between + i and — i ; 
and, by Art. 182, it is also convergent at the limit x = i. At 
the other limit, — i, the series is divergent, the corresponding 
value of the generating function being infinite. 

190. In the examples given in the preceding articles, we 
were able to write out any number of terms of the series, be- 
cause the general expression for the nth derivative of the func- 
tion was known. When this is not the case, the labor of find- 
ing the successive values ol f\o), f\o)j etc., may in some 
cases be abridged by expressing the successive functions of x 
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in terms of the preceding ones; so that, when we put x = o, 
use may be made of numerical values already found. For 
example, if 

f{x) = tan X, fix) = sec'ap = i + [f{x]f. 

In finding the algebraic form of subsequent derivatives, we 
shall, for shortness, write f,f, etc., in place ol f{x)yf{x)^ 
etc. The whole work then stands as follows : 

f{pc) = tan X, .•. /(o) = o. 

f{x) = I +/», f{o) = I. 

n^) = 2ff\ f\6) = o. 

/-(^) = 2r' + (>ff\ /-(o) = o. 

r{x) = 2ff^ + 8/r- + er\ /-(o) = i6. 

/ ix) = 2jr+ioff-^2orf'\ r\o) = o. 

f^{x) = 2/^+12/7^+30/7^+20/^"', 

/▼««(0)=: 12 X 16+20X4=272. 

The process is readily continued, and substituting the results 
in Maclaurin's series we find 



• • 



tan^ = ^ +K + A^ + Vt''6^' + tHt«* + 

Examples XIX. 

I. Show that, for the series (2) in Art. 184, 

__ (« + 2)j;«+i — (>g -j- i)j;*+« 
^-" (I --xy • 

3. Derive an expansion by differentiating equation (2), Art. 184. 

2(1 — jr)-»=: 1.2 + 2.3^+3.4^ + 4.5^+ . . • 
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3. Expand log (i — je + •^). 



/'w/ I — jr + a:* w M^ form 



1+^ 



^^ ' '2'3'4 5 3 

4. Develop tan~*;c by the method of Art. 185. 

tan ^x=.x-^\j^ + i^ — 1-^^ H 

This is known as Gregorys Series. 

5. Derive the expansion of log (i — ^) from equation (5), 
Art. 185, and verify by adding the expansions of log (i -f- •^) and 
log(i -^). 

6. Show that 



and that 



log 2 = -—+-—+ — - + 
1.2 3.4 5.0 



1 — log 2 = 1 h h 

^ 2.3^4.5 ^6.7 ^ 



* I • • • , 



7. Derive the expansion of (i + x)e* from that of ^. 

{x^x)e-=i + 2x^^x^+.:.J^ "^ X- + 

8. Derive the expansion of (i + •^) log (i + •^)* 

^ AT , or* 

x-\ 

1.2 2.3 3.4 

9. Derive the expansion "of ^ tan"^jir — 4 log (i + a^), 

1.2 3.4 "^5.6 7^"^ 



• • • 



• • • 
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lo. Find the expansion of e* log (i +ar) to the term involving 
jc*, by multiplying together a sufficient number of the terms of 
the series for e* and for log (i -\-x). 

^log(i+^)=^ + ^-hj + ^+--- 
Derive the following expansions : 

3 45 

13. sec^=i+ — + ^4-^+--. 

^ . jc* . or* xno^ . 

14. Ipg sec X = — H 1 — U . . . 

2 12 ' 45 ^ 2520 

15. ^*sec^= \ '\'X-\'3(^ -\ 1 1-^ U 

3 2 10 

16. log (I +.0 = log 2 + ^+ -- - -— H 

2 o 192 

2*a:* 2*^1:* 2^X^ 

17. sin ^ COS :»; = Ji: 7- -I ■ j--l-,.« 

3I 5' 7 J 

18. cos^j; = I — jr* -| 1 — — I 

4! 6 ! ' 

19. (i.+ o" = ^-j^i + - ^ + 3 ■ + ^ y^ + • • • J. 

20. Derive the expansion of cos'ji;, making use of the formula 
COS 30: = 4 cos^Ji: — 3 cosx. 

cosSa: = I - 1 atJ + ?^i^a^ h (- i)" ^^^-^^" ' 

2 4.4 ! IN/ 4(2«) ! 

21. Derive the expansion of 4/(1 + sin a:), using the formula 
(sin X + cos xy = I + sin 2x, 

v(i+sin^) = i + --^5xr-?:jT+2Trr+--- 
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22. Prove the Binomial Theorem for negative integers by suc- 
cessive differentiation of the series for ( i -f .jr)"^ 



XX. 

Taylors Theorem. 



191. Maclaurin's Theorem gives a development of the dif- 
ference, /(i») — /(o), between the values of a function / cor- 
responding to two values, namely O and 5p, of the indepen- 
dent variable. Of these values o may be called the initial 
and X the ^nal value of the independent variable. The quan- 
tity whose powers appear in the development is the difference 
between these values, and the coefficients of the powers were 
found to depend upon the initial value. 

We shall now show that the difference, /(vj) — /(^Po), be 
tween any two values of the function may in like manner be 
developed in powers of the difference, x^ — xo, between the 
values of the independent variable, with coefficients depend- 
ing upon the initial value Xo and independent of the final 
value x^. 

192. If we denote the difference x^ — x^ by h, so that 

^i = ^o + A» ...... (i) 

the development is required of /[Xo + h) in powers of h and 
coefficients depending upon Xot that is to say in the form 

/(Xo + A) = /(»») + 5,A + CoA» + . • • + Njr + R^. (2) 
In this equation the coefficients are marked with the suffix 
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zero to show that they are functions of x^. Ro, the remainder 
after the term containing A", is so marked for the same reason, 
and it is also to be noticed that the assumed form of equation 
(2) makes R^ vanish with h* 

Substituting the value of h, we may write equation (2) in 
the form 

/(x,) = A^o) + Bo(x, - *o) + Co(x, ~ xj)^ 

-^.D.ix,--x,y+' ' '+N,(x,^xY + R,. (3) 

If in this equation Xohe made to vary while A^jis constant, 
the quantities Bo, • • • , No and Ro will be functions of x^, and 
their forms may be ascertained by differentiating the equa- 
tion on this hypothesis. In doing this, it will be convenient 
to replace x^hy x, thus writing 

Ax,) =Ax) + B{x,^x)+C {x,-xy . . . + N{x,^xr + R, (4) 

in which 5, • • • , iV and R are functions of x, while in equa- 
tion (3) Bof • ' ' 9 No and Ro are the special values which they 
take when x = x^- 

193. Taking derivatives with respect to x, equation (4) 
gives 

o=/'(«)-S + (*.-«)g-2C(«,-«)+(*.-«)»g... 

■*xr N 1 . / V (iN , dR 

-nN{x,-x)'-' + {x,-xy-^-\--^. . . (5) 
To render the development possible, B, C, • • • , N and R 

* Compare Art. 183, in which the assumption that R vanishes with x is shown 
to be equivalent to making the absolute term identical with the initial value of 
the function. 
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must have such values as will make equation (5) idetUioiolf 
that is to say, true for all values of x. 

It is evident that B may be so taken as to cause the first 
two terms of equation (5) to vanish, and that, this being done, 
C can be so determined as to cause the coefficient of {x^ — x) 
to vanish, D so as to make the coefficient of {x^ — x)^ vanish, 
and so on. The requisite conditions are 

dB dC 

fix) -5 = 0, ^ - 2C = o, -^ - 3Z> = o, etc., (6) 

and finally 

,. dN dR 
^^^-^^ ^+rf^ = ^ (7) 

From conditions (6) we derive 



and in general 



N = ^nx . 



Putting Xq for x, and substituting in equation (2) the values of 
j4o, Bo. Co, • • • , JNTo. we obtain 

f{Xo+h) =y(,,J+/(xJA+/'(:Co)^+ . . . +/-(^J^+2?o. (8) 

This result is called Taylor's Theorem, from the name of 
its discoverer, Dr. Brook Taylor, who first published it in 171 5. 
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It is evident from equation (8) that the proposed expansion 
is impossible when the given function or any of its derived 
functions is infinite for the value x^. 



Expressions for the Remainder. 

194. To completely satisfy equation (5) as an identity, R 
must be such a function of x as to satisfy equation (7), which, 
after substituting the value found for JV", becomes 



We likewise have the condition, Art. 192, that i? = o when 
A = o, that is when x-^x^. R^ is then the value of R corre- 
sponding to :v = Xo. 

It follows that, in order to have a definite value of R^, it is 
necessary that R should be a continuous function of x for the 
range of values between x^ and x^. This requires that its de- 
rivative in equation (9) should be finite and continuous for the 
same range. Hence it is necessary to the existence of equa. 
tion (8) that /"'^^(x) should not become infinite or imaginary 
for any value of x between x^ and x^* Since this implies that 
the preceding derivatives o{/\^x) are likewise continuous for 
the same range, we may state the necessary condition to be 
that /{x) and all its derivatives to the (»+ i)th inclusive shall 
remain finite and real while x varies from x^ to x^ -j- h. 

195. Assuming this condition to be fulfilled, various ex- 
pressions for the remainder can be found. These expressions, 
although containing an undetermined quantity, may serve to 
restrict the numerical value of R^ between certain limits. 
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For this purpose, we assume a function of x which varies 
continuously from the value unity to the value zero, while 
X varies from x^ to Xy For example, 

is such a function. Multiplying by U^, we have the function 

^ = — j^;m — ^ , . . . . (10) 

which has, for each of the extreme values, Xo and x^, the same 
value as iZ, namely R^ and zero respectively. It follows that 
P — iJ is a continuous function of x which has the value zero 
for each of the extreme values of x. Hence, as x varies from 
X to x^, P — R starting from the value zero and returning to 
that value must pass through at least* one value which is 
numerically .a maximum. Therefore the derivative of P — iJ 
will take the value zero for at least one value of x between x^ 
and x^. 

Since Xi = Xo + h, such an intermediate value of x may 
be denoted by x^ + Oh^ where 5 is a positive proper fraction. 
Hence we may put 

dP-} _(/ig "I 

dx jM^+0k dx Jx^+$a' 

Using the value of P assumed in equation (10), we have 

dP_ (n + I) (x, - x)' ^ 
dx~~ *-+» ^' 

Substituting x^ -\- Oh for x in this and in the value of -3—, 
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equation (9), we have, on equating the results, 



ii.= 



(M^!^'<-» + m- 



This expression for the remainder was first given by La- 
grange. Employing it, equation (8) becomes 

Ax, + A) =/(«<.) +/'(*o)A +/"(«.) n + • • • 

+ /-(^o) ^ +/'+'(*o + <?A) ^-^^^. ..(II) 

It will be noticed that Lagrange's expression for the remain- 
der after n + i terms differs from the next term of the series, 
simply by the addition of dh to x^. 

* Other forms of the remainder result from assuming P in other forms. For 
example, 



satisfies the necessary conditions, and results in 



/?.=(!- ©n/K'o + h) -/^xj] ^. 



This value of R^ lies between 

o and [/-(■». + ^)-/^-'.)l^'' 

therefore, see equation (8), f{x^ + h) lies between the two expressions 
and 

yi:*.) +/(*,) A +/"('.)5 + • • • +/^*. + -* *"• 

See Messenger of Mathematics, New Series, Toi. ii, p. 180. 
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196. The condition given in Art. 194, although necessary, 
is not a sufficient one for the convergence of the series.* But, 
if the series is convergent, the expression for R may be used 
to determine a limit to the error committed in taking 5« for 
the sum of the series. 

For example, Maclaurin's Theorem is the result of putting 
^^ = o and h = x in Taylor's Theorem. Hence in the expo- 

n! 



nential series, Art. 187, the remainder after the term -^ is, 



by equation (11), eP* -. r Thus, in the numerical compu- 

tation given on page 181, in which x =. \ and n = 14, the 

I . ^ 

14! 151 
than 3) is less than \ of the last term. It is therefore far too 

small to affect the result. 



remainder after the term — : is — r, which (because e is less 



Computation by Numerical Series. 

197. For a given form of the function/, Maclaurin's The- 
orem is the special case of Taylor's Theorem in which the ini- 
tial value IS zero. But any development which can be made 
by Taylor's can also, by a change of the form of /, be made 
by Maclaurin's Theorem. For example, if log (i + A) is to be 
developed by Taylor's Theorem, the symbol / is given the 
meaning log, that is f\x) = log x^ and x^-= \. But, if we 
change the form of the function, and write F{oi) = log(i+*), 
we obtain the same development from Maclaurin's Theorem 
(rv taking the place of A), while the coefficients, which were 

* The convergence, as we have seen in the preceding section, depends upon the 
character of R considered as a function of m. 
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before represented by/(i),/'(i), etc., are now represented by 
F(o), jF"(o), etc. Their values would be found thus: 



F{x) - log(i + «), 


F(p) = 0. 


17' (^\ — . .. 


F'io) = I. 


^W-i^^' 


F"{x) =-(! + »)-», 


F"(o) = - 1. 


F"'{x) - 2(1 + «)-», 


F"'{o) = 2. 


/?"'(») 2.3(1 +») *, 


i^(o) = - 2.3. 

• • • • 



Whence, substituting in equation (5), Art. 186, we have 

>v*4 j^j*v ^k/^^ 

log(i + :v)=:»-- + j---H , . . (i) 

which is known as the logarithmic series, and has already been 
otherwise derived in Art. 185. 

198. This series is divergent for values of x greater than 
unity, and is very slowly convergent except for very small 
values of x. For the practical computation of Napierian 
logarithms, a series for the (difiference of two logarithms has 
been deduced, which may be employed in computing succes- 
sive logarithms ; that is, denoting the numbers corresponding 
to two logarithms by n and n + A, we require a series for 

» 

n A- h 
log (« + A) — log n = log — - — . 

A series which could be employed for this purpose might be 

ft -4- h 
obtained from equation (i) by putting in the form 
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h 

I + — . We obtain, however, a much more rapidly converg- 
fi 

ing series by the process given below. 

Substituting — jc for x in equation (i), we have 

iW^* J^MJ iV^V 

\0%{\—x)=-X — ————— . . (2) 

Subtracting from equation (i), 

a series involving only the positive terms of series (i). 

^ , \ -\- X n A-h -. h ,. 

Puttmg = — ' — , we derive x = t—t ; substitut- 

I — X n 2fi -j- n 

ing in equation (3), we have 

199. Suppose, for example, it is required to compute 
log 2, it would be quite impracticable to use for the purpose 
the result of putting jc = i in equation (i), owing to the 

■ 

alternate signs, and extremly slow convergence of the series. 
But, if we put n = I and h =: i in equation (4), we have 

a series which converges with considerable rapidity. 
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In making the computation, it is convenient first to obtain 
the values of the powers of \ which occur in the series for 
log 2» by successive division by 9, and afterwards to derive 
the values of the required terms of the series by dividing 
these auxiliary numbers by 1,3, 5, 7, etc. Thus: 



i 


0.3333333333 : 


I 


0.3333333333 


(*)• 


370370370 : 


: 3 


123456790 


(*)» 


41 1 52263 : 


; 5 


8230453 


{\? 


4572474 : 


: 7 


65321 1 


(i)* 


508053 


: 9 


56450 


(i)" 


56450 : 


: II 


5132 


(*)" 


6272 


: 13 


482 


(*)" 


697 


: 15 


46 


(i)" 


n 


: 17 


5 

0.3465735902 

2 



log^2 =0.69314718°* 

200. The Napierian logarithms of the successive natural 
numbers might thus be computed by giving to n the successive 
values 2, 3, 4, etc., and retaining A = i. But more con- 
venient series are obtained, in some cases, by employing other 
values. 

Thus for log, 10, if we put » = 8 and ft = 2, we have, since 
log 8 = 3 log 2, 

2ri.ii.ii,ii. "I 

log,io=3log,2+-[3 + j3- + -^+-3Tj+.-.J. 



The same auxiliary numbers occur as in the computation of 
log 2 above ; thus we have : 
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i 


0.3333333333 : I 


0.3333333333 


(i)' 


41152263 :3 


13717421 


(i)' 


508053 : 5 


101611 


(i)" 


6272 : 7 


896 


(*)" 


77:9 


9 




3)0.3347153270 




■ 


0.1115717757 






0.2231435513 




3 log, 2 


= 2.079441 5412 



log^io = 2.30258509 

201. The common or tabular logarithms, of which 10 
is the base, are derived from the corresponding Napierian 
logarithms by means of the relation 

log^A? = log, 10 log^oiv, 
whence 

log.o* = iog^\o ^?g^^ = ^ '^S'^- 

The constant , , denoted above by If, is called tlic 

log, 10 ^ 

modulus of common logarithms. Taking the reciprocal of 

log^ 10, computed above, we have 

M = 0.43429448. 



Application to Maxima and Minima. 

202; If the initial value x^ is one of the critical values. 
Art. Ill, for the function/, we have/'(a;o) = o, and the series 
for the difference /(jCo + ^) -^^(^0) reduces to 
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/"(*o) *j +/"(*o) f + • • • 

Supposing /''(^o) to have a finite value, it is obvious that there 
will exist a value of h so small that for all smaller values the 
value of the first term of this expression will be numerically 
greater than the sum of all the others, so that the sign of the 
expression will be that of its first term. In other words, it 
will be that of f'\x^y whether h is positive or negative. Ac- 
cordingly, \{f(x^ has a negative value, the values olf{x^-\- h) 
will be less than that oif{x^ for values in the immediate neigh- 
borhood of Xq. 1\iusf{x^ will be a maximum in accordance 
with Art. 116. In like manner, a minimum is indicated by a 
positive value olfXx^), 

203. But, if/'(*o) as well as/(:x?o) vanishes, while /'"(^o) 
does not, the expression for the difIerencey(5fo + h) ^/{x^) will 
begin with the term containing A* ; and, in this case, its sign, 
which for small values of h is the sign of its first term, will 
change with the sign of A. Thus the neighboring values to 
/{Xo) will exceed /[x^) on one side and fall below it on the 
other; so that ^(jCo) is neither a maximum nor a minimum, 
in accordance with Art. 117. 

Again, if f"{x^ also vanishes, but f^{Xo) does not, the 
difference begins with the term containing A^ and for small 
values of h does not change sign with h\ so that the same 
conclusions follow as in the case when f^xj is the lowest 
derivative which does not vanish, compare Arts. 118 and 119. 

Evaluation of Vanishing Fractions by Development. 

204. A function which vanishes with x becomes, when 
developed by Maclaurin's Theorem, a series beginning with 
the term containing 5P or a higher power of x. Denoting this 
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power by 5C*, the function may be expressed as the product 
of x^ by a series of which the absolute term is the original 
coefficient of 0^, We thus ascertain at once the power of x 
to which the function bears a finite ratio as it vanishes and 
the value of that ratio. Compare Art. 151, in which it will 
be noticed that the value found for this ratio agrees with the 
coefficient of jc* in Maclaurin's Theorem. 

205. When both terms of the fraction ^V\ vanish with x, 

(pix) 

the fraction will have a finite value only when the develop- 
ment of each term begins with the same power of x. Thus, 
the vanishing fraction 



X sin(sin x) — sin^x 



oc^ 



1 



will have an infinite value if the numerator is found, on de- 
velopment, to contain a term lower in degree than x^, and the 
value will be zero if it contains no term lower than x''. It 
is therefore unnecessary, in this case, to retain in the develop- 
ment of the numerator any term whose degree is higher than 
the sixth ; and hence, in that of sin (sin x)j no terms need be 
retained higher in degree than x'\ Employing the series for 
sin Xf Art. 188, we have 

sin (sin iv) = sin re — ^ sin^:v + ^^ sin^jc — • - • 

= (a? - K+T^Tr^- • ^-^(^-K- • O+tItf^--- 
= X — ^x^ + ^x^ • • • , 
whence 

x sin (sin x)== 0^ — Jjc* + iV^ 



• • • 



also, squaring the series for sin x. 
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hence 

X sin (sin x) — sin^jc = -^^ . . . 

The value of the given fraction is therefore -^. 



Examples XX. 

1. Expand ^• + * by Taylor's Theorem, and thence show that 
^. •♦- * = e'^e^. 

2. Expand log (J^o + A), writing the general term and the 
expression for the remainder. 

1 / , XN I . ^ ^» A« ^ , 

log(^o + A) = logx. + ^^-._ + ^^-_+... 



3. Find the expansion ofy(j:o + ^)» when /(jt) = x log jc — jr, 
writing the (« + i)th term of the series. 

A^o + ^) = ^0 log^o - ^o + log JTo. -* +--r^--r-rr:H 



+ (-!)" ' 



*:-»•(»- 1)« 



4. Prove that 



5. Prove that 

tan (i«' + ^) = i + 2A+2ii' + |^»4- Jl^>i*^ 

6. Compute log 3, and find log^^3 by multiplying by the 
value of ^(Art. aoi), log^3 = i. 0986123. 

^^fi^.o3 = 0.4771213. 
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7. Find log« 269. 

Put n = 270 = 10 X 3*, ond ^ = — i. 

log^ 269 = 5.5947114. 

8. Find log^ 7, and log^ 13. log^ 7 = 1.9459101. 

log, 13 = 2.5649494. 
Evaluate the following functions by the method of Art. 205: 

iR sin ^ ~ sin mS x. n ^ 

9. 777 5 sr> when C^ = o. — . 

^ c'(cos ^ — cos mHy 3 

Tn ^ (i+^)log(i+j;) I 

10.^ ^^5 , X-.0. --. 

(jc + sin 2J»r — 6 sin Jjt)* __ 8.29* 

(4 + cos j: — 5 cos ij;)»' "" ' 3' ' 

tan ;rjr — nx n^ 

0(2^-f sin 29 — 4sin^ ^_^ 4 

'3- .3 + cos2<?-4costf ' ^-^- ""3- 



XXL 

714^ General Term of the Development* 

206. Maclaurin's Theorem enables us to write the general 
term of the development of a function when the expression 
for the nth derivative is known, as in the simple cases of the 
series for «*, sin x^ cos x^ log (i + jp) etc. Again, putting 
^ = o in equation (4), Art. 103, we have for the coefficient 

ot —7- in the development of «** cos bx 



(a«+ J»)*- cos (ntan-*-). 
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In the special case where a =6= i, we can assign the 
numerical values, since this expression reduces then to 

n 
(i/2)^ cos n—t 

4 

which is therefore the coefficient of — f in the development of 

e cosrv. The cosine takes periodically the eight successive 
values |/J, o, — j^i, — I , — ^i, o, 4/^, i . The law of the 
coefficients is best seen by separating the terms of even and 
odd degree; thus 



e* cos X = " 



x^ y? oi^^ 



4 

t>f of" , ^x^ 

3! ^5! 7! 



+ «-2-p -4^+8^ + 



Employment of Differential Equations. 

207. When the general expression for the nth derivative 
cannot be obtained, it may yet be possible to find an ex- 
pression for the particular value which it assumes when rv = o. 
This is done by establishing a linear relation between the 
values of successive derivatives, as illustrated below : 

Let it be required to develop sin mz in integral powers of 
sin z ; or, what is the same thing, putting sin s = n;, to de- 
velop sin \m sin~*5ip] in powers of x. Putting 



Mre have 



y = sin [w sin "•*:»], ...... (i) 

^ __ m cos \m sin-^ijp] 
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and 



X 



d^ \ \ -'4/(1-- y?) 



(3) 



Substituting from equations (i) and (2) in equation (3), we 
have 

0-^);r^-^^+^y = O' • • • (4) 



(/:)c 



a linear relation between y and its derivatives. 

Taking the nth derivative of each term of this equation, 
by means of Leibnitz's theorem, Art. 105, we find 



(I- 






2nJC -T-rrr — n(« — I ) 



(foc''+^ 



— X 






— n 



+)»' 



d^y 
dx"* 



= 0, 



or 

<i-^)^-(2«+i)*^+(t«^-«^)^ = o. . .(5) 

a linear relation between any three successive derivatives of 
the given function. 

208. When iv = o, this relation takes the simpler form 

!Now, from equations (2) and (3), we obtain 

and 






m=- 
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Heitce, putting n equal to i, 3, 5 etc. in equation (6), we have 
and, for all even values of n, 






o. 



Substituting these values in Maclaurin's Theorem, we have 
[since /(o) = o] 

sin(f»sin-*Jc)=ffwcH — ^ — j — <flrH — i^ ^^^ Lofi-\ ; (7) 

3 • S • 

or, replacing nc by sin 2, 



sinfitz 



=f»sins I j — sin*2+^^ '— ^sm*s— ••• (8) 



This series will consist of a finite number of terms when m is 
an odd integer. 

In a similar manner, it may be proved that 

cos fnz= I psin's -| ^ — ^ — -^ sm*« , (9) 

the number of terms being finite when m is an even integer. 

209. As another example of a function satisfying a linear 
differential equation,* let 

y = (sin -*«:)», (i) 



* A direct method of finding the development of the function satisfying a 
given linear differential equation will be found in Diflferential Equations, p. 166 
et seq.; see also Higher Mathematics, John Wiley & Sons, p. 344. 
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then 
and 



I + 



ac sin"*r)p 



^"^ r:^^? ^^^ 

Combining equations (2) and (3), we obtain the differential 
equation 

Taking, by means of Leibnitz' theorem, the »th derivative 
of each term, we have 



whence, putting x= o, we derive 






. . • . (s) 



From equations (2) and (3) we have 



Hence, from equation (5), the odd derivatives vanish, and for 
the even derivatives we have 



206 DEVELOPMENT OF FUNCTIONS IN SERIES, [Art 20^. 

Finally, substituting in Maclaurin's Theorem, we obtain 
the expansion 

(sin-W = 2 — + U — ^-4 -!^ o + "'" \> 

^ ' L1.2' 1.2.3.4 ' 1.2 ... 6 ' 1.2. ..8 ' J 

which may be written in the form 

, • 1 x2 r^* .2 0;:*. 2.4 a;' . 2.4.6 iw* , n 

^ ^ 12^34^3.56^3.5.78^ J ^^ 

210. Differentiation of the result obtained above gives 
the development 

y(i_^) ^3 ^3.5 ^3.5.7 ^ 

This is equivalent to a development of the arcual measure of 
an angle in the form of a series involving powers of its sine ; 
for, putting sin"" '^x = 5, we have 

/? = cos ^ sin d\\ + -sin'e + ^sin^5 A 

L ^3 3.5 ^ 

Again, if we further transform this by putting x for tan ^, so 
that sin^tf = — , — v, we have 

I -f- JIT 

X r 2 ^ 2.4/ 0^ \' n 

This series, which was given by Euler in 1793, is convergent 
for all values of x. 
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Computation of tt. 

21L Since tan~*i = Jtt, a series for computing n may be 
obtained by putting :x; = i in the equation just found, thus 

n , I , 1.2 , 1.2.3 . 

2 ^3 3.5^3.5.7 

but this series converges very slowly. 

The earliest computations of n by series were made with 
the aid of Gregory's Series, Ex. XIX. 4, p. 185 : 



tan-*x = X -- io(? + \o(^— ^x^ + 



• • • 



In this way, Abraham Sharp in 1699 computed n to 71 places, 
using a: = J |/3, whence X,^xi~^x =-. ^n. But, in general, much 
smaller values of x were made available by using trigono- 
metric formulae in which \n is separated into two or more 
smaller arcs or multiples of such arcs. Thus, Euler employed 

— = tan~* — f- tan"* — , 

and Machin computed tt to 100 places, using 

— =4tan"*;: — tan * 



4 " 5 239 

Again, Hutton in 1776 employed 

7t , I , I 

— = 2 tan"*- + tan"*— • 
4 3 7 

212. When Euler's series, equation (l), Art. 210, is 

used, those values of x which give to the fraction — ; — -« a deci- 

** I -{-XT 
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mal denominator are particularly convenient. Thus, using 
the formula 

^= 5tan-»i + 2tan-*^,» . . . . (i) 
for ^ = i}*' ^^^ fraction 

JC* I 2 



I + jc* 50 100 ' 
and, for X =ifr, 

of - 9 ^ 144 
I j^o? 6250 looooo * 

Substituting the equivalent series for the inverse tangents 
in equation (i), and multiplying by 4, nre have 



loL ' 3 100^35 \ioo / J 



30336 r 2 144 .24/ 144 v.... I 

* loooooL 3 looooo ' 3 5 \icxxxx)/ ^ J 
For convenience of computation, we may write the series in 

* This formula, suggested by Euler in 1779, (like the others which have been 
employed in the computation of %) is readily verified by means of the formula for 
the tangent of the sum of two arcs. Denoting the tangents of the axes by m and 
ff, the tangent of the sum is 

I — mn* 
whence, putting m = 4> ^^^ ^ = i\> ^^ obtain 

tan-i \ 4- tan-i VV = *=^"* A- 
Hence 

5 tan-i 1 + 2 tan- ^ A = 3 *^"^ ♦ + * **"*"* A* 

In like manner the second member may be reduced totan-1^ + 2 tan-i^, and 
finally to tan-i i or \%. 



§ XXl.J 



COMPUTATION OF n. 



209 



the following form, in which each of the letters a, )5, y^ ^^c-» 
denotes the value of the term preceding that in which it 
occurs : 

15L "^ 100 ' io\ioo/ ' 7100 ' 9100 ' II 100' J 



+ 



IOII2 r 



lOOOOO 



L^ + T 



288 4 I44ar 6 144/? 

00000 "" 5 lOOOOO '7 lOOOOO 



H — J- 



This form indicates the method by which the value of each 
term is derived from that which precedes it. The numerical 
work for ten places of decimals is given below; multiplication 
by the factors ^, f , etc., is effected by deducting |, -^, etc., 
of the quantity to be multiplied. 





3.04 






3- 


a = 


0.00064 




a = 


0.00288 


.02a = 


I 


28 


0.00144 OL = 


41472 


+(.02a) = 




182857 




82944 


/? = 


I 


097143 


/? = 


331776 


.02/5 = 




21943 
2438 


0.00144 y5 = 


478 

68. 


r = 




19505 
390 
35. 


Y^ 


410 
3.00288332186 
.10112 


* = 




355 

7 

I 




30028833219 
300288332 

30028833 


6 = 




6 




6005767 




3.04065 


117009 


0.30365 I 56 1 5 




.20271 


007801 




2.83794109208 




2.83794109208 


n = 


3. 14 1 59265 36 
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Non-linear Differential Equations. 

213. The differential equations employed in Arts. 207 
and 209 are the results of eliminating transcendental and 
irrational functions from the immediate results of differ- 
entiation. It is because these equations, see for instance 
equation (4), Art. 209, constitute linear relations between the 
given function and its derivatives, that they give rise to 
simple relations between successive derivatives. 

When the differential equation so found is not linear no 
such simple general relation can be found, but the results of 
successive differentiation may serve to determine the values 
of the derivatives, one after another. For example, given 
the function 

Af = e^ , whence -/- =1 e' .^ : 

ax 

combining these equations, we have 



which gives the first derivative in an implicit form. Differ- 
entiating again, 

'^y - ^(.. , ^y 



=-('+S) 



(2) 



We might obtain a differential equation free from the tran- 
scendental function by combining equations (i) and (2); but, 
in this case, direct differentiation gives a more convenient 
set of equations. Thus we have 

D^y = e{y + 2Dy + Z>'y), \ 

2>V = ^(y + 3£>3'+ 3Z>'y + 2>V), } ... (3) 
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where the coefficients are those of the Binomial Theorem, see 
equation (2), Art. 107. 

When :c = 0, the factors* = i, and the initial value of the 
function is yo= ^- Hence by equations (i), (2) and (3), t is 

a factor of each of the quantities ^o* ;p » ;t^ i etc., and the 

coefficients are readily found to be i, i, 2, 5, 15, 52, 203, 
etc. Hence the development 

214. The process is similar when the original function is 
given in the implicit form. For example, in the equation 

/— 6:ry— 8 = (i) 

y is a three-valued function of x^ of which only one value 
however is real when x = o, having then the value 2. Hence 
as X varies, starting from the value zero, one value of the 
function varies continuously, starting with the initial value 2. 
To develop this value in powers of x, we have, by differentia- 
tion of equation (i), 

(/-2:v)^-2y = 0; (2) 

whence, putting » = o and y = 2, we find -y-X =1. Again 
diifferentiating, 

=4)"-4+(^— ^=- • • • 

whence, substituting the values already found, -^ =0. In 
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like manner we can find the values 

^y-i i^ ^1_, etc 

Hence the required expansion is 



• • • 



Examples XXI. 

1. Derive the expansion of cot"*— from equation (5), Art. 104. 

^x n X I or* I ^ . 
a 2 a ' 3 a' 5 <r 

2. \iy = sin-^jc, derive the differential equation 

ff 

and thence the expansion of the function. 

sin-*;c = ^H ^ h 

' 2 3 ' 2.4 5 ' 2.4.6 7 

3. Expand e^ sin :»:. 

, , , 2A^ 4^ 8ar« 8a-7 . 160:* . 
3! 5I 01 7! 9! 

4. Expand log \x 4- j^{a^ + ^)] . 



• • • 
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5. By means of the series given in Art. 208 derive values of sin ^x^ 
sin 7^:, cos ^x, cos 6x, 

sin 5:1: = 5 sin jr — 20 sin^jc + ^6 sin*fl ; 

sin 7:1: = 7 sin j: — 56 sin^:r + 112 sin';c — 64 sin"jr; 

cos 4^ = I — 8 sin^j; -(- 8 sin*^:;* 

cos 60: = I — 18 sin-^o: -\- 48 sin*j; — 32 sin'^-. 

6. The function (cos~':i:)^ satisfies the same differential equation 
with (sin-^j:)', see Ex. XI. 17 and Art. 209. Thence expand (cos-*;r)*. 

Notice that, in accordance with the relation 

(cos~*ar)* = {\7t — sin'^o:)* = ;rsin~*^ + (sin~*jr)'*, 

4 

the terms of uneven degree give rise to the expansion of sin •"*:»:. 
Compare Ex. 2 above. 

7. Expand [Jt + |/(a* + ■**)]"•. 

[x + 4/(a« + ar»)]- = a- + m(^'^x + — 'a— V + ^(^ - ^ 1^-tj^ 

H ^^ — - — ^oT-^X^ + -i ^-f ^a«-*a:*H 

4! 5' 

8. Given that y =za cos log jc + ^ sin log x satisfies the differ- 
ential equation 

"^ dx^^'^dx^^-'^ 

(which is readily verified), derive the expansions by Taylor's Theorem 
of cos log (i + h) and of sin log (i + ^). 

coslog(i+^)=i--+---^j- + -yr-- 
smlog(i+>i)=>i-- + ---^ + ^.^ 
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9. Expand exp {m sin'^^). 
cxp (iwsin-"*^)=i+«u:H r- A — ^ — -^ — -0^ A ^ — ~ — ^;c* +• • • 

rv ' ' 2! ' 3! '4! 

zo. Given the differential equation 

d^y dy , 

and 

to expand ^^ in powers of x. 

II. Expand to five terms the implicit function defined by the 
equation 

^ -|- AT = ^. 



XXII. 

Even and Uneven Functions. 

2IS. Functions of x of which the value is not changed 
when X is changed to — a? are called e^en functions^ because 
their developments in integral powers of x can contain only 
terms with even exponents. Functions of which the sign, 
but not the numerical value, is changed when x is changed 
to — « are called uneven functions, because their develop- 
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'•m ■- ' - ' wm I ■ , 

ments can contain only terms with uneven exponents. In 
other words, even functions are those which have the property 

/(-*)=/(*); (I) 

and uneven functions are those which have the property 

/(-«) = -/(«) (2) 

' Putting y = /(5f), equation (i) shows that the graph of an 
«ven function is symmetrical to the axis of y; for, if the 
point (a, J) is on the curve, the point (— a, V) is also on the 
curve. See, for example, the graphs of cos x and sec x^ 
Figs. 12 and 14, pp. 63 and 65. Again, equation (2) shows 
that the graph of an uneven function is symmetrical to the 
origin as a centre; for if (a, 6) is a point of the curve, 
(— a, — 6) is also a point of the curve. See the graphs of 
sin X and tan Xy Figs. 12 and 13. If an odd function is 
continuous through the value jc = o, the origin is a point of 
the curve. By differentiating equations (i) and (2), we see 
that the derivative of an even function is an uneven one', and 
that the derivative of an uneven function is an even one. 
This is also evident on differentiating the developments. 

For example, sin x and tan x are uneven functions, and 
their derivatives, cos x and sec'^p, are even functions. 

216. The development of a function f{x) which belongs 
to neither of these classes may be separated into two series, 
one containing the even and the other the uneven powers 
of X, Denoting the sums, or generating functions, of these 
series by 0(^) and ^(ir) respectively, we have 

/(*) = ^(«) + ^(*) (0 
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— — I 

in which and denote respectively an even and an uneven 
function. It follows that 

A- X) ^ <I>{X) ^ i>{x) (2) 

and, combining equations (i) and (2), 

0(*) = l[/(^) +/(- *)] (3) 

^W = *[/(*) -A- ^)] (4) 

Thus from any function / admitting of development we can 
derive an even and an uneven function defined by equations 
(3) and (4). 

Hyperbolic functions. 

217. The even and the uneven function thus derived 
from the exponential function e* are called respectively the 
hyperbolic cosine and the hyperbolic sine of x^ and are denoted 
by the symbols cosh and sinh. Thus, putting /(^p) = e*, 

cosh iv = i(e' + e^'), (i) 

sinh X = He' — e~') ; (2) 

and, from the development of ^, we have 

^ ^ ^ 

COsh«= I + Jj + ^ + gj +...,. ... (3) 

JC^ 0^ x^ 

sinh«=» + j{+jj + ^ + ... .... (4) 
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sinli X 
The ratio — r— is called the hyperbolic tangetU of x^ and 

is denoted by tanh x; so also the reciprocals of these three 
functions are denoted by sech x, cosech x and coth x. 

218, The graphs of the functions 
cosh X and sinh x are given in Fig. 
31. The dotted lines are the ex- 
ponential curves y = ^ and y = e"*, 
and the ordinate of the curve 
y = cosh re * is the arithmetical mean 
between the corresponding ordinates 
of these two curves. 

From equations (i) and (2), we 
find 




Fig. 31. 



— cosh X = sinh «, 



dx 



sinh X = cosh x^ 



and, since cosh 0=1, the last equation shows^that the graph 
of sinh X cuts the axis at the origin at an angle of 45^. 

219. Relations exist between these functions bearing a 
remarkable analogy to those between the circular functions. 
For example. 



* The equation of /^ catenary curve^ the form assumed by a perfectly flexible 
cord of uniform weight attached to two fixed points, is 



=^(-'-'1= 



c cosh — : 
c 



90 that the graph of cosh x is the catenary in which ^ = I. 
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■ — - 

cosh'o: — sinh'jc = i, 

cosh (jc ± y) = cosh x cosh y ± sinh x sinh y, 

sinh (i«; ± y) = sinh riP cosh y ± cosh :» sinh y, 

^ , , , V tanh X ± tanh y 

tanh (« ± y) = — ; r r-^- 

^ -^^ I ± tanh X tanh y 

These formulae are readily verified by means of equations (l) 
and (2) ; they may also be derived from the corresponding 
trigonometric formulae, see Art. 220 below. 

• 

Functions of Imaginary Quantities. 

220. The product of a real quantity x by the imaginary 
factor |/(—i) is called a pure imaginary quantity. Denoting 
the imaginary factor by i = V(— 1), we have 

i»=-i, i«=-f, i*=i, i«=i, etc. 

The function /(ijc) of the pure imaginary variable ix may be 
defined as the result of substituting ix for x in the develop- 
ment ol f{x). For example, from the developments of cos x 
and sin x, Art. 188, we obtain 

0^ oc^ ot^ 

sinix= *i ^+Tj+ 7T "^ J» 

hence, comparing with Art. 217, we find 

cos ix = cosh X, sin ix = i sinh x. . . (i) 
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Dividing, we find 

tan ix=s i tanh x, (2) 

and taking reciprocals, we have 

sec ix = sech x, cosec ix = — i cosech Xf 
and 

cot ix = --i coth X. 

By means of these equations, a trigonometric formula 
assumed to hold true for the pure imaginary ix is converted 
into a formula connecting the hyperbolic functions of x. 

221. It is obvious that an even function of the pure imag- 
inary ix must always, as in the preceding article, be a real 
quantity, and that an uneven function of ix must always be 
a pure imaginary. As a further illustration, the development 
of tan'^x, Ex. XIX, 4, gives 

tan-*i^=i(:» + i^ + i^ +|^'H )• • • (0 

Hence, comparing with equation (3), Art. 198, we have 

i I ~l~ X 
tan-»i»=-log-p3^ (2) 

Now, if in equation (2), Art. 220, we put 'v = tanh x, so that 
X = tanh~*y, we have 

tan ix = iy; .'. tSLtrHy = ix = i tanh~*y. 

Hence equation (2) above gives 

I -i- X 

tSLTilr^X = i log ; (3) 

1 ""~ X 
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222. Ill general a given function /of the pure imaginary 
ix consists of a real and a pure imaginary part, which can be 
separated by developing the function/. Thus, from the ex- 
ponential series, we find 

which may be written 



2! ' 4! 6! 



+•■['-?+? -^+-] 



Here we notice that the real part is the expansion of cos x 
and the coefficient of % is the expansion of sin x ; therefore 

e''= cos » + i sin 5P (i) 

Changing the sign of x^ 

e~*' = cos » — f sin » (2) 

Expressions of this kind, consisting of a real and a pure imag- 
inary part, are called complex imaginary (in distinction from 
pure imaginary) quantities, or simply complex quantities. 
Equations (i) and (2) give 

cos X = i(^* + «-^), 
sin jc = — : (^ — «-*0> 

in which, by the introduction of complex quantities, the real 
quantities cos x and sin x are expressed in exponential forms. 
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Complex Quantities. 

223. Denoting any complex quantity hy x •\- iy, where 
X and y are real, it is completely represented by the point 
whose rectangular coordinates are x and y, that is to say by 
the position of that point with reference to the origin and 
axes. Let p and d be the polar coordinates of the point, so 
that 

x = p cos 6, y = ft sin 0; 

then the complex quantity may be 
written in the form 

x-^ iy = p (cos ^ + * sin 6). 

Therefore by equation (i) of the pre- 
ceding article we have 

x-^-iy = p^^. . . (i) 

In this form, p is called the moduluSf and the argument of 
the complex quantity. Thus if P, Fig. 32, is the representa- 
tive point {x, y), the modulus is the distance OP of the point 
from the origin, and the argument is the circular measure 
of the angle XOP which determines the direction of OP, 
We have also 




p = 4/(a? + /), 



tan = -. 

X 



When X and y are given, p is always taken as positive, and 
therefore must be so taken that its sine has the algebraic 
sign of yt and its cosine that of x. Thus has but one value 
between o and 29ry and this value may be called the primary 
value of the argument. 

For a real negative quantity, the representing point is on 
the axis of x to the left of the origin; hence the primary 
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value of the argument is n. For the pure imaginary i, it is 
\n\ and for — i, it is f^. 

« 

Conjugate Complex Quantities. 

224. The complex quantity x — iy is called the conjugate 
oi x-\- iy^ It is represented by the point P' in Fig. 32 situ- 
ated symmetrically to P with respect to the axis of x; and 
we have 

X — iy =p (cos ^ — i sin S) = pe~*^. . . . (i) 

Thus conjugate complex quantities may be defined as having 
the same modulus and equal arguments with opposite signs. 
The sum of the conjugate quantities x ± ty \s the real quan- 
tity 2x, and their product is the positive quantity f?. When 
the roots of an ordinary quadratic equation are imaginary, 
they are conjugates. 

The complex quantity cos ^+ *sin 6^, of which the modu- 
lus is unity, is called a complex unit, A complex unit is there- 
fore the exponential of a pure imaginary, the real coefficient of 
i in the exponent being the argument. Equations (i) and (2) 

■ 

of Art. 222 express conjugate units and show that they are 
reciprocals each of the other. 

Functions of the Complex Quantity. 
225. Equation (i) of Art. 223 gives 

log (^ + «» = log P + *^> 

in which log p is real because p is a positive quantity. Thus 
the logarithm of a complex quantity is a complex quantity of 
which the real part is the logarithm of the given modulus and 
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the coefficient of i is the given argument. We have seen in 
Art. 223 that, for a given complex quantity, the argument 6 
has but one value between o and 2;r; but, denoting this 
primary value by ^', B admits of the multiple values 2kn -|- Q'^ 
where k is any positive or negative integer. Thus, 

log {x-^iy) = ilog (^+ /) +i(2*7r + ff) ; 

whence it appears that the logarithm is a multiple- valued 
function, having the pure imaginary period 2i;r. The value 
obtained by putting ife = o may be called the primary value of 
the function ; for example, the primary value of the logarithm 
of a real negative quantity is the ordinary logarithm of its 
numerical value increased by in. 

226. From equation (i), Art. 223, we have also 

{x + iyy^ = P"*^''*^. 

That is to say, to raise a complex quantity to the wth power 
the modulus is raised to the wth power, and the argument is 
multiplied by m. The modulus is, for this reason, regarded 
as the absolute value of the complex quantity; hence any 
power of a complex unit (as defined in Art. 224) is a unit. 



De Moivre's Theorem. 
227. Substituting for the complex units in the identity 

their values in the form (i), Art. 222, we have 

cos f»^+ i sin md = (cos ^ + i sin 6^)**. . . (i) 
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The result is known as Dt Moivre's Theorem. It gives, by 
means of the Binomial Theorem, expressions for cos in& and 
sin md in terms of cos d and sin 6. 

The number of terms in each of these expansions will 
be finite when w is a positive integer. Thus, putting w = 3 
in equation (i), we obtain 

cos35+f sin 3^=cos'^-f3 cos*^. isin 6^— 3cos^. sin'tf — isin^^. 

Whence 

cos 36^= cos*^ — 3 cos 6 sin'^, 

and 

sin 36/ = 3 cos*^ sin — sin'6'. 

De Moivre's Theorem also gives us the wth power of the 
complex variable x + iji in the form X -j- iF, without ex- 
panding the binomial. For 

{x + iy)'^ = />*'(cos e-\-i sin 6)'^ = ^'"(cos md + i sin md), 

which gives X and Y in finite form, even when w is not an 
integer. For example, 

(2 + 0* = 5* (cos I tan-i J + i sin | tan"^ i). 
228. When m is the reciprocal of an integer, say w= -, 



n 



equation (i) becomes 



6 

;|^(cos 6' + isin ^ = cos- + isin -. . . (2) 



n n 



§ XXIL] DE MOIVRE'S THEOREM, 22$ 

That IS to say, the nth root of a complex unit is found by 
dividing the argument by «. 

Now, if B in equation (2) denotes the primary value of 
the argument of the given complex unit, we have seen that 
it also admits of any of the values included in the expression 
+ 2kn ; hence the argument of the nth root admits of any 
one of the values included in the expression 

e , 2kn 
n ^ n 

Giving to k the successive values i, 2, 3, ... (n— i), we 
obtain n — i new values of the argument of the root, each of 
which is less than 2;r. We have thus n distinct angles, 
namely, 

d + 27r g + 4^ + 2(n — i);r 
— . , . 

n n n n 

each of which is the primary value of the argument of a 

1 
distinct value of (cos ff -{-i sin 6)*. 

229. These angles are derived by successive additions of 

the angle 27r/n. If we continue the process we obtain only 

angles which differ by 2^ or a multiple of 2;r from those 

already written, so that they form other values of the 

arguments of which the primary values are those written 

above. Hence we have n, and only n, distinct values of the 

nth root of the given complex unit, namely, 

6,0 + 27C . . . d + 27C 

COS — |- » sm — , cos 1- 1 sm 



n ' n* n ' n ' 



• . • 



e+2(n—i)7r , . . ^ + 2(n— i);r 

cos h * sm ■ ^— . 

n n 
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The geometrical representatives of these n values of the 

nth root form an equiangular set of 
radii of the unit circle, as in Fig. 33, 
where OP represents the given com- 
plex unit, and OR^, OR^, OR^, OR^ and 
OR^, the five fifth roots of OP. 

230. As a particular case, when 
«» = 0, the given complex unit be- 

FiG. 33. comes the real unit -f- I, and the ex- 

pressions for the roots becomes 




2;r . 27r 4;r . 4;r 

I, cos — + ^ sm -^, cos -;^-|- t sm — , 



n 



n 



cos 



n ' ;/ 

2(;/ — i)7t . . 2(n — !)«' 



n 



+ i sin 



n 



the last of which may be also written cos i sin — . 

Thus + I is the primary nth root of unity; if the first of 
the imaginary roots is denoted by a?, the remaining roots are 
Go*^ Go^, , . , Q?"-^, all of which are imag- 
inary, except when n is an even num- 

n 

ber, in which case the root co^ has the 
value — I. It will be noticed that 
the roots od and g?""^ (or ao-^) are con- 
jugates, and so also the other imagi- 
nary roots occur in conjugate pairs. 

Fig. 34 gives the geometrical rep- 
resentation of the fifth roots of unity, which are 




+ I, cos 72° ± i sin 72°, cos 144° ± i sin 144°. 
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- The «th root of a complex quantity is an «- valued func-. 
tion of which the several values can be obtained by multiply- 
ing any one of them by the several /ith roots of unity,* 



Quadratic Factors of Certain Algebraic Expressions. 

231. The equation of which the roots are the expressions 
found in Art. 230 is x* — 1 = 0; hence we have 

\l 2;r . . 2;r\ 
jc**— I = {x— i)( jc— cos- 1 sm — I 

/ 4^ . . 4^\ / 27r . 2;r\ . 

I ^— cos tsin — )• • • ( Jif — cos — + z sin — I. (i) 

\ n n I \ n n / 

The product of the factors corresponding to the first and last 
of the imaginary roots is the real quadratic factor 

-2 2t , 
cr -^ 2x cos h I, 

n 

and combining, in like manner, the factors corresponding to 
each pair of conjugate roots, we have, when n is odd, 

5P" — I = (^ — I) Ix^ — 2x cos 1- I j • . . 



[x^ — 2^COS ;r + I I, 



(2) 



p 
* In like manner, when m = -f p and 7 being integers, the function (jr-|-«v)"» is 

a ^-valued function. But ifm is incommensurable, the number of values obtained, 
as in Art. 229, by using different values of the argument is unlimited. In this 
case, we can only deal with the single-valued function corresponding to the pri- 
mary value of the argument of x-\-iy. 
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and when n is even, 



— I ^{X— i)lo^ — 2JIPCOS — + I J 



{x' - 2x cos ^?— 1^ + iV:^ + I). (3) 

232. The roots of the equation 

:»»" — 2«*cos^+ 1 =0 . . . . (I) 
are the roots of the two equations 

re" = cos 6^ ± f sin tf, 

found by solving it as a quadratic for ^, They are, therefore, 
the n quantities found in Art. 229, together with their con- 
jugates, which are the results of changing the sign of 0. The 
first member of equation (i) is thus separated into 2n linear 
factors. Combining, as in Art. 231, the factors correspond- 
ing to the conjugate pairs of roots, we obtain 



iP**— 2:jc"cos 6^+ 1 = {x^— 2:r cos — |- M Ix^— 2XQOs -^i- + 1 j 



(2) 
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1. Show that log [^ + f/(i + •^)] is an uneven function, and that 
log X + |/((z2 -j*-*^)] is an uneven function increased by a constant. 

2. Prove that each of the following expressions denotes an even 
function of :«:: 

X X 

X cot X and — (- — , 

2 er — I 
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3. Prove that the following denote uneven functions of ;tr: 



^^S 7^^' ^og ^a^ (^^ + ■^) • 



4. Show that if denotes a one-valued function, 0(^) is an even 
function of j:. Compare Ex. I. 22. 

5. Show that an uneven function of an uneven function is an 
uneven function, and that the product of two uneven functions is an 
even one. 

6. Prove the relations: 

sinh 2X •=. 2 sinh x cosh x, and cosh 2X = cosh* x -|- sinh* jr. 

7. Prove the formulae : 

d tanh x = sech'j: dxy d sech j: = — tanh x sech x dx 

d coth j; = — cosech^o: </Ar ^ cosech = — coth x cosech x dx 

8. Find the hyperbolic sine, cosine and tangent of the pure 

imaginary ur. 

sinh (£y) = i sin x, 

cosh (u:) = cos AT, 

tanh (u,) = i" tan x, 

9. Express the sine, cosine and tangent of the complex quantity 
X '\-iy\x^ the form X -f- iY* 

sin {x -\-iy) -=. sin j: cosh j' + i cos j; sinh^ 
cos (a: -}- ^) = cos a: cosh^ — i sin j: sinh^/, 
, , . V __ tan a: sech^ . sec'j; tanh^ 

tan (j: + ly) _ ^ + tan^j: tanh^y "^ 'i + tan^^ir tanhV 

10. Derive the value of tanh'^jf, equation (3), Art. 221, directly 
from the exponential expression for tanh j^. 

I -f- AT 

11. \i f(x) = log — ' — , prove directly that 

X *""" X . 



^-)-^)=^f3i)' 



also, using the notation of hyperbolic functions, prove the equation by 
means of the relations given in Art. 219. 
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12. Prove that 

[^/(^ — jc*) + ixY^ = fl* cos m sin~^ — \- /sin w sin~^ — . 

Compare the results of putting ix for x in the developments given in 
Ex, XXI. 7 and in Art. 208. 

13. Prove that 

sin~i«: = i log [x -{- j^{i + x^)] = i sinh~*jcj 
also that 

sinh.>^=log^^-(^' + ^). 
a a 

14. Deduce the derivatives of the functions sinh"^^: and cosh~*Ar 
from formulae given in Arts. I18 and 219. 

— - sinh~^Ar = — : , -7- cosh-^Jt: = 



dx 4/(1 + x^Y dx ^{x^ - I)- 

15. Prove that the inverse hyperbolic cosine is the two- valued 
function ± cosh^^j;, where 

cosh~^A* = log \x + |/(^ ■" ^)]« 

16. Derive the development of sinh~^;r from that of its derivative 
as in Art. 185. 

sinh^^ = X ^ — — , '^-2, 

23 2.4 5 2.4.6 7 ^ 

Compare Exs. XXI. 2 and 4. 

17. Show that sinh""*- = cosech'"^.^= log ~^-^-~l. — l^ 

X X 

18. Develop the function sinh"^ — [- log x in ascending powers of 

or, and thence derive a series for sinh^^A: which is convergent when 
.r > I. 

sinh-i.;c = log 2A:+i -'v-— ^--A+-^-i-^ 

' 2 2J;^ 2.4 4J<;* ' 2.4.66:1^ 

19. Develop cosh"^^: in similar form. 

cosh ^x = log 2X ^ ^ -^ 



2 2x^ 2.4 4^ 2,^,6 6x^ 



^ 
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20. Show, by direct multiplication of the complex quantities a -f- ih 
and c '\- idy that the modulus of the product is the product of the 
moduli, and that the argument of the product is the sum of the argu- 
ments. 

2 1 . Show, by means of the multiple values of log /, that the sym- 
bol V^ represents the real quantity |/^, or the product of this by 
an integral power of ^^*. 

22. Find expressions for sin 5^1; and cos 5^ by means of De Moivre's 
theorem. 

sin 5^1; = 5 cos^jt sin x -^ \o zo^x %\v^x -f- sin'ji;. 
cos ^x = cos'jir — 10 cos'a: sin^j^ -j" 5 cos x sin*^:. 

23. Find expressions for sin mx and cos mx by means of De 

Moivre's theorem. 

^ mim — i) ^ , . ^ 
cos mx = co^x ^ ~ cos"*"'j«; ^xx^x + • • • : 

1-2 ' 

« 1 ^(^ — i)(^ — 2) • . . 

sm mx = m cos"'~*jf sin x — ^ cos"*~'*a: sm'^r 4- . • . 

1.2.3 ^ 

24. Find the sixth roots of unity. 

The roots are ± i, ± \(\ ± {i/i). 

25. Find the fourth roots of — i. 

The roots are ± \^^(^ ± 0- 

26. Find the cube roots of/. 

The roots are — 1', ± ^1/3 -f \ u 

27. Resolve ;c" -f- i into factors. 
When n is even, 

a:* + I = ix^ — 2a: cos 1- i ) (^ — 2^1; cos ^ 1- i ) • • • 

( A^ — ajr cos -7t + I ) (^ — 2X cos "" ■;r-f- i ) ; 

when n is odd, 

**-}- I =|;c*— ajTCOS — -|- I ]•••(.«*— 2:1: cos "^ ;r-f- i )(^4- i). 
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XXIII. 

The Sine and Cosine as Continued Prodiuis. 
233. Putting jp = I in equation (4), Art. 232, we obtain 

2(1 — cos B) = 2*1 I —COS— 1 1 I —COS — —\ 

( I — cos ) • • • ( I — COS -^^ '——^— \ 

m 

Using the formula i — cos rv =2 sin' \x, and putting </> for Jtf, 

4 sin* = 4" sin' TTsin (--+—) sin' ( U^)... 

» \w nf \n ' n) 

, ^ {n— i)7r 0-1 
sin ; ^—4— . 

Supposing 5 < 2;r, and therefore ^<7ty each of the sines 
in this equation is a positive quantity ; hence, taking the square 
root of each member, we have 

sin ^ = 2- sin isin (^+^) • • -sinf ("-Q^ + j]. (n 

If we add n to ^, the first member changes sign ; but, in 
the second member, the first factor assumes the present value 
of the second, the second assumes that of the third, and so on, 

while the final factor becomes sin [tt-I — ^j, which has the 

present value of the first factor with its sign changed ; there- 
fore the second member also changes sign. Hence equation 
(l) applies, without change of sign, when <f> >n. 
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234*. Since the sine of an angle is equal to the sine of its 
supplement, the last factor in equation (i) may be written 

sin ( — — — ). It may therefore be combined with the second 
\» nl 

factor by using the formula 

sin (5P + y) si^ (^ "*- y) = sin'a; — sin^y. 

In a similar manner the third factor and the last but one may 
be combined, and so on; therefore, if n is an odd number, 

sin i> = 2*~* sin -^(sin'— — sin' — I (sin' sin'-^) • • • 

^ n\ n n/\ n nl 



(" 






sm* — — sin'— j. 

2 n n] 



(2) 



Dividing this equation by sin ^, and then making ^ = o, we 
have 

1= sm» — sm* — •••sm' . . . (3) 



Again, dividing equation (2) by this last equation, we have 





sin 0=» sin — 

n 



• 3 0" 

in' — 



sm 



I — 



sm* — 
n 



I — 



n 



sm'-^ 



sin' 



2ie 



sin>^ 
n 



I — 



2n 



* \in were eren, Uie last quadratic factor would take the form 



sin* 



!iiii «_,.„.£ 



2 n 



and there would be the single factor cos ~ outstanding. The corresponding 

fector in equation (3) would be unity, and so also in equation (4), when n is made 
infinite. 
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Finally, if in the above equation remains fixed while n in- 
creases without limit, we have, on evaluation, 

i„0 = ^[i-^][,-^-^][,-^]..., . (4) 



sm 



the number of factors being unlimited. 

235. It will be noticed that this expression for sin <t> con- 
sists of a set of factors one of which vanishes when takes 
any one of the values which make sin = o, namely, 

o» ± ^» ± 2«', etc. 
Again, arranging the expression in the form 

. ^ 27r — ?r — 7r + 2«'+ 

sm = ■ • • . . . (?) 

^ 27r ^ I «' 2;r ' vd; 

(the series of factors extending to infinity in both directions*), 
we see that changing to ^ + ^> ^^^ moving each numerator 
one place to the right, the expression is reproduced with its 
sign changed. A second addition of n to the independent vari- 
able restores the original value of the product, thus proving 
the periodic character of the function, that is to say, the 
property sin = sin (2?r -[- 0). 

* Although the factors both on the right and on the left of in equation (5) 
approach unity as a limit, the product of those on the right (as will be shown in the 
Integral Calculus) is infinite, while that of those on the left has zero for its limit. 
In the deduction of the equation an equal number of factors on each side is taken, 
and that numl)er then becomes infinite. The inclusion of a finite number of factors 
in excess on one side would not affect the value of the product ; but an infinite num* 
ber would. An infinite number of these factors beginning at a point infinitely 
distant has in fact a finite product. Thus it will be shown that if n factors on the 
left and m factors on the right were taken, and then n made infinite {r having 
a fixed value greater than unity), the product of the extra factors on the right 

would be r«, where w = —, 
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236 A similar expression for cos may be derived from 
equation (4) of Art. 234 by means of the formula 

sin20 

cos d> = -—. — -.^ 
^ 2 sin 

whence 

- 4-^(-g)(-|)(-^)- . 

and, removing common factors, we have 



cos = 



cos 






This equation may also be written in the form 

^n — 20 3^ — 20 ^ — 20 



cos = 



S7t 3^ ^ 

?r + 20 3^ + 20 5^ + 20 



. (2) 



which exhibits the periodicity of the function, and also the 
values for which it vanishes. 

237. If> in equation (4), Art. 234, we put = ^7r, we 
obtain 





2 _ 

n 


■(-?)(- 


1 

4^ 


)(- 


1 
& 






.13 3 5 5 7. 


• . • 










224466 


> 






whence 
















^ _ 2 2 4 4 


6 


6 

_ • • • . 








2 1335 


5 


7 ' 




which is 


Wallis's 


e5cpression for ^n. 
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238. '^he coefficient of <[? in the ordinary development 
of sin is ~ ^ ; if we equate this to the coefficient of 0' in 
the expansion of the continued product in equation (4), we 
obtain 

n^ ,1.1.1, 

"6 = '+15" + -p- + ^- • .... (I) 

Again, dividing this equation by 4, we have 
and, subtracting from the preceding result, 

g •" ^ « -8 "T -a "T -2 "1 • • • • v3) 

239. By taking logarithms, a continued product is con* 
verted into an infinite series. Thus, equation (4), Art. 234, 
gives 

log sin = log + log ^i - -j+log^i __,j+...; (I) 

whence, expanding the logarithms by means of the develop- 
ment of log (I —x)y Art. 185, and collecting the terms, we 
have 

0^/ I I I . \ 



I 0*/ III \ 



I 0» 



I 0*/ I II \ 



+ 
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The numerical series in this result are all convergent ; denot- 
ing their values by 5|, 5^, 5^ . . . , the equation may be written 

log0- log sin = 1^+^1*0* +|^»^+...«. (2) 

This series is convergent for all values of between 

n and — ^r. 



Bernoulli s Numbers. 

240. A series of numbers which occur in the expansion 
of certain functions was introduced by James Bernoulli in 
1687, and has been the subject of much subsequent investi- 
gation. Bernoulli's numbers are the values of the coefficients 

of — r in the development of the function ^XQOtYiix\ that 
ft ! 

is to say, putting 

they are the values which the successive derivatives of y 
take when jc = o. 

These values may be found by means of the differential 
equation satisfied by the function, as in Art. 208. , From 
equation (i), we have 

2{ye* —y)=x-\- xef", 

* It will be shown in Art. 244 that S^ = ^jt* (see also Art. 238) and that 
S^=i^n^\ hence this equation becomes 

log 0-logsin0=^0»+^|^^-| 

Values of this function, multiplied by the modulus of common logarithms, are 
often given in Trigonometric Tables, to fiicilitate finding the logarithmic sines of 
small angles. 
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whence, differentiating, 

and in general by Leibnitz* Theorem, Art. 105, 

Putting x=o, equation (2) gives y^=i^ and equation (3) 
becomes 

mZ>'"-V + -^-z -D'^-^y'\ \'mDy+ i = -, . (4) 

d^'y 



oTy'X 
in which D'^y is put for -r—^ . 



241. It is readily shown that y is an even function, hence 
Dy and all the odd-numbered derivatives vanish. It follows 
that two relations can be found connecting any given even 
derivative with lower derivatives; one by means of an even 
value of m and the other by means of an odd value of m^ 
Thus, if we put m = 2« + i> we have. 



(2n+ i)2;/(2n— I) 
3T 



(2«+ \)iy^''y-\-- — ^ ,/ -^£)»— Jy_|_ 



+ ^-^-^z>V = -'4^: . . (5) 

and, if we put w = 2« + 2, we have 

_^(2n+2^2^^+^^,^^^_ . . (6) 
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242. The numerical value of i)'*y is called the nth Bet- 
notdlian number. Since it is found that the values alternate 
in sign while I^^ is positive, the notation adopted is 

£.= (- O-^Z^^-y (7) 

With this notation, equation (5) becomes 

2n- I ^ , ^ X2n-i)(2n-2)(2n ~3) ^ 

-(~i)-n5,= -(-i)''^^=:i^, (8) 
and equation (6) becomes 

2 «(2n- I) „ ., 2n(2W-l) ( 2n-2)(2»-3) „ 

. , , 2W(2« — i)« , . _ , n 

' ^ ^ 3.4 2 V ' I V ^ (n+i)(2n+i) ^^^ 

Either equation gives, when n = i, Bj = J, and when w = 2, 
Bj = if^r- Substituting the value of 5^, equation (9)* becomes 

2«(2w-i) 2n(2n- i)(2n - 2)(2n - 3 )^ 

^- - ""sTV" ^-^ 3.4.5.6 ^-2+- • • 

,v„2»(2W-i) (n--i)(2n-i) 

— ( — i)" ^-85+ (—1)^7 — i — w ; — \' (10) 

^ ^ 3.4 J > V ^ 6(w + i)(2n 4- i) ^ ^ 

Giving to n the successive values 3, 4, etc., we find 

A = 6' ■^^=^5' •■^» = ^' -^' = F ■^» = 66' 

n ^' R_7 „_36i7 + 
• 2730 ^ ' 6 ^ 510 

* This equation is the more convenient on account of the recurrence of like 
coefficients. 

t The values of the Bemoullian numbers up to B^^ have been determined^ and 
are given in CrelUs Journal^ vol. xx, p. 1 1. 
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The development of the function in equation (i) is, by 
equation (7), 

= I J . L... 

12 720 ' 30240 1209600 ' 

The Development of 4> cot (f>. 

243. Putting ix in place of x in the even function just 
developed, we have by Art. 222 

itx ^.^ = i«p ^izrzrpsi = *^ <^ot **• 

Hence the development above gives 

X* s^ x^ 
i^coti* = I -B1--5,-- J5a^ , 

or putting <f> for ix, 

Another form of the development of cot results from 
taking the derivative of equation (2), Art. 239, which is 



whence 



;r* TT^ 



244. Comparing the coefficients in these two expressions 
for cot 0, we have, for all values of 11, 

2** 2 2 r I I "1 
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whence 

'^"*"" "^2''* 3««"^ "~ 2(2«)! ' 

which expresses the sum of any even powers of the reciprocals 
of the natural numbers in terms of Bernoulli's numbers. For 
example, when n = i, we have the value of S^ already given 
in Art. 238, and when » = 2, we find 

» -I- 24 -t- 3« -^ 4^ ^ 90 

Equation (i) may also be written in the form 



B.= 



2(2n)! II 



I+3l+^+--],' 



(2;r)»- ^2«« ' 4 



which shows that the Bernoullian numbers are all positive, 
and also that they increase rapidly with n; for Bn approaches 

, N , . 2(2n)! 

(but always exceeds) the quantity jr^^- 

Examples XXIIL 

I. Show, by means of equation (3), Art. 234, and the result -of 
putting 2» for n in that equation, that 

I = 2 sm^ — sm' =^— sm' ^^ • • • sm* <— or sin' ^ ^— , 

211 2» 21% 2n 2n 

where n is an integer. (Angles in the first quadrant only included : 
thus, for » = 9 and n = 10, 

1 = 2^ sin^ 10° sin^ 30^ sin' 50° sin' 70, 

I = 2^ sin' 9° sin' 27** sin' 45*^ sin' 63° sin' 8i^) 

* The logarithms, to ten decimal places, of Bernoulli's numbers up to B^ have 
been calculated from this formula by Dr. Glaisher, and are published together with 
the first nine figures of their values in the Cambridge Phil, Trans,, vol. xii, p. 386 
and p. 390. 

The full value of B^^ would contain 736 digits before the decimal point. 
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2. Putting 0=j7r inequation (4), Art. 234, prove that the product 
of the even-numbered /air J of factors in Wallis's expression, Art. 237, 

is the value of , and thence that th6 product of the odd-num- 

24/2 

bered pairs is 4/2. 

3. Derive the following continued products : 



«'_ 6 6 12 12 18 18 

3 ""S 1 II 13 17 iT 

2n 336699 



••> 



31^3 2 4 5 7 8 10 

4, Derive equation (3), -^rt. 238, from the continued product for 
cos 0. 

5. Express the hyperbolic sine in the form of a continued prod- 
uct by putting ix for in equation (4), Art. 234. 



sinli* = *(r+^)(i+-^)(x+^-^) 



6. Express the hyperbolic cosine in the form of a continued 
product : 

4^\/ I ^\l . 4^ 



oo*. = (.+S)(.+^(.+^) 



X X €* I T 

7. Show that __ = — -^^ ^x'y whence, by Art. 242, 

"^ =i-? + ^«^-^.5 + ^.S---- 



tf*-!"" 2^*2! •4I '6! 

X , :x^ x^ ^ 
= 1 1 . — ••• 

2 12 720 30240 
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* 8. Separate -j^ into partial fractions, and thence by means of 

the result in Ex. 7 find the development of ■ . 

9. Obtain a development by adding those of — and . 

\ = i. - (a - i)5^ + (2»-i)^,^-(2''-i)^,^+... 

** — «-* 2jf ^ ' '2!^'' ' '4! ^ ' '6!^ 

^ — II I 

10. Develop, by means of Ex. 8, ^^^ = ^j-^^ - -^^^-j— . 

^+1 2! 4! "^ 61 "*' 

or, -employing the values of J?„ B^^ etc., given in Art. 242, 

flll_l — — :«:* A^ 17a:'' 3iA^ 

^+1 2 24 240 40320 725760 

e*-\- 1 

11. Derive in like manner the development of — -^-— from Ex. 7. 

—1-=- 4-2^, -r^ 2^,-7+ 2-^.-77 

^— I X ' * 2I 4! 6! 

12. Show that Exs. 9, 10 and 11 give the following developments of 
hyperbolic functions : 

cosech j; = -^,^ H -^, -7 -^. h • • • 

^ » ' 2 •3! 3 's!^ 

_ I _ -y I 7-^ _ 31-^ . 

X 6 360 15120-' 
2! ■ 4! "^ * 6! • 

= Ji: J;'H JC« Z_;i;7 I,.,. 

1 rr ^ic 



IS 315 
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^ 2! 4! ' 6! 

* 

"*^ 3"" 4? 945 

13. Denoting the sum to infinity of the nth powers of the recip- 
rocals of the odd numbers by .S^, show (see Arts. 338 and 244) that 

_ 2»^ - I _ (2»»_-_0w^r^ 

•* 2" ^ "■ 2(2«)! 

14. Derive an expansion from equation (i), Art. 236, 
Iogsec0=^$0» + i^^^+i2!^.^+... 

2! ^^2 4! ^3 6! ^ ^ 

15. Express the development of log sin 0, Art. 239, in terms of 
Bernoulli's numbers, and that of log tan by adding log sec 0. 

logsm =:log --^0' — - — -^0* — --—i0« , 

2\ 24! 3 O! 

log tan 0=log 0+ ^; ' 0^+ ^ ^Z 0*+-^5r— V'+- • 

16. Show, by means of the continued product in Ex. 5, that the 

expansion of log — r — consists of the terms of that of log -: — - (Art. 
'^ sm ^ 

239) with alternate signs changed; and thence, in the notation of 

^ Bernoulli's numbers, that 

sinl^^2^ J_2^ j^^^^^ 

^ sin0 2! ^ ^ 3 6! ^ ^ 5 10! ^ ^ 

17. By means of the identity 

tan X = cot a: — 2 cot %x 
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derive the development of tan x from equation (i), Art. 243, 

2! 4! 6\ ' 

nis development may also be obtained /rom that 0/ Ex. 14 by taking 
derivatives, 

18. By means of the identity 

cosec X = cot \x — cot x 

derive the development of cosec Xy 

I X I 2* —I-,. 12'— i„ . 
JT ' 6 ' 2 3! *^ 3 5- 

19. Derive the expansion of sec^jr and that oi cosex^x by 
taking derivatives. 

, ,.3.2*(2*— 1)^,0 . 5-2V2«— I)i9, . , 

sec'j: = I + - — ^^ 1 '—^:x^ + - — ^— ^r ^—^x^ -| , 

cosec^AT = — 4- - 4- ^ — -J:»^ 4- ^--— V H 

20. By putting <l>= nx and taking derivatives, derive from 
equation (i), Art. 239, the series 



flr cot ;rjir = - 4- 1 u 1 4. 1- 

X ^ X — I A* 4-1 ' x-' 2 ;tr4-2 *ar — 3 

21. By a similar method derive the series 



^ I I I I 

— tan Ttx = 1 4- 

2 I — 2Ji; I 4- 2a: ' 3 — 2;i; 3 4- 2:c ' 
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22. By taking successive derivatives of the series obtained in 
Ex. 20 or of that obtained in Ex. 21, and then putting xz=.\^ derive 
the following numerical series: 

"8 -' + ?+? + ? + •••' 
32 3' ^ 5' 7' 

TT* ,1 I I , 

= ^+Ti + T4 + ^ + 



•••» 



• • 



96 3* ^ 5* f 

1536"'"? + ?-?+' ' 
^ I I I 

i6-o =' + J« + ^ + 7 + "" 

73%^ z^»^x of the successive derivaiwes for nx = \n are most read- 
Hy found by the process of Art. igo. The firsts third and fifth of these 
results may also be derived from Ex. 13 above. 



CHAPTER VII. 

Application to Plane Curves. 



XXIV. 
Tangent and Normal at a Given Point. 

245. We have seen that, in the case of a plane curve re- 
ferred to rectangular coordinates, if denotes the inclination 
of the curve at the point (5c,y), and s the length of the curve 
as measured from some fixed point on it, we have 

dy dy ' dx 

tan0 = ^, sin0 = ^^, cos = ^, . (l) 

and 

ds = ^{dx" + dy^) (2) 

See Fig. l8, p. 91, in which the right-angled differential tri- 
angle is drawn. 

246. If ^i» y\ 2ire the coordinates of a known point on the 
curve, the equation of the tangjent at that point is found by 
giving to m in the general equation 

y-y^ = fn{x- X,) 

the value of tan at the point (^p y^); hence it is 
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In like manner, the equation of the normal at the point 
(:»„ jPj) is found by giving to the direction ratio m the value 
tan (i«' + 0) = — cot 0; hence it is 

For example, in the case of the ellipse 

we have j^ = j-, therefore the equation of the tangent 

at («i, yj), a point of the curve, is 

This equation may, by means of the equation 

(which expresses that (x^^ y^) is a point on the ellipse), be put 
in the form 

Again, the equation of the normal is 

or 

{fiy^x — l^x^y = (a* — t^x^yv 
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Tangent and Normal at the Origin. 

247. When the curve passes through the origin, we 
have seen, in Art. 172, that the value of -^ at the origin is 

the same as that of ~ , and may be determined by simply 

^ Jo 

equating to zero the terms of the lowest degree in the equa- 
tion of the curve. It follows that the equation so found 
is itself the equation of the tangent at the origin, because in 
that line the value of the ratio y\x is constant. Thus, in the 
example given in Art. 172, the tangent at the origin to the 
circle 

is the line 

The equation of the normal at the origin (in which m is 
the negative reciprocal of m in the tangent) is, in this case, 

Curves Touching one of the Axes at the Origin. 

• 

248. When, not only the absolute term, but one of those 
of the first degree is absent from the equation of the curve, 
it passes through the origin and there touches one of the co- 
ordinate axes. For example, the curve 

^ + ^y — 2:)cy* +^ — 2y = o . . . (i) 

passes through the origin ; and its tangent at that point is the 
Xvcizy-^ o, that is to say, the axis of x. 
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In every such case, a process similar to that employed in 
Art. 172 gives the equation of a simple curve which has a 
much closer contact with the given curve than the tangent 
has. Thus, dividing equation (i) throughout by 0^^ we may 
put it in the form 

^ + y- 2^+ 1-^ = (2) 

Now we already know that at the origin the ratio - = o; 

^ y O 

therefore — = 0X0=0, but -^ takes the form - and may have 

a finite value at the origin. Hence, putting np = o and y = o, 
we have 



-^L- 



which gives, for the ratio in question, the value \. 
Hence the simpler curve 

«?' — 2y = o, (3) 

which gives the same value to this ratio, must approach very 
closely to the given curve (i) for small values of a?, that is to 
say, in the neighborhood of the origin. 

249. The simple auxiliary curve thus found is in any case 
readily constructed, and is said to give the form of the given 
curve at the origin. In the example above, it is a common 
parabola situated as in Fig. I , p. 4. Since it lies above the 
axis of X to which it is tangent, we infer that the given curve 
also lies above the axis in the neighborhood of the origin. 
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- - ■ ■ I — III - ■_■-■ — r ■ 

In like manner, still supposing the given equation to con- 
tain no absolute term, but to contain the term in y, if the term 
of lowest degree not involving y contains r)p*, we have an aux- 
iliary equation, consisting of two terms only, which deter- 
mines a finite value for the ratio y : »* at the origin. The 
corresponding curve determines the form of the given curve 
at the origin. 

So also when the given curve touches the axis of x. 



The Parabola of the nth Degree. 

250. The general equation of the auxiliary curves con- 
sidered above maybe written in the homogeneous form, 

Qn-\y =: x" (i) 

The curve represented is called the parabola of the nth degree. 
Supposing a in equation (i) to be positive, the curve passes 
through the point (a, a), as well as through the origin. When 
ft>i, the curve touches the axis of Xy and when w<i, it 
touches the axis of y. 

The following three diagrams represent forms which the 
curve takes for different values of n 
greater than unity. When » is a 
fraction, it is supposed to be reduced 
to its lowest terms. 

Fig. 35 represents the general shape 
of the curve when n is an even integer, 
or a fraction having an even numerator 
and an odd denominator. ^ 

riG. 35* 

Fig. 36 represents the form of the 
curve when tt is an odd integer or a fraction with an odd 
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numerator and an odd denominator; the origin is in this 
case a point of inflection. 

Fig. 37 represents the form of the curve 
when n is a fraction having an odd numera- 
tor and an even denominator. In this case, 
y is a two-valued function, and is imaginary 
when X is negative. 

Fig- 35 is constructed for the parabola 
in which n = 4. 

Fig- 36 is the cubical parabola in which 

«= 3- 
Fig. 37 is the semi-cubical parabola in 

which n = I ; the equation being 




Fig. 36. 



a^y = ± x^. 



or 



ay* = x^. 




Fig. 37. 



251. It will be noticed that the curve in 
each case consists of two like branches, sym- 
metrically situated with respect either to an 
axis or to the origin as a centre. Since a was 
assumed positive in equation (i), one of these branches, in 
each diagram, is in the first quadrant. 

The auxiliary equations, found as in Arts. 248 and 249^ 
have the more general form 

Af + Bo(^ = o, (2) 

where A and B may have either sign, and the positive integers 
p and q may be both odd, or one odd and one even. (If both 
are even, the equation will indicate an isolated point if A and 
B have the same sign, and will be decomposable, indicating 
more than one branch, if A and B have opposite signs.) The 
three diagrams, in different positions with respect to the axes, 
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then give the forms which the given curve * may have at the 
origin. Thus Figs. 26 and 27, pp. 133 and 134, show cases in 
which n < I , or ^ < J. The axis which is touched is in every 
case given by the term of lowest degree, and the two quad- 
rants containing the branches are readily determined by the 
odd or even character of p and j. For instance, in 2X~\-y^ = o, 
y can evidently have either sign, but x must be negative; 
therefore the branches lie in the second and third quadrants. 
Again, in 2x + y* = o, ic and y must have opposite signs ; 
hence the branches lie in the second and fourth quadrants. 

Subtangents and Subnormals. 

. 252. Certain lines connected with a curve and the co- 
ordinate axes, and varying with the point (rx;, y) of the curve, 
have received special names. The most important of these 
are the subtangefU and the subnormal. At the point (x, y), P in 
Fig. 38, let the tangent and normal be drawn, cutting the axis 
of a; in T" and N, and the ordinate PR = y, then the segment 
TR is the subtangent, and RN is the subnormal. Hence, 
from the triangles TPR and PRN we have, for the subtangent, 

dx 
TR = y cot <P = yj-, 

and, for the subnormal, 

iei\r = y tan <P = y£' 
These formulae give positive values 




Fig. 38. 



♦When/ and g each exceed unity, the equation does not necessarily give the 
form at the origin of a curve in whose equation the terms Ay9 -|- BxP are the 
lowest in degree, containing each a single variable. For example, if 3^* -|- 2y' 
are the terms of this character, 3X* -{- 2y* = o does not give the form at the origin 
if the given equation contains a term in xy. The complete criterion is best applied 
by means of the Analytical Triangle^ as explained in works on Curve Tracing. 
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when the direction from T to i? and from R to N respectively 
are to the right. 

253. The segments PT and PN are sometimes called the 
tangent and the normal. Their values are 

ds 
PT = y cosec tf> = y-r-* 

ds 
PN = y sec = y-j-. 

In applying these formulae and others involving (fc, it must 
be remembered that equations (i), Art. 245, imply that in- 
dicates the direction in which ds is measured positively. Hence 
the diagram shows that PT when positive is to be measured 
from P in the direction — 0, and PN when positive in the di- 
rection — 90®. 

For example, in the case of the curve 

y = sin Xf 
Fig. 12, p. 63, we have 

dy = cos X dx; 



whence 



and we write 



(fa3 _- ^i ^ cos^x)do^t 



is = |/( I + cos^x)dx. 



Here, ds being taken with the same sign as dx, is the 
direction of the motion of a point moving toward the right. 
Substituting in the expression for the normal, we have 

PN = sin X |/(i + cos x). 
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This is positive when sin x^ or y, is positive ; accordingly, for 
a point above the axis of x, it is measured in the direction 
iff — 90°, and for a point below in the direction -{" 90®. 



The Perpendicular from the Origin upon the Tangent 

254, If OQ in Fig. 39, the perpendicular upon the tangent 
PQ, be denoted by /», we have, from the triangles in the dia- 
gram (which is so drawn that x^ y, sin <p and cos (p are posi- 
tive), 

^ = iv sin ip — y cos <f>. 

Substituting the values of sin and 
cos 0, this becomes 

_ xdy — ydx _^ xdy — ydx 
^" ds " Vido(^+df)' ^\/ 

The figure shows that the direction * ^^ 

of OQ (or p as drawn from the origin) is — 90** when posi- 

tive. 




Curve Tracing. 

255. A curve whose equation is given is said to be traced 
when the general form of its various branches, and their posi- 
tion with respect to the coordinate axes, is determined. We 
notice, in the first place, certain forms of symmetry of which 
the occurrence will be indicated j>y the form of the equation. 
First, when it contains only even powers of one of the coor- 
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dinates the curve is symmetrical to one of the axes. Thus 
the curve 

^(«^ + y*) + ^^"-y') = o .... (I) 

is symmetrical to the axis of x ; because, if the equation is sat- 
isfied by the point (5P, y) , it is also satisfied by the point («?, — y) 
situated symmetrically to {x^ y) with respect to this axis. 

Again, if every term is of an even degree with respect to 
X and y jointly, or if every term is of an odd degree, the curve 
is symmetrical with respect to the origin as a centre. For 

example, 

Ao(? + Bxy + Cf = D 

is thus symmetrical, because, if {x, y) satisfies the equation^ 
(— 5C,— y) also satisfies it. This is in fact the equation of the 
conic with respect to the centre as origin ; if 5 = o, it is the 
conic referred to its axes, which is symmetrical to both axes 
and therefore also to the origin. 

256. If the equation can be solved with respect to one of 
the variables, so as to make it an explicit function of the other, 
it is generally advantageous to do so. Thus, if the equation 
is put in the form y=/{x), the curve becomes the graph of 
a known function, so that, by assigning values to x^ we may 
determine as many points as we choose through which to 
draw a continuous curve. 

The most important things to be determined are the limits 
of continuity, whether indicated by infinite values of y as illus- 
trated in Fig. 3, p. 6, or by values of x on one side of which 
y is imaginary, as in Fig. 4, p. 7. Next to these come the 
values of x for which y = o, giving points where the curve 
cuts the axis of x, and the values of y corresponding to 
^ = o and to re = 00 respectively. 
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267. As an illustration, let us take the curve represented 
by equation (i) of the preceding article, which is known as the 
Strophoid. This curve is symmetrical to the axis of x ; solving 
its equation for y*, we have 



f= 



a—x 



(I) 




Fig. 40. 



Here y =0 when x = — a and when 

x= O: y is infinite when x =^ a, and 

is real only between the limits x= ±a. 

Hence the general shape of the curve 

is that given in Fig. 40, consisting of a 

loop between x = — a and re == o and 

infinite branches between ^ = o and 

X = a. The tracing indicates the 

existence of a maximum ordinate. This corresponds to the 

maximum value of ^ in equation (i). Taking derivatives 

dy _ (g — xX2ax -\- 3o^)-\- ax^ 4"^ «_ 2x(a^-\-ax—o(?) ^ 
^^dx (a - xf (a - xy ' 

hence y* is a maximum when rJC* — (w; = a'. The roots of 

this quadratic are x=—{i ± 4/5). The positive root is be- 

yond the limits of real values of y\ the negative root is about 
— .6a and the corresponding value of y is almost exactly .3a. 
These are the coordinates of A in the diagram. The tangents 
at the origin are found, by the method of Art. 247, to be the 
lines y = ± Xj bisecting the angles between the axes. 

258. The maxima and minima values of either coordinate 
are its limiting values when it is made the independent vari- 
able. Consider, for example, the curve 
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which is symmetrical to both axes and therefore also to the 
origin as a centre. Solving for x, 

hence the limiting values of y are ± i (the corresponding 
points are those in which the curve cuts the axis of y), and x 
is real between the limits. The maximum value of x may 
be found either by the differential method, or as follows: 
Solving for y, we have 

whence the limiting values of x are ±i» and y is real between 
the limits. These are therefore the numerically greatest values 
of jc, and the curve is limited to the rectangle between the 
lines y = ± I and 5C = ± i. The limiting values of x make 
y^ = i, hence the curve touches the sides of the rectangle in 
the points (o, ± 1) and (± i, ± } 4/2). It passes through the 
origin at angles of 45^ with the axes, and resembles in form 
a figure 8. 

Points of Inflexion. 

259. The curve considered above obviously has points of 
inflexion at the origin. In other cases, the form of the curve 
may indicate the existence of points of inflexion which, when 
the equation is solved for one of the variables, may be found 
by equating the second derivative to zero, see Art. 99. As 
an illustration, let us take the curve 
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which is symmetrical to the axis of Xy and in which y is real 
only between the limits x=^o and x ^ a. It cuts the axis of 
X only at the origin, where it touches the axis of y (as indi- 
cated by the double root when we put x = o). Therefore 
tan must be infinite at the origin and must at first decrease; 
but it is again infinite when x-= a^ because this value of x 
makes y infinite. There is therefore at least one point on the 
positive branch of the curve where the slope is a minimum, 
that is to say, a point of inflexion. The location of this point 
(of which the abscissa will be found to be Ja), together with 
the slope of the curve at that point, will determine its form 
with considerable accuracy. The curve is known as the Witch 
of Agnesi. 

The methods explained in the next section, which are ap- 
plicable when the equation cannot be solved for either vari* 
able, are also often useful even when it can be so solved. 



Examples XXIV. 

1. In the case of the parabola of the nth degree 

find the equations of the tangent and the normal at the point {a, a)> 

2. Find the equation of the tangent at any pointof the curve 

3. Find the equation of the tangent at any point of the curve 
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*"^ ■ — I — 1 — 

4. Show that all the curves represented by the equation 

(different values being assigned to h) have a common tangent at the 
point (ay h) ; find the equation of this tangent. 

5. Show that the equation of the tangent to the curve 

a* ^ 3* • 
at the point (x^yy^), is 

and, denoting the intercepts on the axes by x^ and>^o» prove that 

6. Given the curve 

Jf* — 2>^ -- 4xy — or = o, 

show that the point (i, — 2) is on the curve, and find the equation of 
the tangent line at this point. 

7. Find the subtangent and the subnormal of the parabola 

y =40x1 

also the value of/ in terms of x. 

x^a 



For the upper branch, / = — 



|/(fl + x) 

8. Find the subnormal of the ellipse 

— 4- — = 1 
tf» ^ ^ ^- 
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9. Prove that the normal to the catenary curve 



y=\(^^e '-) 



(see Fig. 31, p. 217) is equal to ^^. 

c 

10. Trace the curve^ = x(j(^ — i), finding the maximum ordinate 
and the slope at the intersections with the axis of x. 

11. Trace the curve j' = x{i — xy, finding the maximum ordinate 
and point of inflexion. 

12. Trace the curve aj^ = x{a — xy. 

13. Trace the curve x^y + a*!' — a* = o, finding points of inflexion. 

14. Trace the curve xjr^ = Ji^ +>*• 

15. Trace the curve^ = ^ — jir*. 

16. Trace the curve^^jc — a)^ = a';r, finding a minimum ordinate 
and a point of inflexion. 

1 7. Trace the curve (j^ — jc*)' = jfi. 

18. Trace the curve x{^ +>^) == ^oy*, which is /Ae Cissoid of 
Diodes, 

19. Show that in the curve >^ =/(a:)the abscissa of a point of in- 
flexion will satisfy the equation 

ao. The equation of M^ Conchoid of Nicomedes is 

{p^-\-^){x — afz^I^3^\ 

trace the curve in the three cases when b <ayb^a^ and ^ > a. 

The maximum ordinate is {^ — a^)' ; the abscissae of the points of 
inflexion satisfy jfi — yi^x 4- 2a(a' — ^) = o. 
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Points at Infinity. 

260. When the equation of a curve permits one or both 
of the coordinates to take an infinite value, that is to say, to 
increase without limit, the curve is said to have a point at 
infinity. If, while one of the coordinates becomes infinite, 
the other remains finite and has a definite limiting value^ there 
is a straight line, parallel to one of the axes, to which the 
point describing the curve approaches without limit as it 
recedes to infinity. This line is called an asymptote. We 
have had examples in Figs. 3, p. 6; 4, p. 7; 10, p. 57; 
17, p. 71, etc., where a finite value of the variable regarded 
as independent gives an infinite value to the function ; or else, 
as the independent variable becomes infinite, the function 
approaches without limit to a definite value. 

dy 

In these cases, -j- tends to one of the limits zero or infin- 
ity ; and, if the point of contact of a tangent line recedes to 
infinity, the tangent approaches the asymptote as its limiting 
position ; hence the asymptote is called ihe tangent at infinity. 

On the other hand. Fig. 1 2 exemplifies a case where, as % 

dy 
becomes infinite, neither y nor -7- approaches a definite limit; 

there is then no asymptote and no definite tangent at infinity. 

261. In the cases considered above, the point at infinity is 
said to be in the direction of one of the axes. The direction of 
the point at infinity is, of course, the direction of the line join- 
ing it to the origin. Hence, just as m is called the direction 
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y 

ratio of the line y = mx^ so the value of the ratio — at the 

X 

infinite point gives the direction of the point at infinity.' 
When X and y become infinite simultaneously, the ratio 

- takes the form — and may have a finite value. If so, 

giving this value to w, the point at infinity is in the direction 
of the line y = mx. The ratio y\x 2X infinity is the same 
for all parallel lines of the form y = mx -[- b, therefore parallel 
lines are said to pass through the same point at infinity. If 
an infinite branch of a curve has an asymptote in the direc- 
tion y = mx its equation will be of the form y = mx -|- b. It 
must not be inferred that an asymptote necessarily exists, 
since for this purpose it is necessary that b should admit of a 
finite value. See Art. 271. 

262. To illustrate the method of finding the points at in- 
finity for an algebraic curve, let us take the curve whose 
equation is 

^ — x^-]- ay^ — a^y = o (i) 

Dividing through by o^t we have 

y a y^ a^ y^ __ 

0^ x^ o(?x~' ^^ 

m 

Putting « = 00 and y = <», while assuming that the ratio 
^ has a finite value, we find 






= o. 
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whence^ I = ± i, which determines two points at infinity in 

the directions of the lines y = ± x. 

263. It will be noticed that, in this process, all the terms 

» 

except those of the highest degree in the given equation dis- 
appear from the result, which is therefore the same as if the 
equation had consisted only of the group of terms of highest 
degree, namely, ^ — x'f = o. In fact, writing this equation 
in the factored form 

*(« + y)(» - y) = o, (3) 

we see that the factors which, separately equated to zero, give 
its several roots constitute the equations of the lines through 
the origin in the direction of the several points at infinity. 
The root 5; = o, in equation (3), corresponds to a point at 
infinity in the direction of the axis of y\ for this point, 

the ratio — is zero, or ^ is infinite. 
y X 

The number of points at infinity may, as in this case, equal 

the index of the degree of the equation, but cannot exceed it. 

If some of the roots of the equation are imaginary, there are 

fewer points at infinity, and when the degree is even there may 

be no real points at infinity. 



The Equation of the Asymptote. 

264. We proceed to determine the position of the asym- 
totes corresponding to the points at infinity determined by 
equation (3). For this purpose, we write the group of terms 
of the highest degree in the factored form. Then, for the 
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asymptote corresponding to x — y, divide the equation of the 
curve through by the other factors, thus : 

*-y=^k+y) (4) 

Now, when a point recedes to infinity on this branch of the 
curve, X and y increase without limit, but with a limiting 
ratio of equality; thus the first member takes the illusory 
form 00 — 00. But the second member, which takes the form 
00 /oo, may be evaluated as in Art. 155. Thus, dividing 
both terms of the fraction by 0^^ we have 



^3 

XX or 

X — y= i 

' X 



in which, putting :v =00, we have, since— = i, 

X^m 



« - y = - ia (5) 

We infer then that the distant points on the curve, both in the 
first and in the third quadrant, approach without limit to the 
corresponding points of the line represented by this equation. 
This line is therefore an asymptote.* 



* The value of the expression x -^y -\- \ay which is zero for a point on the line 
(5), is for a point on the curve its vertical distance Irom the asymptote (below it 
when positive, and above it when negative), and this distance approaches zero a^ a 
limit. 
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265. It will be noticed that, in this process, only the terms 
of highest degree in the numerator (which are those of the 
next to the highest degree in the equation of the curve) can 
affect the result. 

In practice, it is unnecessary to reduce the fraction in the 
second member to the complex form. Thus, in finding the 
asymptote corresponding to the factor x-^-y, we write 

Again, corresponding to the factor x^ we have 

''=-^^\,.. ="' ^"^ 

since in this case— = o 

266. In this last case, it will be noticed that the asymp- 
tote depends solely upon the terms containing y* in equation 
(i), namely — x^ + ^7*- Thus the absence of the term con- 
taining y^ indicates a point at infinity in the direction of the axis 
of y, and then the equation of the asymptote is found by equat- 
ing to zero the coefficient of y, that is to say, it is — * -|- a = o. 



Tracing of Curves with Infinite Branches. 

267. The construction of the asymptotes, when they exist, 
is of paramount importance in tracing the general form of a 
curve. For example, in the case of the curve 

51^ — :)cy*-f a/ — a'y = o . . . . (i) 
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considered in the preceding articles, the three asymptotes, 
equations (5), (6) and (7), Arts. 
264 and 265, are constructed as 
dotted lines in Fig. 41. These 
lines, together with a few actual 
points of the curve, such as its 
intersections with the coordinate 
axes, will generally serve to de- 
termine the shape of the several 
branches of the curve. 

268. In the present case, 
puttii g A = O in equation (i), 
we ha\ "i ay* — c^y = o, whence 
y=^o and y =: a, showing that 
the curve passes through the 
origin and through the point 
(o, a), the point A in Fig. 41. 

Putting y = o in equation (i), 

we have x^ = o, showing that the curve meets the axis of 

X only at the origin. The tangent at the origin is this axis, 

and, by the method of Art. 248, the form at the origin is 

given by 

re* — a'y = o. 




Fig. 41. 



Here x and y have the same sign (see Art. 251); hence the 
branch passing through the origin has the form indicated in 
the diagram. 

269. Since the curve is of the third degree, a straight 
line will in general cut it in three points. But special cases 
arise : for example, in the present case all three intersections 
with the axis of x coincide at the origin, because that axis 
is a tangent at a point of inflection. Again, the axis of y 
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cuts the curve in but two finite points, the third intersection 
being at infinity, because that axis is parallel to an asymp- 
tote. 

Again, the asymptote itself, being a tangent at infinity,, 
has but one finite or actual intersection with the curve. Ac- 
cordingly, puttings: = fl in equation (i), we have a^—i^y = o, 
giving the single root y = a which determines the point (a, a),, 
the point B in Fig. 41. 

In like manner, the asymptote x — y= — Ja will be found 
to cut the curve in the single point ( — a, — ^a), C in Fig. 41. 
It is clear that the other asymptote cuts the same branch of 
the curve, therefore the branch through A cannot cut either 
asymptote, and must approacli the upper ends of these asymp- 
totes in the manner indicated. Furthermore, the lower 
ends of these asymptotes must be approached by a third 
branch, as represented in the diagram. 

Maximum and Minimum Coordinates. 

270. The tracing of this curve shows that a point of 
minimum ordinate must exist in the branch through A^ and 
one of maximum ordinate in the lower branch. To deter- 
mine these we have, by differentiation of equation (i), Art. 
267, 

(3** — 'f)dx — {2xy — 2ay + c?)dy = o. 

dy - 

It follows that ^ = o when 

dx 

3Jt;2 — y» = 0, or y=±arV3. 

Therefore the horizontal points of the curve are its intersec- 
tions with these straight lines which pass through the origin. 
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Fig. 41 shows that the line y z=i x j^I (which makes an angle of 
60^ with the axis of x) has no other real intersection with the 



- _ y 

cubic 



curve. But, putting jp = — -i_ in equation (i), we have the 



2^ 

+ ay' — c?y = o, 



whence the three values of y are zero (corresponding to the 
origin) and the roots of the quadratic 

These are y = .77a and y = — 3-37^, the former being the 
minimum ordinate at D and the latter the minimum negative 
ordinate at E in the lower branch. 

Parabolic Branches. 

271. When the factor of the group of terms of highest 
degree, indicating a point at infinity, is of the second degree, 
the process given in Art. 265 for the equation of the asymp- 
tote results in an infinite value for the second member,* show- 
ing that the point on the curve recedes indefinitely from the 
straight line drawn through the origin in the direction of the 
point at infinity. A branch of this kind, of which the common 
parabola presents the earliest instance, is said to be parabolic. 

272, In the case of the curve 

2^y+y' + 4^=3» (0 

the single term of highest degree, 2ji^y, indicates a point at 
infinity in the direction of each axis ; and the case considered 

* Except when the group of terms of next highest degree contains the same 
factor, or is absent from the equation, in which case there are two parallel asymp- 
totes. See Exs. 4, 7, etc., below. 
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• • 

above arises with respect to that in the direction of the axis 
of y. That is to say, there is a branch upon which, as the 

point recedes indefinitely, — becomes infinite, but x becomes 

X 

infinite as well as y. In this case, o^ will be found to have a 
finite ratio to y. For, equation (i)can be put in the form 

20? , ac 3 

_4-i+4_=_ (2) 

which, when y is infinite, reduces to 

It follows that the distant points of the curve approach the 

parabola 

2x^ + y = o (3) 

This parabola is said to give the form at infinity * of a branch 
of the curve. Since, in equation (3), x may have either sign, 
but y must be negative, the infinite branches in question lie 
in the third and fourth quadrants. These branches recede 
indefinitely from both axes, but they tend to parallelism to 
the axis of y. 

Case in which one of the Axes is an Asymptote. 

273. In the case of the point at infinity in the direction 
of the axis of x^ indicated by the factor y in the highest term 

* In general, the parabola thus found, while it gives the form at infinity, is not 
the asymptotic parabola^ or that to which the curve approaches indefinitely The 
equation of that parabola is found by evaluating the expression in the first member 
(in this case 7.j^ -\-y) which takes the form 00 — 00 , exactly as in the process for the 
rectilinear asymptote. Art. 264. In the present case, however, the parabola (3) is 
asymptotic, as will be seen by multiplying equation (2) by y and then making y 
infinity. 
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of equation (i), Art. 272, we have, by equating to zero the 
coefficient of 0? (see Art. 266), the equation y = o, indicating 
that the axis is itself the asymptote. When this is the case, 
it is easy to ascertain on which side of the asymptote the 
curve lies at either end. For, since y tends to the limit zero 
as X becomes infinite, xy or some other product of powers will 
tend to a finite limit when x is infinite. Now, dividing equa- 
tion (i) \yy x^ we have 

f 3 

2^ + — + 4 = -; 

and, for the point at infinity, this reduces to 

xy-\- 2 = 0, 

It follows that, for the distant points of the curve, x and y 

have opposite signs. Thus the branch approaching the right 

end lies below the axis, and that approaching the left end lies 

above it. 

274. The curve 

2a?y + y»-f-4^=3, (I) 

whose infinite branches are considered in Arts. 272 and 
273, is traced in Fig. 42. It 
intersects the axis of y in the two 
points (o, ± y^3), A and B in the 
figure ; and the axis of x in the 
single point C, (f , o). The con- 
tinuity of the branches now re- 
quires us to join the infinite 
branch in the second quadrant 
to A and then to C, and that in 
the third quadrant to B\ but we fio. 42. 
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are left in doubt as to whether the other infinite branches 
should be joined to one another, or to B and C respectively. 

275. To decide this point, we may search for maxima and 
minima coordinates ; for a maximum and a minimum abscissa 
will exist if the first of these alternatives is the actual mode in 
which the branches join; whereas, in the other case, these 
will be replaced by a maximum and a minimum ordinate. 

Differentiating equation ( i ) we have 

dy __ — 2{xy + __ t* 

To find horizontal points on the curve (for maximum ordi- 
nate) we must, as in Art. 127, combine the equation « = o 
with that of the curve. Eliminating x from equation (i) by 
means of the equation jcy + ^ = o, we have the cubic 

yj _ 3y — 2 = o, or (y + i)'(y — 2) = o. 

To the root y = 2 corresponds jc = — J, giving the point 

D in the figure, at which there is a maximum ordinate ; but 

the double root y = — i gives the point (i, — i) which makes 

dy o 

V = o also, so that -y takes the form -. This is, in fact, the 
' dx o ' 

example given in Art. 171 of that case, which indicates a 

double point; and the gradients of the two branches were 

there found to be — 2 ± 4/6, or — 4.45 and + 0.45, as shown 

at £ in the diagram. 

Examples XXV. 

Find the asymptotes of the following curves: 
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2. j;^ — 4jrv* — 3^1;^ + i2xy — I2>^ + ^-^ + ^^ + 4 = o. 

•^ = — 3> -^ = 2y» -^ + 2y = 6. 

3. (y ^ 2x)(y ^ x^) — a(j^ ^ xf + 4a2(ar +^) — a» = o. 

4. x^j^ -\-ax(x +>')' — 2^^ — tf* = o. jr = — 2a, j: = <f. 

5. a"^ — x^jA -|- o^ — fljt^'* = o. 

x= o, x= —a, X +y = \a, x —y =\a. 

6. j^{x —y)^ — ^'(a:' + J^) = o- at = ± a,> = j? ± a |/2. 

7. 2a: (a: —>')* — 3a (jr* — y) + 4(j: — ^)a^ — 70* = o. 

8. Trace the curve^** = :f^{x — a). 

9. Trace the curve a:^ — 2J(^y -— 2^1;^ — 8y = o, and show that 
(— 2, — i) is a point of inflexion. 

10. Trace the curve j^{x — a) = x?{x '\- a), and show that the 
origin is an isolated point or acnode, 

11. Trace the curve ^ +^ — z^^y = ^» which is known as the 
^ FoUuM of Descartes, 

12. Trace the curve 23^y — x^ -|-j^ + 2J»: = o. 

13. Trace the curve x^ — j^ — .r* — 2xy = o. 

14. Trace the curve 3^ -^^ 2x^y -^xj^ '{-a^y=o, showing that it 
has parallel asymptotes. 

15. Trace the curve (jh^ — y^)' — 4>^ + IV = o. 

16. Trace the curve x^ —j^ — x^ -j- 2>^ = o. 

17. Trace the curve ji^-\')^ — x^— ^ = 0, and show that it is 
symmetrical to the line x=y. 

18. Putting k in place of the second member of equation (i), 
Art. 274, trace the general form of the curve when ^ < 3 and when 

19. Trace the curve x^ — a^y + ar^ + JoV = o ; show that 
there can be no negative values of x. The two branches meeting 
at the origin are said to form a ramphoid cusp, 

20. Trace the curve jfi — 4^/ + 20^^ + a^xy^ = o. 



274 APPLICATION TO PLANE CURVES, [Art. 276. 



XXVI. 
Coordinates Expressed in Terms of a Third Variable. 

276. The form of the . rectangular equation of a curre 
sometimes suggests the expression of each of the coordinates 
X and y as explicit functions of a third or auxiliary variable. 
For example, the equation of the ellipse, 

w^w=^ ('> 

suggests the employment of an auxiliary variable ^, such that 
- = coi^0, whence ^= sinV- Hence we may put 

:x: = a cos ^, y = b sin tp (2) 

Equations (2) have the advantage of expressing x and y 
as one-valued functions of tf^, so that each value of tp distin- 
guishes without ambiguity a single point of the curve. We 
may regard the point (x, y) as describing the whole curve, 
while tp varies from o to 2^. On the other hand, when x is 
taken as the independent variable, y is a two-valued function, 
while X varies from — a to -|- a. 

277. We may now express the equation of a tangent to 
the ellipse in terms of the tp of the point of contact. Thus, 
differentiating equations (2) , 

dx = ^ a sin tf^dip, dy = b cos tpd^f 
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whence 



, dy b 

tan <p =z -f- = cot fb. 

ax a ^ 



Now, substituting their values in terms of tf) for x^ and y^ in 
equation (i), Art. 246, we have, after reduction, 

ay sin ^ -\- bx cos tp =1 ab 

for the equation of the tangent to the ellipse at the point 
(a cos ^, b sin ip). 

In like manner, for the normal at the same point, we have 



a 
y — i sin ^ = y tan fp{x — a cos fp) ; 



that is. 



by cos fj) — ax s\n tj) -{• {c? — V) sin ^ cos ^ = o. 



c • 



7"^^ Cycloid, 

278. In the case of a number of important curves treated 
of in the following articles, the auxiliary variable is suggested 
by the definition of the curve as a geometrical locus. For 
• example, the path described by a 
point in the circumference of a circle 
which rolls upon a straight line is 
called a cycloid. The curve consists 
of an unlimited number of branches 
corresponding to successive revolu- ^'^' 4^3- 

tions of the generating circle; a single branch is, however, 
usually termed a cycloid. 
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Let O, Fig. 43, the point where the curve meets the 
straight line, be taken as the origin, let P be the generating 
point of the curve, and denote the angle FCR by ^. Since 
the arc PR is equal to the line OR over which it has rolled, 

OR = PR = afp\ 

and, since CM = a cos t/7, PM •■= a sin ^, we have 

at:=a(0-.sin^), I 

y = a(i — cos)^. ) ^^ 

In these equations ^ = o, gives the coordinates of the cusp of 
the curve situated at the origin, t/? = tt gives the coordinates 
of the highest point O' or vertex, tp = 27r corresponds to the 
next cusp or extremity of the first branch. 

279. The employment of the two equations (i) is far 
more convenient than that of the single rectangular equation 
which results from eliminating between them. For ex- 
ample, let it be required to find the direction of the motion of 
P and its linear velocity when the circle rolls uniformly with 
the angular rate co. Differentiating equations (l), 

dx = a{i — cos t/^)dip, dy=^ a sin ^d^p 

therefore 

dy sin tb 

tan = -^ = ; ^--7 = cot i ; 

^ dx I — cos ■ ^ ' 

whence, taking in the direction of the motion when tf> in- 
creases, 

0=90 — i^ (2) 
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Again, squaring and adding we have 

is* z= 0^(2 — 2 cos ^)#« = 4(i2 sin« \ ^ di^, 

whence 

Js = 2a sin i^ d//> (3) 

ds 
Writing v for the linear velocity -^-, and 00 for the angular 

d^^ 
velocity -3-, 



V = 2a(M> sin ^^^ = 2 F sin i^, 

where F = aoo is the linear velocity of the centre. 

It readily follows from equation (2) that the chord J?P of 
the circle is normal to the curve, and from equation (3) that 
the velocity of P in uniform rolling is proportional to KP. 

280. The equations of the cycloid when in the inverted 
position are generally referred to the vertex O' as origin. In 
Fig. 43, O' is the point {an, 2a). Taking this as origin, and 
taking the opposite direction of the axis of y as positive, the 
new coordinates are x^ = x — arr, y' = 2a-- y, therefore 

x^ = a{tp — ;r — sin ^) and y' = a(i + cos tp) ; 

but, in this case, it is more convenient to put ^' for ^ — »r; 
thus 

x^ = a(r+smtp%) 

y'=a(i - cos^')-) ^^' 

In these equations, ^' = o corresponds to the vertex at the 
origin, and fp' = ±7t corresponds to the cusps (± an^ 2a), 
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The Prolate and Curtate Cycloids. 
281. The curve described by a point in the plane of the 



Fig. 44. 



rolling circle, either within or with- 
out the circle itself, is called a 
trochoid. Denoting by ft the dis- 
tance CP of the point from the cen- 
tre. Fig. 44, and using the sanne 
notation as in Art. 278, so that OR 
is equal to the arc a\\} subtending the angle RCP, we have 




Prolate cycloid. 



Fig. 45. 




X =^ atp ^ b sin tp 
y = a — b cos ^ 






(i) 



Curtate cycloid. 



When J<o, the curve is the prolate 
cycloid, Fig. 44, and when 6>a, the 
curtate cycloid, Fig. 45. 



The Epicycloid and the Epitrochoid. 

282. When a circle, tangent to a 
fixed circle externally, rolls upon it, 
the path described by a point in the 
circumference of the rolling circle is 
called an epicycloid. 

Taking the origin at the centre 
of the fixed circle, and the axis of x 
passing through A (one of the posi- 
tions of P when in contact with the 
fixed circle), a, J, and X being 
defined by the diagram, we have, evidently, 




Fig. 46. 



a^ = bx. 



a. 
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The inclination of PC to the axis of x is equal to ^ -J- ;|f , 
that is to — T — ; the coordinates of P are found by subtract- 
ing the projections of PC on the axes from the corresponding 
projections of 0C\ hence 



a + 6 
X = (a -f- 6) cos ^ — 6 cos — 7 — ^> 

y = (a + i) sin ^ — i sin — , — ^. 



(i) 



283. If the describing point is taken on the radius CP 
at a distance c from the centre C, the curve described is called 
an epitrochoid. (When c>6, this is a looped curve as in Fig. 
46.) Hence the equations of the epitrochoid are found by 
replacing the projections of h in equations (i) by those of c\ 
thus they are 



x= {a-\-b) cos tp — c cos — ^ — ^, 

/ I i.\ • , , a+b 

y z= [a -[- 0) sni — c sm — 7 — tp. 



. (2) 



In equations (i), the axis of x passes through a cusp, and in 
equations (2), through one of the points nearest to the origin. 
If we change the sign of c, we have 



/ • f \ .1 c -\-b 

x= {a -{- b) cos y^ -\- c cos — r — ^i 

y = (a + 6) sin ^ + ^ sin — r~^> 



. • . (3) 



for the curve described by a point on the radius PC produced 
through C- Thus equations (3) are those of the epitrochoid 
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when di vertex y or one of the joints farthest from O, is situated 
upon the axis of ^. If c = 6, they become the equations of 
the epicycloid under the same circumstances. 




The Hypocycloid and the Hypotrochoid. 

284. When the rolling circle has 

internal contact with the fixed circle, 

the curve generated by a point on the 

circumference is called a hypocycloid^ 

whether the radius of the rolling circle 

be greater or less than that of the 

fixed circle. Curves generated by 

Fig. 47. points on the radius, either within or 

without the circumference of the rolling circle, are called 

hypotroc holds. 

Adopting the notation used in deducing the equations of 
the epitrochoid, we haye (see Fig. 47) 

a 
OC = a — by and x = r^. 

The inclination of CP to the negative direction of the axis of 
X (an acute angle in the diagram) is 



X-fl> = 



a — b 



f'> 



hence the equations of the hypocycloid are 

jp = (a — 6) cos ^ + cos — T — ^1 
y = (a — 6) sin ^ — 6 sin — JT'^ 



•t 



• • • (4) 
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In like manner, the equations of the hypotrochoid described 
by the point P' at a distance c from the centre are 



a — b 
X -=. {a — b) cos ^ + ^ cos — 1~~^» 

a- b 
y =z {a — b) sin i^, — c sin — r — t/.' . 



. . . (5) 



285. The equations of the epicycloid become those of 
the hypocycloid by changing the sign of b. Compare equa- 
tions (i) and (4). So also equations (3) become equations 
(5) without changing the sign of c; because, in equations (5) 
as well as in equations (3), ^=0 gives one of the points 
farthest from the origin (see the dotted curve in Fig. 47). 

These curves may all be included under a common defini- 
tion or mode of generation. For, in Figs. 46 and 47, the 
point C describes a circle whose radius is ^ = ^ -f- ^, b being 
negative in Fig. 47. At the same time, P describes a circle 
whose radius is ^, about the moving point C as a centre. 
The rates of rotation of the radii R and c have a constant 
ratio, but in Fig. 47 the directions are opposite. Now 
putting in equations (3), Art. 283, 



X s r, a-X-b 

a + ^ = ic, — 7^ = w. 



we have 



X =^R cos ^ + ^ cos w0, ) ^ 

J' = i? sin + r sin nt^^ S ^ ' 

in which m is negative when b is negative and numerically 
less than a, as is thexase in Fig. 47. 

In this point of view, the curves are called epkyclics. 
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286. It will be noticed that c and R in equations (6) may 
be interchanged, so that c becomes the radius of the fixed 
circle and R that of the one with moving centre, the relative 
rate of rotation being now i/w. This may be shown geo- 
metrically by means of a jointed parallelogram OCPQt of 
which the sides OC and OQ (of lengths R and c) revolve 
about the fixed point O with rates of rotation having a con- 
stant ratio.* The opposite sides, being parallel to OC and 
OQ respectively, revolve at the same rates about the moving 
centres. Thus P describes the epicyclic, and the order in 
which R and c are taken is immaterial. 

287. The relations in Art. 285 between the constants 
which occur in the form (3) and in the form (6) give 

0=-, a= A, c=c, . . (i) 

for the reduction from the latter form to the form (3). 

From what is shown in the preceding article it follows 
that, when a curve is given as an epitrochoid or hypotrochoid, 
there is a second method of generating it as such. For, 
after the equation is reduced to the form (6), we may inter- 
change R and c (changing m to i/w), that is, put 

R' = c, c' = Ry w' = - , 

pt 

and then find constants a', 6' and c' for a new expression in 
the form (3) by means of equations identical in form with 
equations (i). The resulting values will be found to be 

ac c(a + b) 

a'=-y, y= ^ , c'=a + b. . (2) 

■ ■ 

* See Fig. 48, in which the initial position of OC and OQ is in the axis of x 
and the angular rate of OQ is three times that of OC. 
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288. The following relation between the radii a, J, a' 
and V is noteworthy. The equations above give 

V a-\-b b\ b 

a a a a 

This shows that when a and 6 have the same sign (as in 
the epitrochoid), t' is opposite in sign to a\ and is numerically 
the greater. Therefore the epitrochoid can be generated as 
a hypotrochoid in which the radius of the rolling is greater 
than that of the fixed circle. 

On the other hand, when b is negative and numerically 
less than a, b' is negative and numerically less than a\ the 
curve is a hypotrochoid with rolling circle smaller than the 
fixed circle in each mode of generation, and the numerical 
5um of the ratios is unity. 

289. As an example of the double mode of generation, 
let us take the epitrochoid in which 

a = 2, 6=1 and c = — 

4 

in the form (3), Art. 283, which we have taken as the stand- 
ard, the positive sign of c indicating that in the initial position 
c is measured away from the origin. The equations are 



3 
ic = 3 cos ^ -| — COS 3^, 

4 

3 
y = 3 sin + - sin 3^, 

4 



- . . . . (i) 



SO that, in the notation of Art. 285, 

R=3, ^ = T» w=3. 

4 
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Now equations (2), Art. 287, give 



a' - - 1 J, V = 2j, c' = 3, 



for the constants in the second mode of generation, in which 

the curve is (in accordance with 
Art. 288) a hypotrochoid. 

In Fig. 48, the initial positions 
of the rolling circles (corresponding 
to ^ = o) in each mode of genera- 
tion are shown, together with the 
position of the parallelogram of Art. 
286 for a value of ^ about 25°. 
' ^^* This particular curve is symmet- 

rical to both axes, because the point B nearest to the origin 
falls upon the axis of y. 




Algebraic Forms of the Equations. 



290. When the radii of the rolling and fixed circles are 
commensurable, the points of the circumferences which were 
originally in contact will again be in contact after a certain 
number of revolutions. In this case, the curve will begin to 
repeat itself, so that it consists of a finite number of branches. 
It will then admit of an algebraic equation, which is the result 
of eliminating ^ from its two equations. 

For example, if a = 2&, the equations of the hypotrochoid, 
(5), Art. 284, become 



= (& -|- ^) cos ^, \ 
=z (b — c) sin ^, J 



• (0 



i 
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which, see Art. 276, are the equations of the ellipse 

0? , f 



(6+ c)» + (6 -c)«""^ (^^ 

Thus the hypotrochoid becomes an ellipse when the rolling 
• circle is one-half the size of the fixed circle. Putting c = ft 
in equations (i), we have y = o, showing that the correspond- 
ing hypocycloid is a straight line ; that is to say, every point 
in the circumference of the rolling circle describes a diameter 
.of the fixed one. 

291. In the cycloidal cases, in which c= b, the same fixed 
circle serves in each of the modes of generation, and the cusps 
are situated upon it. In the cases now under consideration 
(the radii being commensurable), the cusps divide the circumr 
ference into equal parts. The epicycloids and hypocycloids 
may, in these cases, be distinguished by specifying the number 
of cusps, say r, together with, if necessary, the number of 
rth parts of the circumference covered by one branch. If 
more than one segment is thus covered, the branches cross 
one another. 

In the case of the proper hypocycloids, which lie within 
the fixed circle, the sum of the radii of the rolling circles in 
the two modes of generation must, by Art. 288, be equal 
to a. Thus there is but one three-cusped hypocycloid, and 
in it the value of ft is either ^a or |a; but there are two five- 
cusped hypocycloids, one of which is generated when b = ^a 
or fa, and is uncrossed, while the other, which is crossed or 
has double points, is generated when ft = fa or fa. 

Again, if ft = a, we have a one-cusped epicycloid which 
simply surrounds the fixed circle. (This curve is known as 
the cardioid and will be discussed later under another defini- 



286 



APPLICATION TO PLANE CURVES. [Art. 29 1 



tion.) But if 6 = 2a, we have an epicycloid with a single 
cusp, one branch of which enwraps the fixed circle twice. 

The Four^cusped Hypocycloid or Asiroid, 

292. The four-cusped hypocycloid may be generated by 

a rolling circle whose radius is J that 
of the fixed circle, as indicated in Fig. 
49, or by one whose radius is | of a* 
Putting 6 = Ja in equations (4), Art. 
284, we have 

X = —a cos tj) -| — a cos 3?/', 

Fig. 49. y = -a Sin ^ — -a sin 3^-. 

4 4 

By means of the formulae 

cos 3^ = 4 cos^^ — 3 cos ^, 




sin 3^ = 3 sin — 4 siir^, 



these reduce to 



X = a cos*^, 
y = a sinV 



:} 



Eliminating ^, we have 

^ + y = ^ » 

an equation which, when freed from radicals, is found to be of 
the sixth degree. This curve is sometimes called the Astroid. 

Employment of m as an Auxiliary Variable. 

293. When a curve whose rectangular equation is given 
has a multiple point at the origin, it is frequently coiivenient 
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to express x and y in terms of w, where y = mx. If the curve 
is of the nth degree and has r branches passing through the 
origin, the straight line whose equation is y = mx cuts the 
curve r times at the origin, and can therefore cut it in no more 
than n — r other points. In fact, if we substitute y = mx in 
the equation, every term in the result will contain x"" or a 
higher power of x. Dividing by of we then have an equation 
of the (n — - r)th degree for x in terms of w. 
294. For example, given the curve 

x^ — laxf- + 2ay* = o, 

which is of the fourth degree, and has a triple point at the 
origin. Putting y =■ mx, we have 

0^ — (3aw' — 2am^)c(^ = o, 

and, rejecting the factor x^ which gives three roots equal to 
zero, 

X = 3am^ — 2am^ ; 
whence 

y = 3am' — 2am*. 

Thus X and y are, in this case, one-valued functions of m; 
and, by giving particular values to m, we may determine as 
many points as we please upon the curve. The 
values of m which make x and y vanish deter- 
mine the tangents at the origin. They are, in 
this case, m= o and w = |. It is clear that, 
as m increases from o to J, the line y = mx 
turns about the origin, and the point (x, y) upon 
it describes a loop of the curve returning to ^^^' 5^- 
the origin, see Fig. 50. As m increases from f to 00 , jp and y 
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pass from o to — 00 the point {x^ y) describing the branch 
in the third quadrant. Finally, as m changes sign and passes 
from — 00 to o, ^ becomes positive and y negative, and the 
point {Xi y) describes the branch in the fourth quadrant 
returning to the origin. , 

295. The maximum values of x and y occurring in the 
loop may be determined from their expressions in terms of 
m. Equating to zero the derivative of x, we thus find f» = i 
and f»= o; the former gives the point (a, a) (A in the dia- 
gram) at which ^ is a maximum, and the latter the origin, at 
which X in the cusp is a minimum of the variety shown in 
Fig. 27, Art. 133. 

In like manner, from the derivative of y, we find w^ = o 
and w = f ; the former corresponds to a double root for 
which the derivative does not change sign, and the latter 
gives the point of maximum ordinate at about (0.95a, 1.07a). 

These values determine the loop with considerable accu- 
racy. The branch in the fourth quadrant is equally well 
determined by the point B for which w = — i, namely, 
(a, — ia), and the slope at that point, as given by the value 
of dy/dx. 

296. The method is equally applicable when the origin is 
an isolated point or acnode. For example, the symmetrical 
curve 



gives 



«»= *+'"' 



f = 



(I +m'y' 
4>«' + tn* 



Here x and y cannot become zero, nor can they become in- 



§ XXVI.] EXAMPLES. 289 

finite. The value m = o gives the points (± 2, o) on the 
axis of x^ and m = 00 gives (o, ± i) on the axis of y. Treat- 
ing )? as a function of m^, it is readily shown that m = ± |/2 
gives points of maximum ordinates at (± ^ 4/6, ± f 1/3). 

Examples XXVI. 

1. The locus of the point M in Fig. 43 was called by Roberval 
**the companion to the cycloid." Show that it is a curve of sines 
(see Fig 12, p. 63) symmetrical to the centre of the rectangle 00' and 
therefore bisects its area. 

The area between the two curves regarded as generated by the vari- 
able line PM parallel to OX is readily perceived to be equal to the area of 
the semicircle^ which is generated by this line when the point M describes 
a diameter of the circle regarded as fixed. In this way Roberval proived 
that the area of the cycloid is three times that of the generating circle. 

2. Prove that in the trochoid, as well as in the cycloid, the line 
PR is a normal and is proportional to the actual velocity of P in 
uniform rolling. 

3. Determine the ordinate of the point of inflexion in the pro- 
late cycloid. d^ — b^ 

4. Using the general equations (6), Art 285, show that points of 
inflexion occur when 

cos im — i)tb = -. — i — r-v,, 

^ ^^ m{m-\~ i)cP 

and hence show that the epitrochoid has points of inflexion when the 

numerical value of c lies between b and — ;— ., and similarly for the 

a-\-o 

hypotrochoid. 

5. Derive the algebraic equation of the two-cusped epicycloid with 
cusps on the axis of x, 4(jc* -{-j^ — a^)^ = 270^. 
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6. Show that in the four-cusped hypocycloid the auxiliary angle 
\\) is the inclination of the tangent at (x^y) to the negative direction of 
the axis of x\ find also the value of the perpendicular from the origin. 

/ = a sin ^ cos ^. 

7. Show that in the four-cusped hypocycloid the intercept of the 
tangent between the axes is constant; also that the point of contact 
and the foot of the perpendicular are equally distant from opposite 
extremities of this line. 

8. Determine the value of/ for the epicycloid. 

P=(a + 2d) sin -^. 

9. Trace the curve j?* — ^ -j- 2axj^ = o. 

10. Trace the curve x^ -\-^ — ^axy^ = o. 

11. Trace the curve x^-^-^ — ^aj^y = o. 

12. Trace the curve x^ -\-j^ — 2a^xy = o. 

13. Trace the curve x^ — ^ -{- (2>' — xy = o. 

14. Trace the curve y* — 96^^^ -f" looa^jt-^ — or* = o, which has 
been called *'Ia courbedudiable.'' Determine maximum and mini- 
mum values of x. 

15. Trace the curve x^ + J^ + (>(i^y — 8^ = o. 

16. Trace the curve od^ -\-y^ — ^x'^y — 3a>^ = o, determining 
points by putting m =z i, and finding the slope at those points. 

17. Trace the curve or* — ax^y — axy^ -f- a^j^ = o, showing that 
the line j^ = mx touches the curve when m z^ 1 and when w = — 3. 
Find a maximum value of x by solving iory, 

18. Trace the curve x*" — 2a^x^ — 2a}^ -|- 3a^ = o, showing that 
it has nodes at points corresponding to w ;= ± i. 
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Polar Equations. 

297. When the equation of a curve is given in polar 
coordinates, we shall assume that it is solved for f, that is to 
say, given in the form r = f{d\ Let s be the length of an 
arc of the curve measured in the direction in which in- 
creases. Then, as Q increases, the point P in Fig. 5 1 moves 

ds 
with the velocity j-. Let PT, a portion of the tangent line, 

represent is\ then, producing r, let the rectangle PT be com- 
pleted, and let ^ denote the angle TPS\ 
that is, the angle between the positive 
directions of r and s. The resolved ve- 
locities of P along and perpendicular 

dr ^ rdd ^ 
to the radius vector are y- and -rp, the 

at at 

latter being the velocity which P. would ^^®* S«- 

have if r were constant ; that is, if P moved in a circle de^ 

scribed with r as a radius. Hence we have 



PS = dr and PR = rdd. 




From the triangle PST, we derive 



rdd , ^ rdd ^ dr 

tan ^ = -^-, sm 1^ = ^, cos ^= -, . (,) 
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and 

ds' = df' + f^d0' (2) 

In accordance with the assumption that ds has the sign of 
d6, we write 

%=i^[^+{%y] (3) 

and we infer from the second of equations (i) that the 
value of tfy will always be either in the first or in the second 
quadrant. 

The first of equations (i) is equivalent to 

298. It is frequently convenient to employ in place of 
the radius vector its reciprocal, which is usually denoted by 
u; then 

I , , d« 
f = -, and dr = « (5) 

Making these substitutions, equations (3) and (4) give, in 
terms of u and 0, 

%=W\.^+{m)] (^) 

and 

du 
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Polar Subtangents and Stibnormals, 

299. Let a straight line perpendicular to the radius vec- 
tor be drawn through the pole, and let the tangent and the 
normal meet this line in T and N respect- 
ively; then the projections of PT and 1[* 
PN upon this line, that is OT and ON, 
are called respectively the polar subtan' 
gent and the polar subnormal. In Fig. 52, 
OPT = ^ ; whence 



and 



^d6 de 

Or = rtan^ = f»^ = -^, 



^^^ dr du 

ON =r cot f/^ = ^= - 




Fig. 5a. 



d(^ 



u^dO' 



Fig. 52 shows that the value of OT is positive when its 
direction is ^ — 90® ; that of ON is, on the other hand, posi- 
tive when its direction is tf + 90®. 



The Perpendicular from the Pole upon the Tangent. 

300. Let p denote the perpendicular distance from the 
pole to the tangent; then, from Fig. 52, we obtain 






4'"+C)] 



• • • 



(0 



ds 



These expressions give positive values for ^, because — is 

du 

assumed to be positive, and Fig. 52 shows that p has the 
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direction — 90° ; ^ being the angle which the positive 
direction of s makes with the initial line. 
Equation (i) may be written in the form 

I d^ 



and, transforming by the formulae of Art. 298, we have 



^=«'+Q 



Critical Points. 



(2) 



301. The critical points of a curve with reference to polar 
coordinates (analogous to the horizontal and vertical points 
of Arts. 127 e/ seq.) are those for which ^ = o, and those for 
which ^ = 90°, while - has a finite value. In the first case, 
the radius vector is tangent to the curve. As the moving 
point P describing the curve passes through such a point, dr 
has a finite value while dO = o. Both the polar subtangent 
and the perpendicular p then vanish (see Arts. 299 and 300). 
Unless the point is at the same time a point of inflexion, d 
has a limiting value such that, as Q passes through it, two real 
values of r become equal and then imaginary. 

In the second case, when ^ = 90*^, the radius vector is 
normal to the curve. We now have p = r, while the sub- 
tangent is infinite and the subnormal vanishes. The radius 
vector will, in this case, generally have either a maximum or 
a minimum value. 
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Zero Values of r. 

302. Let f=:0 when 6 takes the value d^\ then, as 
passes through the value 6^y the point describing the curve 
reaches the pole moving in the direction of the straight line 
whose inclination is 6^. Accordingly, the equations of Art. 
297 show that ^ = o or 180®, and ds = ± dr. In general, r 
will be found to pass through the value zero and become 
negative as 6 passes through the value ^j, so that the curve 
lies as usual upon one side of the tangent line. 

As an illustration, let us take the curve 

r= a cos 6 cos 26 (i) 

Here f = o when cos 6 = and when cos 26 = 0, that is, 
when 6 = go^j 45*^ or 135°. The dotted lines in Fig. 53 are 
the tangents at the pole. When d = o, 
r =^ a. Hence the generating point, start- 
ing from A, describes the half loop in the 
first quadrant while increases from o to 
45°. When 6 passes 45°, r becomes nega- ^'^- 53- 

tive, as indicated in the diagram, but it returns to zero when 
d = 90°, the point (r, 0) describing the loop situated in the 
third quadrant. As passes 90°, r again becomes positive 
and the loop in the second quadrant is described. Finally, 
while passes from 135° to 180°, r is again negative, and the 
point A is reached with the values r = — a, = 180°. 

In this example, the change of ^ to ^-|-;r, in equation 
(i), changes the sign, but not the value of r; and, since 
(r, 0) and (— r, + tt) represent the same point, the curve 
repeats itself when varies from ;r to 2;ry from 2;r to 3;r and 
so on. 
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303. The maximum positive and negative values of r will 
be found to correspond to = o and S = ± tan~^5. But the 
form of the loops is better determined, in this case, by the 
maximum value of the ordinate y when the initial line is 
taken as the axis of x* From equation (i), we have 

y = r sin fl = a sin ^ cos B cos 20 = Ja sin 4^. 

The maximum positive and negative values occur when 
46^ = ^;r, \ny |;r, etc., that is when B = \n^ |;r, \n and \n^ 
and the numerical value of the maximum is in each case ^. 



The Lemntscate. 
304. The curve whose polar equation is 

f« = a« cos 20 (I) 

known as the Lemntscate of Bernoulli^ will serve to illustrate the 
case in which the value of d which makes r = o is also a limit- 
ing value of 0, Art. 301. In equation (i), putting cos 20 = o, 

we have 0"= 45°, and 0= 135° for the 
\L values which make r^ = o. When varies 

from o to 45°, f is a two-valued function 
Fig. 54. having numerically equal positive and nega- 

tive values. These values decrease from the initial value ±a 
to zero. Thus the two generating points, starting from A and 
-S* Fig. 54, describe the half-loops in the first and third quad- 
rants, and meet at the origin, forming a point of inflexion. As 
passes through 45°, the values of r become imaginary, and 
so remain for all values between 45° and 135°; the rest of 
the curve being described when varies from 135® to 180°. 
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Or we may regard the whole curve as described while ti varies 
continuously from — J«' to + J«', the whole right-hand loop 
then corresponding to positive values of r. 

305. In finding the maximum ordinates» we may put the 
function / = r* sin^tf. a maximum. Thus, from equation (i), 

s\T?d cos 26^ = a maximum ; 
whence 

2 sin d cos cos 2^—2 sin^6' sin 2d = o, 
or 

sin d cos 3^ = 0. 

The root sin 6^ = makes y* (but not y) a minimum ; but 
cos 3^=0 gives 5 = ± 30® for the vectorial angles of the max- 
imum ordinates. The corresponding values of y are ± ^a 4/2. 



Polar Equations involving only Trigonometric 

Functions of ft 

306. When, in the polar equation r =/(^, only trigono- 
metric functions of angles commensurable with d occur, r will 
be a pmodic function of d and the period will be commen- 
surable with 2;r. Thus the period of r = a cos ^0 is 4^ be- 
cause adding ^n to 6 is equivalent to adding 2;r to ^6, In 
other words, the radius vector returns at ^ = 4?r, for the first 
time, to its initial value, a. Since this period ^n is a multiple 
of 2n, the generating point returns to its initial position, and 
the curve is completed when the vectorial angle has made two 
complete revolutions. 

Again, the period of r = a cos 26^ is n, because adding 
n to 6 adds 2;r to 2 9, that is r returns to its initial value a 
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when 6 = ^. But the generating point does not return to its 
original position until = 27t when the curve is completed. 

In each of these examples, the student should trace the 
curve, noting how the generating point completes its circuit 
with alternately positive and negative values of r. In each 
case, the loops so formed are similar ; and in the second case 
(there being two corresponding to values of each sign, because 
the period of r is ;r), the curve consists of four equal loops. 

307. In general, the curve is completed with n revolutions 
of the vectorial angle, where n is the least integer which makes 
2«7r a multiple of the period of r. But, when n is an odd 
number, it may happen that the curve will be completed when 
6 = fiTT] namely, when the addition of njr to 6 changes the 
sign but not the numerical value of r. We have had an ex- 
ample in the curve of Art. 302, in which the period of r is 2;r, 
but the addition of ;r to 6^ changes r to — r, hence the curve 
is completed when d = tt. 

Again, in r = a cos 3^, the period of r is |;r, and 2;r is a 
multiple of this period. But the addition ot Tttod changes the 
sign of r, hence the curve is completed with three equal loops ' 
when = Tt; arid, when varies from tt to 2;r, these loops are 
repeated with values of r opposite in sign. 

Again, for the curve r = a cos iO the period off is 6?r, so 
that « = 3 ; but, for the same reason as in the preceding exam- 
ples, the curve is completed when S = 3?r. 



TAe Lima f on of Pascal. 

308. The curve obtained by producing the radius vector 
of a given curve by a fixed amount is called a protraction of 
the given curve with respect to the pole. The protraction of 
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a circle with respect to a point on its circumference is a curve 
named by Pascal the Limagon. Taking the diameter through 
the given point O on the circumference, Fig. 55, as the initial 
line, and denoting the radius O^Q by a, the polar equation of 
the circle whose radius is a is 

OQ = 2acos^. . . (i) 

Hence, if b is the constant amount of 
protraction, 

r = 2a cos d-}- b . 

is the equation of the limagon. 
The equation 

r = 2a cos 6 — b , 

represents the same curve. For, if in 
equation (2) we add tt to 6^ we obtain 




Fig. 55. 



r = — 2a cos 0-{-b — -- {2a cos (^ — 6), 

the negative of the value corresponding to in equation (i); 
thus 6+ TT in equation (2) gives the same point that gives 
in equation (3). 

309. If we join ^, the moving point on the circumference 
of the circle, with its centre O', the angle QO'A is double the 
angle QOA or 0, Hence it is evident that the limagon may 
be generated by the epicyclic method of Art. 285. The 
radius O'Q here revolves with double the angular rate of QP. 
Thus the equations of the curve, as referred to the origin 0\ 
may be written in the form 



X = b cos + a cos 20, 
y= 6 sin 5+ a sin 20 



:| 



300 APPLICATION TO PLANE CURVES, [Art. 309. 

in which, comparing with equations (6), Art. 285, 

i? = 6, c =a, f» = 2. 

Since m is positive, the curve is an epitrochoid, and denoting 
the values of its constants when written in the form (3), 
Art. 283, by a', V and c', they are, by equations (i). Art. 
287, 

a' = i6, y = i6, d = a. 

Thus the lima^on is an epitrochoid in which the fixed and 
rolling circles are equal. 

310. In accordance with Art. 288, the limagon may also 
be generated as a hypotrochoid, the constants for this mode 
being, by equations (2), Art. 287, 

a"^--a, i"=2a, c" = fc. 

Thus the fixed circle is, in this case, identical with the pro- 
tracted circle drawn in Fig. 55, and the rolling circle has a 
radius equal to the diameter of that circle. The initial posi- 
tion of the point of contact is at O, and the centre of the 
rolling circle lies always on the circumference of the fixed one ; 
for example, it is at Q in Fig. 55 when the generating point 
is at P. 

The lima^on in which ft>2a does not pass through the 
pole O, and therefore forms a single oval as in Fig. 56. 

The Dygogram. 

311. The lima9on occurs in the graphic representation of 
magnetic forces introduced by Archibald Smith, Esq.,* in 



* Transactions of the Institution of Naval Architects y vol iii, p. 70. 
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1862, into the Theory of the Deviation of the Compass in 
iron ships. By the principles of Mechanics, the several forces 
are represented by lines having proper directions and magni- 
tudes, and their joint effect is obtained by laying them off 
successively, end from end, beginning at a fixed point. The 
forces which vary in direction relatively to the meridian for 
different positions of the ship's head are two in number, 
known respectively as the semicircular and the quadrantal de- 
viating forces. They are constant in magnitude; and, as 
the ship swings completely round, 
the former makes one revolution in 
direction and the latter two. Hence, 
when laid off from O' (the end of a 
line representing the constant force), 
they take just such positions as O'Q 
and QP in Figs. 55 and 56, which 
revolve one at twice the angular rate 
of the other, and the final point P 
describes a lima^on as explained in 
Art. 309. 

The limagon thus used, with points corresponding to 
different headings of the ship marked upon its perimeter, 
is called the Dygogram,* and serves to determine the direction 
of the total magnetic force for every position of the ship's 
head. 




Fig. 56. 



* A contraction of dynamo — gonio — gram from Svva/iiif force, and yonviay 
angle. Mr. Smith in his diagram laid off from the fixed point the slowly rotating 
line representing the semicircular force (which is usually the larger, as O'C in 
Fig. 56). The locus of its extremity is the dotted circle. From points of this 
circle the lines representing the quadrantal force were then drawn at inclinations 
in each case double that oiOCt as in the construction of the epicycle. The oppo- 
site order of construction, as in DithCs Compensation of the Compass ^ p, 31, cor- 
responds more directly to the definition of the curve as a lima^on. 
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Fig. 57. 



The Cardioid, 

312, When 6= 2a, the lima^on becomes a cusped curve^ 
which, by Art. 309, is the epicycloid formed when the fixed and 

the rolling circles are equal. In Fig. 57 
the cardioid is drawn with its cusp on the 
right. Denoting the diameter of the fixed 
circle by a, the polar equation of the curve 
in this position is 

r = a(i — cos 0) = 2a sin* \d, . ( i ) 

If the tangent common to the fixed and the 
rolling circle at their point of contact be 
drawn, the equality of the arcs OT and FT shows that the 
radius vector OP is bisected at right angles by the tangent 
at Q. It follows that the locus of Q is 

r ^ a sin' i^^ . . . ... . (2) 

a cardioid of one-half the linear dimension of the locus of P- 
The locus of the foot of the perpendicular from a fixed point 
upon a tangent to a given curve is called a pedal of the given 
curve. Hence it follows that the cardioid (2), represented 
by the dotted line in the figure, is the pedal of the circle whose 
diameter is a, with respect to a point on its circumference. 

Transformation to Rectangular Coordinates. 

313. The equations of transformation from rectangular to 
polar coordinates, the origin being the pole and the axis of x 
the initial line, are 



X = r cos 6?, y = r sin 0. 
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In the reverse transformation the trigonometric functions 
are expressed in terms of sin d and cos B. Then, substituting 
y/f and x/r respectively for these, and clearing of fractions, r 
is finally eliminated by means of the relation 

f3 = jc2 + /. 

For example, in the case of the lima^on, equation (2), Art. 
308, becomes 

X 

r ' 
whence 

x^J^y^= 2ax+hj^{x^ + f), 

and clearing of radicals, we have 

(^jj _[- ff - ^ax{o(? + /) + (4a' - V)x' - 6y == o 

for the rectangular equation. 

The equation indicates a double point at the origin ; but, 
when h > 4a, the tangents at the origin become imaginary and 
the origin appears as an isolated point, the curve then having 
the form given in Fig. 56. 

The rectangular equation of the cardioid, equation (i). 
Art. 3i3» is - 

(^ + ff + 2cl{o(?+ f) — ^y = o. 

Infinite Values of r. 

314- When r becomes infinite for a finite value of 0, the 
curve r-=f{6) has a point at infinity in the direction indicated 
by this value of 6. Compare Art. 261, in which the direction 
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ratio m is the value of the ratio ~ or' tan 0. when re, y and r 

become infinite. 

The infinite branch of the curve will have an asymptote, if 
the perpendicular upon the tangent has a finite limit when 
the point of tangency recedes to infinity. It is obvious from 
Fig. 52, p. 293, that when P is at infinity the subtangent OT 
coincides with p. Hence if d^ is the value of which makes 
r infinite, the perpendicular upon the asymptote will be 

r T \ or 7" • the former being laid off in the direction 
dr]e, dttjtf, ^ 

Oy — 90** when positive, and the latter in the 
direction d + 90° when positive. 

315. The expression deduced below is some- 
times more convenient. In Fig. 58 the line 
OB is drawn through the pole in the direction 
6^. Then, dropping the perpendicular PB from 
a point P of the curve upon this line, we have, 




Fig. 58. 
from the triangle OPB, 



PB=r sin (6^ - 6). 

• 

Now, if the curve has an asymptote parallel to OB, it is 
plain that, as approaches Sj, the limiting value of PB will be 
equal to OR, the perpendicular from the pole upon the asymp- 
tote. Hence, if the curve has an asymptote in the direction 
0,, the expression 

OR = [f sin {6, • 0)\, 

which takes the form 00 -o, will have a finite value, and this 
value will determine the distance of the asymptote from the 
pole. Fig. 58 shows that when the above expression is posi- 
tive OR is to be laid off in the direction 0^ — 90®. 



\ 
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If, upon evaluation, the expression for OR is found to be 
infinite, we infer that the infinite branch of the curve is para- 
bolic. 

316. In the special cases, when ^^ = o and when Q^ = 90®, 
the expression for PB becomes — r sin d and r cos S, respect- 
ively. In rectangular coordinates (the axis of x being the 
initial line, and origin the pole), these are — y and x respect- 
ively. In fact it is obvious that in these cases, namely when 
the asymptote is parallel to one of the axes, the perpendicular 
from the origin is either the value of y when x is infinite, or 
the value of x when y is infinite. 

For example, in the polar equation 

r = a (sec B + ^^ ^» 

f is infinite when B = 90® ; hence we take 

rv = r cos ^ = a(i + sin 6'). 

The value of this when d = 90° is 2a; there is therefore an 
asymptote perpendicular to the initial line at the distance 2a 
from the pole. In other words x ^=z 2a is the rectangular 
equation of the asymptote. 

The curve in this illustration is the Strophoid, Fig. 40, 
p. 257, referred to the vertex of the loop as pole. 

Points of Inflexion. 

317. When, as in Fig. 52, the curve lies between the tan- 
gent and the pole, it is obvious that r and f will increase and 

dp 
decrease together ; that is, -j- will be positive. When, on the 

of 

other hand, the curve lies on the other side of the tangent, 
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■J- will be negative. Hence at a point of inflexion -j- must 

change sign. It follows that, except at the pole, a point of 

dp 
inflexion can occur only where -7- = o. 

at 

318. This criterion can be put in a form more convenient 

in application as follows : Taking the derivative of equation 

(2), Art. 300, with respect to w, 

"■ f^du" ^^'^^dOdffdu' 



hence 



( 



d?u\ __ I dp 



and since 



dr 
du= ---^f 



this may be written in the form 

^"^de^- p^' dr' 

Now, since p is always positive, it follows that the sign of 

dp ' 

— is the same as that of 

dr 

** + d^^ (0 

hence at a paint of inflexion this expression must change sign. 
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Spirals. 

319. When f{d) in the polar equation r ='/{0) is not a 
periodic function, the curve is not completed when 6 passes 
over a limited range of values^ and it becomes necessary to 
consider all values of ff from +00 to — 00. Curves of this 
kind are called Spirals. Successive revolutions of the radius 
vector give an unlimited number of successive portions or 
whorls of the spiral. 

Let us first suppose that the infinite value of 6 gives a 
finite value of r. In this case there will be an asymptotic 
circle ; that is to say a circle to whose circumference the suc- 
cessive whorls of the spiral approach indefinitely. - 

320. As an illustration, let us take the equation 

_ a0^ 
^ — ffjk J (0 

Equal positive and negative values of give the 
same value of r ; hence the curve is symmetrical 
to the initial line. When increases without 
limit, r approaches the limiting value a, the point Fig. 59. 
(r, 6) describes an infinite number of whorls approaching with- 
out limit to the asymptotic circle r =^ a drawn in Fig. 59. 
When varies from o and i , r is negative and varies from O to 
infinity, (r, 6) describing the branch in the third quadrant. 
Evaluating the expression for the perpendicular upon the 
asymptote. Art. 315, we have 

r . ,0 r.-. r aS^ sin (i — (9)n 

[r sm (^. - ^;],_ = [^-^ . -;3T-]. = - i- 

The angle = i is the radian corresponding to 57° 18', 
nearly, and, since the expression for the perpendicular on the 
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asymptote is negative, its direction is tfj -j- 90** = 147° 18'; 
consequently, the position of the asymptote is that given in 
Fig. 59. When d>i, r becomes positive and rapidly de- 
creases to approach the limiting value a. 

321, It is obvious that the branch thus described contains 
a point of inflexion. To determine its position we employ the 
criterion of Art. 318. Thus, equation (i) is equivalent to 



whence -r- = -5 , and __ = _ -tf-*; 
dd a dS* a ' 



therefore « + ^ = I(i — $-* — 60-* ) 

^ ■ 

Putting this expression equal to zero, the real roots are 

» = ± y3. 

and it is evident that, as passes through either of these values, 
the expression w+ 3-3 changes sign. Hence the points of 

inflexion are determined by 

'e^ ± ^3- and r = ^. 

2 

The angle ^ = 1/3 corresponds to nearly 100°. 
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The Spiral of Archimedes. 

322. When the infinite value of Q makes r infinite, the 
spiral has an infinite number of whorls of increasing magnitude. 
An example is furnished by the simplest of all spirals, that of 
Archimedes, in which the radius vector is 
proportional to the angular coordinate, so 
that the equation is 

f=flff (i) 

The distance between successive whorls is 
constant and equal to 2na, Since r = o 
when d = o, the curve touches the initial 
lines at the pole, as in Fig. 60. 

The equation r = aJd'\-h represents the same curve in a 
different position, for we may write it in the form r = a{Q + ff^), 
showing that the curve differs only in the direction with which 
it reaches the pole. This spiral is, in fact, the only curve 
which is identical with its protractions. 

Negative values of r in equation (i) give a similar spiral 
symmetrically situated to a perpendicular to the initial line. 




Fig. 60. 



The Reciprocal Spiral 

323. When the infinite value of r makes r = o, the spiral 
has an infinite number of whorls approaching the pole but 
never reaching it. The Reciprocal Spiral whose equation is 

a 

^ furnishes an example. See Fig. 61. The value 
of a in the diagram is that of r when is the 
Fio. 61. radian about 57*^.3. When fl= o, r = 00. 
Hence there is a point at infinity in the direction of the initial 
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line; and, proceeding as in Art. 316, we have 

a sin d 



y = rsin = 



d 



Evaluating this fraction for ^ = o, we have y = a; hence the 
line 

y = a 
is an asymptote. 

The Logarithmic or Equiangular Spiral. 

324. The spiral whose equation is 

r = oe** (i) 




log r = log a + n^ . . . (2) 

is called the Logarithmic Spiral, Supposing 

n to be positive, r = 00 when ^ = -^ 00 , and 

Fig. 62. r = o when ^ = — 00. The curve therefore 

consists of an infinite number of increasing whorls when Q is 

positive, and it approaches the pole with an infinite number of 

decreasing whorls when d is negative. See Fig. 62. 

Substituting in equation (4), Art. 297, we find for this 
curve 

cot //? = « ; 

therefore the curve makes a constant angle with its radius 
vector. For this reason, it is also called the Equiangular 
Spiral,* 

• From the property of the stereographic projection of the sphere, that angles 
are unchanged in magnitude, it follows that the stereographic projection upon the 
equator of the Loxodromic curve (which cuts the meridians at a constant angle) is 
an equiangular spiral. 
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It is readily seen that successive whorls cut any radius 
vector in points whose distances from the pole are in geomet- 
rical progression. Again, the equation r = he^ represents the 
same spiral, only so turned about the pole that the radius vec- 
tor whose length is h coincides with the initial line. Thus 
the logarithmic spiral is identical with all its similar curves. 

Examples XXVII. 

1. Prove that, in the case of the lemniscate r* = a* cos 2^, 

ds d^ r* 

f=2e+^7t, ^=^-, and > = -,. 

2. Find the value of/ in the case of the curve r" = a*' sin n6, 

p=a (sin ney-^' 

3. In the case of the parabola referred to the focus 

2a 

r = 



I +C0S ^' 

prove that ^ = ar, 

4. In the case of the equilateral hyperbola r^ cos 2^ = a', prove 

that / = — . 

r 

5. In the case of the ellipse r = — ^^ ^ — ^, the pole being at 

the focus, determine/. _ ^(i — ^) 



f/(i — 26 cos a -|- ^)" 

6. In the case of the cardioid r = a(i — cos G)y prove that 
^ = \d, and that r« = 2af. 



a^ 



7. Trace the spiral r* = ^, which is known as the LHuus, finding 
the asymptote and the point of inflexion. 
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8. Find the polar subtangent of the sp iral r(eg-\- e-^) = a. 

a 



9. Find the subtangent and the subnonnal of the spiral of Ar- 

ds A/ia^ + r*) 

chimedes, and prove that -^ = -^-^ ■ -. 

*^ dr a 

10. Determine the as3rmp totes of the hyperbola from its polar 

equation referred to the fodis, namely, 

I — tf cos d 

IX. Prove that the condition which determines points of inflexion 

d^u 
in polar coordinates, namely, that u -f — shall change sign, is equiv- 

/dr\ 3 d^r 
alent to the condition that r* -|- 2 l-^j — r-^ shall change sign. 

12. Show that the curve r6 sin d = a has a point of inflexion at 

2a 
which r = — . 
n 

13. Show that the curve rff^ = a has points of inflexion deter- 
mined by ^= i/[»i(i — «)]. 

14. Show that, if the curve r = "Q-r^^ has an asymptote whose 
inclination to the initial line is 6^, the perpendicular on it will be 

except wheny(/9j) is infinite. 

15. Show that the curve r(2fl — i) = 2a6 has an as)rmptote de- 
termined by ^ = I, / = — ^, and a point of inflexion determined by 
the real root of the equation 2^ — ^ — 2 = 0. 
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16. The Conchoid of Nicomedes is defined as the protraction of a 
straight line, so that its polar equation is 

r =1 a sec 6 ±,b, 

(Compare Ex. XXIV. 20.) Show from this equation that the maxi- 
mum ordinate corresponds to cos'^ = t-, and the points of inflexion 

to a root of 

3' cos*5 + ab cos^d — 4^^ cos^ff — 206 cos ff + 40^ = o. 

17. Trace the curve r = a(2 sin ^ — 3 sin'6'). 

18. Trace the curve (^+y^)* — 4tfV>* = o, first converting to 
polar coordinates. 

19. Trace the curve r* = a* sin 36*. 

20. Trace the curve r= a cos^O, finding maximum ordinates 
and abscissae. / 

21. Trace the curve r = 2 + sin.|6', finding three double points. 

22. Trace the curve r cos d = a cos 26, finding an asymptote. 

23. Trace the curve r cos 20 =: a. 

24. Trace the curve r* = a* cos 26. 

25. Trace the curve r = a{cos B + cos 20), showing that there 
is a cusp at the origin and two double points. 

26. Trace the curve r* sin ^ = a' cos 20. 

27. Trace the curve r* cos 61 = a* sin 3ft 

a0 

28. Trace the curve r = 3— — ; — 3. 

c' + sin u 

29. The locus of the points the product of whose distances from 
two fixed points is constant is known as /he Cassinian OvaL Show that 
the polar equation of the Cassinian, when the fixed points are (±a, o) 
and the constant product <?, is 

r* — 2aV'cos 26^ + ^ "" ^ = <>• 

Show that the curve becomes a lemniscate when c = a, and consists 
of a single oval surrounding the lemniscate or two ovals within its 
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loops, according as c>tf or c<a. In the latter case, determine the 
values of B and r when r is tangent to the curve. 

sin 2^ = ± -^; r = y(a* — c*). 
30. Show that the rectangular equation of the Cassinian is 
(jc3 4-y)2 + 2a2(y- jr2) + a* -c* = o; 

thence show that the curve has maximum ordinates at points where 
r = a, and that double tangents and points of inflexion exist when 
2a>c>a. 



XXVIII. 

The Measure of Curvature. 

325. Regarding a line ks the path of a moving point, its 
curvature is measured by the rate at which the direction of the 
motion changes as the point moves uniformly along its path. 
Thus the curvature of a straight line is zero, because there is 
no change of direction. The curvature of a circle is the same 
for all its points, because if a point P moves uniformly in the 
circumference its direction (being always perpendicular to that 
of the uniformly rotating radius OP) changes at. a uniform rate. 

For any curve other than the circle, the curvature varies 
from point to point. Denoting, as usual, the arc described by 
the moving point by is, and by the inclination of the curve 

at P to the axis of jc, -^ is the rate of change of direction, and 

ds 

7- is the rate of the point's motion. Hence the relative rate 

d^ 

^ is the measure of the varying curvature. 
as 
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The Radius and Circle of Curvature, 

326. When the point P moves with a constant linear rate 
in the circle whose centre is O and whose radius is a, the arc 
described in the time dlis ds = ad<p, because OP revolves with 

the angular rate -^, so that ds subtends the differential angle 

d<t) at the centre O. Therefore 

defy I 

^— - _^ • 

di a' 

that is to say, the measure of the curvature of a circle is the 
reciprocal of its radius. 

When the curvature is variable", the reciprocal of the meas- 
ure of curvature at any point is called the radius of curvature 
for that point, and is denoted by p. Thus 



ds 



(0 



is the radius of a circle of which the curvature is the same as 
that of the given curve at the given point. In Fig. 63, let 
PC, equal to the value of p for the 
point P of the curve APj be laid off 
upon the normal on the concave side 
of the curve. Then the circle with 
centre at C, and radius equal to p, 
not only touches the given curve at 
P, but has the same curvature. This 
circle, represented by the dotted line 
in Fig. 63, is called the circle of curva- 
ture for the point P. If 5 is meas- 




Fig. 63. 



ured from the fixed point 4, so that the direction AP is posi- 
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tive, the figure represents the case in which increases 
with 5, and therefore p is positive. Hence we infer that, when 
p is positive, it should be laid off from P in the direction 
-|- 90**. The point C so found is called the centre ofcurvalure, 

327. In Fig. 19, p. 97, a group of curves is represented 
passing through a common point in a common direction. Of the 
two curves AB and A'B' lying above the tangent line, A'W^ 
which has the least curvature, (and therefore the greatest 
radius of curvature,) lies between the curve AB and the tan- 
gent, on each side of the point of tangency. This will neces- 
sarily be the case, at least in the immediate neighborhood of 
the point of contact, when the radii of curvature differ in value. 
Thus, if a number of circles were drawn touching the given 
curve at P, in Fig. 63, any one with radius greater than p 
would lie on the convex side of the curve in the immediate 
neighborhood of P, and any one with radius less than p would 
lie on the concave side. 

Now, except at points where the radius of curvature has 
either a maximum or a minimum value, it will be increas- 
ing or decreasing in value as the moving point passes through 
the given position. For instance, in Fig. 63 it is represented 
as increasing as we pass through P in the direction AP. 
Accordingly, the curve lies on the concave side of the circle 
on the side of P toward A^ and on the convex side of the circle 
beyond P. Thus the circle of curvature generally crosses the 
curve, as well as touches it, at the point of contact. 

328. When the rectangular coordinates of a curve are 
given in terms of a third variable, the value of p is readily 
expressed in terms of this variable. 

For example, in the case of the cycloid, equations (i), Art. 
278, the values of and of ds are given in equations (i) and 
(2), Art. 279, Substituting in the expression for p, 
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ds 

This result shows that p is in value double of the chord PR 
in Fig. 43. 

In particular, putting ^ = o, we see that p vanishes at the 
cusp, and putting tp = 7C, p has for the vertex O' its maximum 
value 4a. In accordance with the preceding article, the 
circle of curvature for the vertex will lie on the upper or 
concave side of the curve on each side of the vertex. A 
slightly smaller circle touching the curve at the vertex would 
lie below the curve in the immediate neighborhood of the 
vertex and would cut it in points on each side. 

The Radius of Curvature where the Curve is 
Parallel to one of the Axes, 

329. When = o, that is, at points where the tangent to 
the curve is parallel to the axis of x^ we have dy = o and 
therefore ds = dx^ and also d tan = ^0. It follows that at 
these points 

d<p d tan d^y 
ds "^ dx ~ dx^* 

Denoting the radius of curvature at this particular point by 
Po, we have then 

^0=^ (0 

dx^ 

In like manner, at a point where the curve is parallel to 

d}x 
the axis of y^ the measure of curvature is -j-^. Hence for a 
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** vertical '* point of the curve, we have 

I 

The values of the special derivatives involved in these 
formulae are very readily found in the case of any algebraic 
curve. For we have seen, in Art. 168, that when {a, b) is a 
point of the given curve, 






y — b' 



But, if = o at the point (^, b), the value of this expres- 
sion is zero, so that ; -^ takes the indeterminate form - . 

Evaluating this last expression, we have 

dy ~ 

(^ - ^)'J., 6 2(^ - a)_^^, ""0-2 ^d,,; 

Therefore ^1^ ^ = 2 /"J]" J ^, and substituting in equa- 
tion (i), 

^^ = 2-(737ji,, (3) 

In like manner, we obtain for the vertical points of the 
curve 






• (4> 
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330. For example, in the case of the ellipse, 

the curve is parallel to the axis of x at the extremity (o, b) 
of the minor axis; whence, for this point, by equation (3), 

x^ -| 

Putting the equation in the form 



we derive 



^ = ^(y - *^, 






/)o = 



In like manner, the radius of curvature at the point (a, o) is 

found to be — . 

a 



The Locus of the Centre of Curvature^ or Evoltite. 

331, A clear conception of the mode in which the curvature 
of a given curve varies is best obtained by a consideration of ike 
locus of the centre of the circle of curvature. Suppose P in Fig. 
63 to move along the curve, carrying with it a plane in which 
are drawn two fixed straight lines intersecting at right angles, 
and let these lines coincide at every instant with the tangent 
and normal at P to the given curve. Then the motion of this 
plane, as it slides over the fixed plane, consists of a rotation 
about P combined with the motion due to the linear motion of 
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P. Now the motion of this plane might equally well be de- 
fined as a rotation about any other point of it, combined 
with the linear motion of that point. Let us take, for this 
purpose, that point of the moving plane which, at the in- 
stant represented in the figure, is situated at C. This point 
has no motion at the instant ; for, if each of the two com- 
ponent motions first mentioned became uniform, the motion of 
the plane would become simple rotation about C, P then de- 
scribing the circle of curvature. C is therefore called the 
instantafieous centre of the motion of the plane. 

It follows that the motion of the centre of curvature in the 
fixed plane is simply that due to the change in the value of p ; in 
other words, C moves in the direction of the normal to the given 

dfi 
curve, and at the rate -r-, which is its rate in the moving plane, 

as it moves along the line FC of that plane. The curve de- 
scribed by C is called the evolute of the given curve, and the 
motion of the plane may now be defined by the rolling of the 
line PC drawn in it upon the evolute drawn in the fixed plane. 
332. As an illustration, the evolute of the ellipse is drawn 

in Fig. 64. The values of ACy^ 
and JBC2, the radii of curvature at 

6» 




the extremities of the axes, are 



a 



a* 



and -r- respectively, as found in 

Art. 330. As P moves from A to 
B in the ellipse, C moves from C^ 
Fig. 64. to Ci, describing an arc touching 

each axis. Similar arcs correspond to the other quadrants of 
the ellipse. 

It will be noticed that cusps of the evolute correspond to 
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maxima and minima values of p. If a solid piece having the 
arc Cfi^ for its convex outline be made, we can suppose the 
quadrant BA of the ellipse to be described by the extremity 
of a string Cfi which is wound upon the arc CjZy* 

The Radius of Curvature in Rectangular Coordinates. 

333. To express p in terms of derivatives with reference 
to X; we have 

whence 





d?y 
i<t> ds? 




"'Mtr 


therefore 




• 


dx do^ 



(I) 



In this expression, p has the sign of t^ » and therefore, by 

Art. 98, has the positive sign when the curve is concave as 
viewed from above, and vice versa. This will be found to 
agree with the rule for the direction of p given in Art. 326. 



* In the approximate construction of an arc of a curre by means of circular 
arcs, in mechanical drawing, the evolute of the arc to be drawn is practically 
assumed to be a polygon instead of a cunre. 
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334. For example, to express the radius of curvature of 
the ellipse 

in terms of the abscissa, we have 



y= ±\^{c?^:f). 



a 



Differentiating, 



^ _ bx 



and 



dx ai/(a»-ie»y 



<Py _ ab 



^^""^ ' + V^/ = (^{a^ - ^) ' ^"^ substituting in equa- 
tion (i), Art. 333, 

the upper sign corresponding to the upper or convex semi- 
ellipse, and the lower to the concave half. Supposing 6 < a, 
and putting j^{c? — V^) =z ae, where e is the eccentricity of the 
ellipse, this becomes 
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335. A more symmetrical expression for p is obtained by 
using derivatives with respect to a third variable, say t\ we 
then have (compare equation (2), Art. 86) 

iy dx (Py dy ^x 

^ _idf , d(f) di'df^'^diW 

= tan _- whence -r- = - 
^ dx' "* 

dt 

Therefore 



" " m+($] 



[(l)V(|)'] 



[ 



^~~ dx d-y _dy ^ ^^' 

dldF dt~W 

If in this expression t denotes time, it gives the value of 
p in terms of the component velocities and accelerations of P 
along the axes. By Art. 326, this value when positive is to be 
laid off on the left hand of the direction in which the point is 

moving. 

When y is the independent variable, we may write 

^= d^ ' ^3) 

df 

which is positive when the concave side of the curve is on the 
right, just as expression (i), Art. 333, is positive when the con- 
cave side is upward. 

336. When s is taken as the independent variable, the 
numerator of expression (2) becomes unity, and the denomi- 
nator, which is now the value of the measure of curvature, is 

I _^dxd^y dy <Px 

p'~ ds d^ ds ds^ ^' 
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But this expression may be simplified by means of the relation 

(i)'+(i)=. (») 



and its derivative 



dx^x dyd^y __ 

iz ~in \ iZTTi — ^ (3) 



ds d^ ^ ds ds* 



d?x ^y 

Eliminating successively j^ and -~ from equation (i), we de- 



rive 



dx dy 

ds ds , - 

^=^=-^ (^> 

ds^ ds" 

Again, eliminating the two first derivatives, we obtain 



fi'~\ds^)^\ds') ' 



The Equation of the Evolute. 

337. Denoting the coordinates of C in Fig. 63 by yf and 
y, we have, by projecting upon the axes the line PC = p, 
whose inclination to the axis of :c is + 90, 

dy 
ac' = re — psin = :r — p-^, . . . (i) 

dx 
y = y+pcos0=y-{-p-^. ... (2) 
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Hence, using equation (i), Art. 333, 



H 



-dJ 



■dyV 

^3=*-—^.$: (3) 



<fy dx 

da? 



1 + 



(I)' 



If, in these equations, y and its derivatives are expressed 
in terms of x by means of the given equation, we have only to 
eliminate x to obtain the equation of the evolute. 

For example, to find the evolute of the common parabola 
'f = 4(w;, we have 

y = 2a x*, whence ^ = "j » 



X' 



/dy\ __ g-j-jc 
W " "IT"' 



i + bz = -I— » and 



Substituting in equations (3) and (4) , 






2X* 



^ = 2a + 3x, y = p, 

a* 

and eliminating jc, we have 

27ay' = 4(5/ — 2a)K 
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Therefore the evolute of the parabola is a semi-cubical parab- 
ola (Art. 250), having its cusp at the point (a^, o). 

338. One or both of the equations (3) and (4) may be 
replaced by similar equations in which y is the independent 
variable, so that x and y are interchanged throughout. For 
example, using the results obtained in Art. 334, equation (3) 
gives for the ellipse, 

a* ~" a* • • • (2) 

Since the equation of the ellipse is unchanged when we inter- 
change X and y and at the same time a and d, we infer at once 
that the corresponding equation with y as independent variable 
would give 

yJ^^ O) 

Eliminating both x and y between equations (i), (2) and (3), 
we obtain 

which is therefore the equation of the evolute drawn in Fig. 64. 

ds 

339. Substituting -^- for p in equations (i) and (2), Art. 

337, we obtain the formulae 

ciy dx 
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which are convenient when x and y are expressed in terms of 
a third variable. For example, in the case of the cycloid, 

X = a{^ — sin ^), y = a(i — cos t/j), 
we have, as in Art. 279, 

dx = a{i — cos i^)dfp, dy = a sin ipdt/^ 

and = 90 — i^, whence d<p := — ^d^. Substituting in the 
formulae, we find 

x' = a{tl; -{- sin ^), y = — ^(i _ cos ^). 

Comparing with the equations of the cycloid referred to its 
vertex, Art. 280, we see that the evolute is a similar cycloid 
below the axis of ;r, as in Fig. 65 . 

340. This result may also be 
derived geometrically from the 
fact, proved in Art. 328, that the 
radius of curvature is double of 
the chord PR of the generating 
circle. For it follows that (2, the 
centre of curvature, is a point of 
the equal circle RQR' situated 
below the axis of x. Hence the arc R'Q is the supplement 
of PR and therefore equal to the distance (yR\ so that the 
circle RQR' rolling upon the lower horizontal line generates 
the locus of Q, which is thus a cycloid equal to the given one. 

If solid pieces having the arcs of the lower cycloid as 
their convex outlines be employed, as in Art. 332, the upper 
cycloid may be described by the extremity of a string of 
length O'A, having the extremity O' fixed, and being wrapped 
upon the arc O'O and (ys. It follows that the arc 00' is 
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equal to OA = 4^; so that the whole length of a branch of the 
cycloid is eight times the radius ofthe generating circle. 

If the figure be inverted it represents the method in which 
Huyghens proposed to make a particle oscillate in a cycloid, 
to illustrate his discovery of the isochronism of these vibrations. 



The Radius of Curvature in Polar Coordinates. 

341. When the curve is given by means of its polar equa- 
tion we have, Fig. 51, Art. 297, = ^+ ^, whence 

^ ds ds 

*^ "^ d^"^ d¥^\^ ^^^ 

where 

ds^ ^ df» •\- f^d^, (2) 

and 

rde 
^^^ = -^ (3) 

In differentiating equation (3) to obtain an expression for d^^ 
dO may be regarded as constant ; since the result is to be ex- 
pressed in derivatives with reference to 0, Hence 

dr'^ — rd^r ^ 
sec^ ^d^ = j::^ dO^ 



dr 



ds 
and, since sec = ^, 



d^ = ^-i dd. 



ds 
Hence 



jir. . ^1 dr^ ^ ds^ -- rd^r ^^ 

dd + dt/,^ = — ^^—^, de. 
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/ 



\ 



and, substituting in equation (i), we obtain 

P = 



therefore 



or 



{dr^ + ds" - rd^r)dd' 
^ (2flrr» + r'de'^ — rd}r)de' 

342, To obtain p in terms of «, Art. 298, we eliminate r 
from equation (4) thus: 

I ^/;r I //« 
^=~"> then "tt; = j:7Z» 

and 

d}r 2 /rf« \ * I rf'w 



^/(9- 



^ 2 /tf« \ a I d*u 



On substituting these values, we obtain 

It will be noticed that the denominator of this value of p 
contains the expression (i), Art. 318, which changes sign> 
and is therefore usually equal to zero, at a point of inflexion. 
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Relations between p, p and r. 

343. In Fig. 66, if we denote OR by p and PR by r, we 
shall have 

^^ '. p^f sin y;, and r :=,r cos 0. (i) 

Now let P move along the curve at the rate 

is 
A — , then the tangent PR will rotate about P 

d(t> 
at the angular rate --^, and OR will rotate 

about O at the same rate, because these lines are always at right 

angles to each other. The motion of the point R * may be 

resolved into two motions: one in the direction ORy and the 

other in the direction RP, Since the velocity of P in the 

direction OR is zero, the component of the velocity of R in this 

d(p 
direction is r ^- , due to the rotation of PR about P, while 

at 

d<t> 
the component in the direction RP is p-rr- The first of these 

components is the rate of />, since O is a fixed point ; therefore 

dp d(t> ^ dp 

__=^_ whence r=^-. . . . (2) 

The rate of r is the difference between the velocity of P in 
the direction RP, and the component velocity of R in the 
same direction ; therefore 

dt ds d(t> y 1 1 

df^^dT'^lt' °' dr = ds-pd<p. . (3) 



♦The locus of iV is called the p^Ja/ (Art. 313) of the given curve from the 
origin O. The relation between /> and <p gives the polar equation of the pedal, 
<p being the angular coordinate of the radius vector p when measured from an 
initial direction 90° behind OAy that is, downward in Fig. 66. 
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344. By comparing the expressions for r in equations (i) 

dr 
and (2), and putting for cos ^ its value -r-, we obtain 

dp __ dr 

d(f>~~^ds' 
whence 

ds rdr 

^ = 5^ = J/ • (4) 

An expression for p may also be derived from equation (3) ; 
thus, 

ds dr ' 

"=5^ = ^ + 5^ (5) 



or, by equation (2), 



d^p 



Intrinsic Equations. 

34S. The relation between 5 and for any curve is called 
its intrinsic equation, because it is independent of any geomet- 
rical elements exterior to the curve, except the direction 0= o, 
from which is measured, and the point on the curve from 
which s is measured. The intrinsic equation is usually put in 
the form s =1 f{<p) ; and, by preference, is so taken that s van- 
ishes with 0, so that the initial direction (or <f> = 0) is that of 
the tangent to the curve at the initial point. Thus the intrin- 
sic equation of the circle is written s = a0, and the addition of 
a constant only changes the point from which s is measured. 

Differentiation of the intrinsic equation gives at once the 
value of p in terms of ; on the other hand, the determination 
of s in terms of from the value of p, or of ds (as derived from 
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the rectangular equation of the curve), requires in general the 
inverse process of Integration. Curves for which simple ex- 
pressions for 5 exist are said to be rectifiabUy and it is these 
curves which have simple intrinsic equations. 

346. For example, in Fig. 65, we have seen that the arc 
OQ of the lower cycloid is equal to PQ or 2RQ, Reckoning 
from the initial direction OB toward the right, is the 
angle QRBy and RQ = 2a sin ; therefore 

J = 4^ sin (i) 

is the intrinsic equation of the cycloid referred to its vertex. 
This equation gives a maximum value for j, namely 4^1, when 
= ^TT at the point O'. Differentiation of equation (i) gives 

ds = 4a COS0 d(p (2) 

Hence, if continues to increase beyond the value J;r, ds 
changes sign, so that, while Q describes the arc (7B, s in equa- 
tion ( I ) is the algebraic value of the arc with the new branch 
reckoned as negative. Thus s is again zero at the vertex i5, 
and becomes — 4a at the next cusp. 

347, As another illustration, let us find the intrinsic 
equation of the catenary (see note p. 217) of which the rect- 
angular equation is 

/ — — — \ 
y = Ue^^e n (I) 

Here 



^ = L(ec ^e A =tan0 
dx 2\ J 



, • . (2) 
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and 

X X 



ds^=. ^{, + i (.7 _ r 7)'] = ^(.7 + ,- 7j '. 



Hence 

dx 



X _x 



and it is clear that, if we measure s from (o, ^), the point A in 
Fig. 6t, p. 334, we must have 



X _fL\ 



(4) 



because this gives equation (3) by differentiation and makes 
J = o when ;r = o. Comparing with equation (2), we have 

s z=^c tan (5) 

for the intrinsic equation of the catenary. 

The Intrinsic Equation and Radius of Curvature 

Of the Evolute. 

348. If s' and 0' denote the intrinsic coordinates of the 
evolute, we have seen in Arts. 332 and 326 that 

ds' = dp, and 0' = + 90°, whence d(f)' = d{f). 

It follows that j' and p can differ only by a constant depend- 
ing upon the initial point from which the arc is reckoned, so 
that the value of p in terms of gives the intrinsic equation 
of the eVolute. 



334 
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For example, the intrinsic equation of the catenary, equa- 
tion (5) above, gives p = ^ sec'0. 
The minimum value c occurs at 
the vertex .4, Fig. 67, giving the 
cusp A^ of the evolute. If then 
we measure s' from the cusp, ^ve 
shall have j' = p — c =zc tan^<^ ; 
and measuring 0' from the verti- 
cal direction, so that (f}=i (p\ we 
have 




Fig. 67. 



to./ 



s^ z=zc tan'0 



(6) 



for the intrinsic equation of the evolute. 

349. Since p\ the radius of curvature of the evolute, is 
equal to ds'/dtf/^ we have 



P = 



ds 
d^' 






For example, for the evolute above, we find 

f/ = 2C tan sec'0. 

In like manner, given the intrinsic equation of any curve, 
we can find the intrinsic equations and the radii of curvature of 
its successive evolutes. 



Involutes and Parallel Curves. 

350. When a tangent line rolls upon a given curve, any 
point on it describes a curve of which the given curve is the 
evolute. Such a curve is called an involute of the given curve, 
and other points on the tangent describe other involutes of the 
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same curve. For example, the lower cycloid in Fig. 65 being 
given, the upper cycloid is the involute described by the point 
P, and the dotted line is the involute described by another 
point of the rolling tangent. The involutes of a given curve 
form a system of curves having common normals. With ref- 
erence to one another, they are called parallel curves because 
the corresponding points of any two of them are at a constant 
distance measured along the normal. 

351, Denoting this constant difference by c, if j =/(0) is 
the intrinsic equation of a given curve, that of the parallel 
curve is s =/'(0)-|- c0. For the radius of curvature of this 
curve is 

and that of the given curve is y^(0). If (:v, y) and (rvp yj are 
corresponding points on the two curves referred to rectangular 
axes, the inclination of c to the axis ol x is + 90 (in 
Fig. 65, taking the cycloid as the given curve, c is negative); 
hence, projecting it upon the axes, we have 

. iy 

x^— X = ^ c sm <p = ^ c~t 

dx 

Vi- y= ccos0 = c — . 

Hence the equation of a parallel to a given curve is the result 
of eliminating x and y between these two equations and that 
of the given curve. 

352«. From the construction of the involute of a given 
curve it is obvious that a cusp occurs whenever the involute 
meets the curve at an ordinary point (that is at a point which 
is neither a cusp nor a point of inflexion). In Fig. 67, that 



336 APPLICATION TO PLANE CURVES. [Art. 352. 

involute which meets the catenary at the vertex A is drawn ; so 
that, if pj denotes PP^^ the radius of curvature of the involute, 
we have p, = s. Equations (i) and (3), Art. 347, show that 
y = c sec 0. Hence if we join R, the foot of the ordinate, 
with P^f and compare equation (5), we see that PP^R is a 
right angle. Therefore PP^^ is tangent to the involute, and is 
equal to the constant c. It follows that this curve is the path 
of a heavy particle on a horizontal table when attached to the 
end of a string of length c, the other end of which is moved 
along the line OX. The curve is, for this reason, called ^Ae 
Tractrix. 

353. A curve can have involutes which fail to meet it only 
in case there is a portion of the rolling tangent which the 
point of contact never reaches. For example, in Fig. 67, the 
point of contact P* moves along the rolling tangent PCP^^ but 
never passes beyond the fixed point C, at a distance c from 
P. Any point on the same side of C with P describes a curve 
without cusps. Points on the other side obviously describe 
curves with two cusps. 

Again, in Fig. 65, the point of contact travels back and 
forth over a segment of the rolling line equal in length to one 
branch of the cycloid, and points beyond this segment de- 
scribe looped curves without cusps. So also, in Fig. 64, the 
point of contact is confined to a segment equal in length to one 
branch of the cusped curve of which the ellipse is an involute. 
It is only in such a case as this, when the algebraic sum of the 
arcs of the given cusped curve is zero, that the involute can be 
a closed oval. 

354. On the other hand, the involute of a closed oval 
will be a spiral having one cusp, and only one. For example. 
Fig. 68 represents the involute of the circle whose radius is a. 
In this particular case, all the involutes are evidently alike in 
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shape; in other words, the involute of the circle is identical 
with its own parallels, a prop- 
erty shared only by the straight 
line. 

In Fig. 68, let O be taken as the 
origin of rectangular coordinates, 
and OA as the axis of x ; then de- 
noting A OB by ^, BP = atf;, and 
projecting OBP upon the axes, we 
have 




'—X 



Fig. 68. 



X = a cos ^ 
y = a sin ^ 



+ a^ sin ^, ) 
— a^ <Jos fp, j 



for the rectangular equations of the involute of the circle. 
The intrinsic equation of this curve is 

where for the point P is the same as ^ in Fig. 68; for this 
equation gives for the radius of curvature p = a(p. 



Examples XXVIIL 

I. Find the radius of cuivature of the parabola 

at the point where it touches the axis of x. 



Po= 



2a 



3 



d • 



2, Find the radius of curvature of the four-cusped hypocycloid 

x=^ a co^tpy y = d sin*0. 

/o = — 3tf sin ^ cos ^. 



338 APPLICATION TO PLANE CURVES, [Ex. XXVIIL 

3. Find the radius of curvature of the ihree-cusped hypocycloid 

X = a{2 cos ^ + cos 2^), ^^ = a(2 sin — sin 2^'). 

p = — &i sin \p. 

4. Find the radius of curvature of the curve 

X -=. 2a sin 20 cos'0, yzzi 2a cos 20 sin*0. 

p = 4a cos 30« 

5. Find the radius of curvature of the parabola^ = ^ax, 

(a + ^)* 
4/a 

6. Find the radius of curvature of the catenary 



y^\{^^^ '''-)> 



and show that its numerical value equals that of the normal at the 
same point. y^ 



7. Find the radius of curvature ot the semi-cubical parabola 

ay^ =.cfi, 

\ \ 

^^ 6a 

8. Find the radius of curvature of the cissoid 



> = 





J 








(2a 


-"/ 


• 




% 


A> = 


_ a ^x(Sa 
3(2a - 
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9. Find the radius of curvature o^ X\it parabola 

10. Find the radius of curvature of the logarithmic curve 

X 



• cy 
II. Find the radius of curvature of the hyperbola 



jc* y^ 

^2 ■^"■^• 






12. Find the radius of curvature of the cubical parabola 

13. Find the radius of curvature of the prolate cycloid 

X =z atp — b sin ^, y = a — b cos ^. 

_ (a* + ^ — 2ab cos ^) 



^(a cos ip — b) 
14. Find the radius of curvature of the rectangular hyperbola 



xy = m\ 
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15. Show that when « > 2, the radius of curvature of the parab- 
ola of the ffth degree is infinite at the origin, and is a minimum 
where 

y _ V(^- g) ^ 

16. Given the curved + J»r* + a{p^ + j^) =a^. Find the value 
of p at the origin. _ a 

17. Given the curve ao^ — 2l^xy'\- c^ ■=: a^ ■\'}^. Determine 
the values of p at the origin. 

For the branch tangent to the axis of or, po = — ; 

for the branch tangent to the axis of j', Pj = — . 

18. In the case of the strophoidy Fig. 40, p. 257, find the value 
of p at the vertex ; also, after turning the axes through 45°, the value 
of p at the origin. ^; i|/2 . a. 

19. Given the curve a:* — ao^y + <*^ + i*'!^' = o. Determine 
the value of Po. See Ex. XXV. 19. Po = i^« 

20. Find the radius of curvature at the origin, the equation of the 
curve being 

or* — \a:^y — axy^ -|- c^^ = o. 

p^ — a and Po = i^. 

21. Given the curve 3^ — 4ay* + zco^y + c^of^ = o. Find the 
values of Po. See Ex. XXV, 20. 

p^ = — ^, at the cusp; 

p = Ja, for the other branch. 

22. Find the equation of the evolute of the h3rperbola 






(aa;)'-(^)' = (a» + ^* 
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23. Prove that, in the case of the four-cusped hypocycloid 

x=- a cos'^, y= b sin^^, 
the coordinates of the evolute satisfy 

x^ -|-y = a(cos ff) -f- sin ipy and x — j/ = ^(cos tf) — sin ^)*, 

and thence deduce the rectangular equation of the evolute. 

(■^ +y)* + (^' - /)* = 2^'. 

24. Given the equation of the catenary 

prove that 

y = 2j/, and x^ — X — ^le^ + ^^ *), 

and deduce the equation of the evolute. (See Fig. 67.) 

2a 4a^ ^ ' 

25. Find the equations of the evolute of the curve 

AT = c sin 2^'(i 4- cos 2^*), J/ = c cos 2^'(i — cos 2^), 

x' = 2c(— 2 sin ^ cos 3 ^+ sin 2^» cosY)f 
y = 2t:(2 cos ^ COS 30 + COS 2'/' sin^). 

26. Find the radius of curvature of the lima9on 

r = a + 3 cos 6^. 

(g« + 20^ cos g + ^ g)* 
a^ 4- 30^ cos 6^ + 232^' 

27. Show that, for the lemniscate H = a*cos2g, /o = — ; and 

r* 

that, for the equilateral hyperbola H cos 2 g = a*, p = -. 
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28. Find the radius of curvature of the conic referred to its focus 

\ — e cos if 

a(i - g^)(i - 2g ces 6^ 4- ^^ 
(i — ^ cos 6^)' 

29. Find the radius of curvature of the liiuus 

r^e = a\ 

30. Given r^ =z a^ cos wfl, prove that r* + * = a"*/, and thence by 
means of equation (4), Art. 344, prove that 



P = 



r« 



31. From the relation between p and r in the case of the parabola 
referred to its focus, Ex. XXVII. 3, prove by nieans of equation (4) 
Art. 344 the following construction for the radius of curvature of the 
parabola: Join P to the focus F and draw FN perpendicular to FP 
to meet the normal at P in N, then p = 2PN, 

32. Show that the rectangular equations of the catenary in terms 
of a third variable are 

X =1 c log (sec (p + tan 0), j/ = {; sec 0. 

33. Show that the intrinsic equation of the cycloid as measured 
from a cusp is 

s = 4a( I — cos 0) = 8a sin^ \ 0. 

34. Find the radius of curvature of the epicycloid 

.r =: (a + 3) cos tp — b cos "T ^, y = {a -\- b)s\n tj) — b sin jT ^, 

in which ^ = o corresponds to a cusp. 

_ 4<^(g + b) atj) 

9 = ; — T" sm -T-. 

'^ a +2^ 2^ 
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35. Using the general equations of the epi- and hypocycloids 

R R 

X •=. R cos -| cos m<t>y y =. R ^\n -| sin ot0, 

Tfl Tfl 

Art 285, in which ^ = o corresponds to a vertex, show that 

p = — ; — cos \(m — i)^;. 

36. Show that the intrinsic equation of the curve in Ex. 35 when 
= o is the direction of the tangent at the vertex, is of the form 

J = / sin «0, 

where n = — ; — = — ; — ,, so that « < i for the epicycloid, and 

« > I for the hypocycloid. Hence show that the evolute is a similar 
curve of n times the linear dimensions of the given curve. 

37. Denoting by r the number of cusps of an uncrossed epicycloid 
or hypocycloid, show that in the notation of Ex. 36 we have re- 
spectively 

n = — : — and n = 



r -[- 2 r — 2 

38. Show that the intrinsic equation of the evolute of the four- 
cusped hypocycloid j = /sin 20, when measured from the cusp, is 
s' = 4/ sin^0, and transform this equation to its own vertex and 
tangent. 

39. Prove that the centre of curvature of the equiangular spiral, 

Art. 324, is the intersection of the normal and a perpendicular to r 

drawn through the pole; and thence that the evolute is a similar 

spiral which is identical with the given spiral turned forward through 

, TT log n 

an angle . 

** 2 n 

40. Show that the intrinsic equation of the equiangular spiral is 

s = /tf'*0, 

where / is the whole length of the curve measured from the pole 
given by = — 00 to the point where = o. 
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41. From the polar equation of the cardioid 

r = 2a sin' \B^ 

equation (i). Art. 312, derive the radius of curvature 

/> = — sin J^, 

also the intrinsic equation referred to the cusp 

j=:4a(i — cosi0), 

and thence show that the evolute is a cardioid of one -third of the size 
lof the given one. 

42. Show that, in general: to an infinite branch corresponds a 
parabolic branch of the evolute ; to a point of inflexion an asymptotic 
branch ; and to a cusp a branch passing through the given point. 
What exceptional cases can occur? 



XXIX. 

Systems of Curves. 

355. The constants to which arbitrary values may be as- 
signed in the equation of a curve are called parameters of the 
curve, and the curves obtained by giving different values to 
the parameters are said to constitute a system of curves. 

When a single parameter is considered and that admits of 
an infinite number of values (that is to say, of continuous varia- 
tion), the system is called a singly infinite one. Denoting the 
variable parameter by a^ the general equation of a singly 
infinite system is of the form 

Ax,y,a)^o (I) 
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in which different values of a distinguish different members of 
the system. If we suppose a to vary through all its possible 
values, the curve represented by equation ( ) sweeps over the 
whole or a portion of the plane. In fact, if we select any 
point Pp and assume that its coordinates {x^^ y^ satisfy equa- 
tion (i), we have the equation /(xp yp a) =o, by which to 
determine the particular value or values of a for which the 
curve passes through the selected point. 

356. If the equation is of the first degree in a, so that it 
can be put in the form 

-P'i(^» y) + ^Pi(x, y) = o, . . . , ' (I) 

where F^ and F^ are one-valued* functions of x and y, we 
shall have, in general, for a selected position of P, a single 
value of or ; so that one, and only one, member of the system of 
curves passes through the selected point. But, if the curves 

F,{x, y) = o, FJix, y) = o 

intersect, each of the points of intersection will satisfy equation 
(i), independently of a, so that all the members of the system 
will pass through each of these points. It follows that the 
members of the system of curves intersect each other in no 
other points except these fixed ones, and that as a passes by 
continuous variation through all values from — oo to -f- oo the 
curve represented by equation (i) sweeps once over the whole 
plane. 

357. A system of curves of this kind is called a pencil of 
curifes. For example, the circles with centre on the axis of x 

* Thus an equation containing radicals must be rationalized with respect to x 
and ^, before its degree in a can be ascertained. 
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and cutting the axis of y in the point (o, h) form such a sys- 
tern. For, if the centre of one of these circles is at (or, o) its 
equation is y* + (3; — of = 6' -|- ^» ^^ 

iX^'}-f — 2aX'-'b^ = (I) 

The system of circles resulting from making a an arbitrary 
parameter all pass through the two points (o, b) and (o, — 6), 
and may be described as the pencil of circles passing through 
these points, or having a common chord on the axis of y. 
Accordingly, the equation is of the first degree in a, and the 
fixed points of intersection are the intersections of 

^ + y* — t^ = o and 5; = o. 

If we change the sign of 6' in equation (i) we still have a 
pencil of circles ; the axis of y is in this case no longer a com- 
mon chord, but in either case is called tAe radical axis of the 
pencil. 

Envelopes. 

358. In case the equation of the system is other than of 
the first degree in a^ the curves of the system may intersect 
one another in other than fixed points. Let us suppose in the 
first place that 

y(^, y, a) = o (I) 

is of the second degree in a. Then, when the coordinates 
{x, y) of a selected point P are substituted in equation (i), we 
have a quadratic equation for or. If the roots of this equation 
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are real we find two values for or, determining two distinct 
curves of the system which intersect in P. Let P in Fig. 69 
be such a point, and PA, PB the two curves of the system 
thus determined. 

Suppose also that there are positions of P for which the 
values found for a are imaginary, so that no curves of the sys- 
tem pass through these points. 
Then, as P is moved from a posi- 
tion for which a is real to one for 
which a is imaginary, it will pass 
through a position for which the 
two values of cc are equal. The 
locus of the points which give 

equal values of a will, in fact, 

constitute a boundary line sepa- 
rating a portion of the plane in 
which a is real from one in which 
it is imaginary. 

As P is moved up to the boundary line the two curves 
which there intersect come into coincidence. For this reason, 
the point on the boundary line is called the ultimate intersection 
of consecutive curves of the system. 

In general, the ultimate intersections take place at ordinary 
points of the curves of the system, that is to say, at points 
which are not double points or cusps. When this is the case, 
as in Fig. 69, the boundary line touches the curves of the 
system, and is called the envelope of the system. 

It follows that the envelope of a system of curves is the 
locus of the ultimate intersections or points for which a has equal 
roots- 



Fig. 69. 



34^ APPLICATION TO PLANE CURVES. [Art. 359, 

Equations of the Second Degree in a. 

359. When the equation of the system of curves is of the 
second degree in a, it may be written in the form 

Pa* + Qa + ie = o, (I) 

where P, Q and R are, in general, functions of x and y. 
The discriminant of this equation (or quantity which appears 
under the radical sign when it is solved for a) is Q* — 4FR ; 
hence all points for which the values' of a are equal must 
satisfy the equation 

Q^-4PR = o ^ . (2) 

Consider now the locus of this equation in x and y. If in 
passing over any branch of this locus the discriminant changes 
sign, as will generally be the case, it will form a boundary 
between regions of the' plane in which a is respectively real 
and imaginary, that is to say, it will be the locus of ultimate 
intersections and in general an envelope of the system. But 
if the discriminant does not change sign, the branch will not 
form a boundary, and will fail to give an envelope. 

360. For example, the equation of the path of a projectile, 
neglecting the resistance of the air, is 

x^ 

y =1 X tan a ^9 ^t • . . . (i) 

•^ 4H cos^a ' 

representing a parabola in a vertical plane, the origin being 
the point of projection, and a the angle of projection. Sup- 
posing a to vary while H remains fixed, we have a system of 
parabolas in the same vertical plane, being the trajectories 
described with a given initial velocity. It is required to find 
the envelope of this system. Equation (i) is virtually one of 
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the second degree in the arbitrary parameter; for, putting a 
for tan a, it may be written 

4H(y — xa) -H (i + a^)x^ = o, 
or 

x^a^ — 4Hxa + 4Hy -{- x^ = o. 

Comparing with equation (i) of the preceding article P = x^, 
Q = — 4HX and R = 4J?y + *^5 hence equation (2) gives 

x*[4H' - (4Hy + «»)] = o 

for the locus of points for which a has equal values. Here 
we reject the squared factor 0^ because, this factor being 
always positive, the discriminant does not change sign * when 
we cross its locus x = o. The other factor gives the envelope 

x'=4H(H ^y). 



* So in general we reject a factor of the discriminant which appears with an 
even exponent. In this example, the locus of the squared £actor, x' =0, is a 
member of the system, corresponding in fact to a = 00 (when the angle of pro- 
jection is 90**). 

A squared factor will also occur in the discriminant when all the curves of the 
system possess a double point or nod^. For, in that case, the two branches which 
pass through a selected point P (belonging, in general, to different curves of the 
system) will, when P is brought up to the node-locus^ become branches of the same 
curve, and so correspond to a single value of a. Thus the node-locus is part of 
the locus for which two values of a have become equal; but the values remain real 
on both sides of the locus. In like manner, an isolated point or acnode gives rise 
to a squared factor in the discriminant and to a locus on which the values of a 
are equal, but the values are imaginary on each side of the locus. 

When all the members of the system possess a cusp, the corresponding factor 
in the discriminant will occur as a factor of the third or higher odd-numbered de- 
gree, so that the cusp-locus does form a boundary between regions of a real and a 
imaginary, but it is easily distinguished from the envelope whose factor occurs in 
the first degree. In fact, the node locus and the envelope which would exist, if the 
members of the system were looped curves, may be regarded as coming into coin- 
cidence when they become cusped curves. 
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which represents a parabola with axis vertically downward and 
focus at the origin. 

This envelope constitutes the boundary separating* the 
points of the plane which can be hit by properly choosing a 
from those which cannot be reached. For points within it» 
there are two values of a, that is to say, two angles of eleva- 
tion, which can be used. For a point upon it, there is but a 
single value of «. 

General Method, 

361. Denoting by A a the difference between two values 
of or, 

fix, y, a) = (I> 

and 

f{x, y, a + Aa) = (2) 

are the equations of two members of the system of curves, 
such as those passing through A and B, Fig. 69, p. 347, 
which can be brought as near as we please to coincidence by 
diminishing da, A point of intersection of these curves, such 
as P, Fig. 69, will satisfy both these equations, and therefore 
also their difference, 

Ax. y, « + ^oc) —/{x, y, a) = O. . . . (3) 

Regarding /(x, y, a) simply as a function of a, the first mem- 
ber of equation (3) is /3/{x, y, a), which vanishes identically 
when we put /ja = o to obtain the ultimate intersection. But, 
if we divide by ^«, the ratio Af/Aa approaches a limiting 
value when Ax is diminished ; for, by Art. 40, we have 

4/fa» y> ^) n __ df\x. y, a) 
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Hence equation (3) becomes at the limit 



d 



a 



— o, . . • • • • \4/ 



and this equation is satisfied by that ultimate intersection 
which lies upon the curve (i), in other words, by the point of 
tangency of the curve (i) and the envelope. It follows that, 
if we eliminate a between equations (i) and (4), we shall have 
an equation satisfied by all the points of ultimate intersection. 
In other words, the equation of the envelope is the result of 
eliminating a between the equations 

/{x, y, a) = o, ) 
fix. y, a) = o, f ^^^ 

where /' stands for the derivative off with respect to a. The 
result is called the discriminant of equation (i) with respect to a. 
362. For example, let us find the envelope of the system 
of ellipses whose axes are fixed in position, and whose semi- 
axes have a constant sum. Denoting the constant sum by c, 
the equation of the varying ellipse is 

"2+7 '^J = '^ (0 

Taking the derivative with respect to or, 



whence 



20^ 2f _ 



§ A 



a =0—1 ^ and c-- a^ c —^ 5 



» 
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andy substituting in equation (i), we find 

(^*+y ) =^- 

Therefore the envelope is the four-cusped hypocycloid. Art. 
292. 

Two Variable Parameters. 

363. When the given equation involves two parameters, 
a and >5, it represents a doubly-infinite system of curves, unless 
there is a given relation between the parameters (like that be- 
tween the semi-axes of the ellipse in the preceding example), so 
that one of them can be eliminated. Instead of eliminating 
one of the parameters at once, it is, however, sometimes 
preferable to proceed in the manner illustrated by the follow- 
ing example : 

The centre of a circle which passes through the origin 
moves upon the equilateral hyperbola 

required the envelope. Taking for the two parameters the 
coordinates of the centre, the equation of the circle is 

or 

«:* + /-- 2a:c — 2;^y = 0, . . . . (i) 

and the relation between the parameters is 

a* — /S(8 = a» (2) 



I J 
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The derivative equation, to be combined with these, is now 
found by eliminating the ratio ifi : da from the differential 
equations. Thus, from equations (i) and (2), we have 

xia = — yd/S and ada = /3d ; 
whence 

x/3=i^ya (3) 

From equations (i) and (3), which are of the first degree with 
respect to a and /3, we find 

and substituting in equation (2), we have 

for the equation of the envelope, which is therefore a lemnis- 
cate (see Art. 304). 

TAe Evolute Regarded as an Envelope. 

364. We have seen (Art. 332) that the evolute of a curve 
is tangent to all the normals. Hence, if the equation of 
the normal to a given curve is expressed in terms of a single 
parameter, the evolute may be found as an envelope. 

For example, the coordinates of a point on the hyperbola 



y? ^ 
V 



T5-t5= ^ 



when expressed in terms of an auxiliary variable, are 

^ = a sec ^, y = 6 tan ^ ; 
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hence the equation of the normal at this point is 

a 
y —b tan ^ = — ^sin tl>{x — a sec 0), 

or 

by'\-ax sin t/^ = (a' + ^) ^^^ ^, . . . (r) 

in which ^ serves as an arbitrary parameter for the system of 
normals. Taking the derivative with respect to ^, 

ax cos ^ = (a^ + 6') sec' V^, 
or 

X = sec Y (2) 

Substituting this value of jc in equation (i), we find 

y=-— ^tanV (3) 

■ 

Eliminating ^ between equations (2) and (3), we have for the 
envelope 

(ajc)'-(6y)'=(a» + 6»)' (4) 

Envelopes of Straight-line Systems, 

365. It should be noticed that, whenever the system is 
one of straight lines, each of the equations f{x, y, or) = o and 
f{Xy y, «) = o is of the first degree with respect to x and y ; 
and therefore it will always be possible to express x and y in 
termar of ^ as a third variable, although the final elimination 
giving the rectangular equation may not be practicable. 
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For example, let us find the envelope of the reflected rays 
when parallel rays of light fall on a y^ 

semicircular mirror. Let AP, Fig. — 
70, a ray parallel to the axis of x, a 
meet the circle at P, where the an- 
gle FOR at the centre is a. Then, 
because the angles of incidence and 
reflection APO and OPR are equal, 
the inclination of PR to the axis of 5p is 
2a, It follows that the intercept OR 
= ia sec a. Hence the equation of 
the reflected ray may be written 




Fig. 7a 



y cot 2a z=i X — ia sec a. 
The derivative with respect to a is 

2y a sin a 



(0 



whence 



sm^2ar 2 cos'-'a 



y :=a sm'of, 



V2) 



(3) 



and substituting in equation (i), 

X = ia cos ar(3 — 2 cos^a) (4) 

Comparing these equations with Art. 282, we see that the 
envelope is the two-cusped epicycloid in which the radius of 
the fixed circle is ia and that of the rolling circle is Ja. 

Envelopes of this character are called causticSy and a cusp 
like that at (Ja, O), the limiting position of if in Fig. 70, is called 
the /ocus (burning point) because a large number of reflected 
rays pass very nearly through it. 

366. Another example of the envelope of a system of 
straight lines is the curve of which a given curve is the pedaL 

In Fig. 66, p. 330, if the curve BPC is given, the locus 
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DKE of Ry the foot of the perpendicular upon the tangent 
from a fixed point O, is called the pedal of BPC* Conversely, 
when DKE is given, BPC is called its negative pedal with respect 
to the pole O. Thus the negative pedal is the envelope of the 
perpendicular to the radius vector OR at its extremity. 

Now using r and & to denote the polar coordinates of the 
point R on the given curve, the equation of the perpendicular 
will be 

X cos tf + y sin 6^ = f, (1) 

in which we now regard as the arbitrary parameter, while r 
is a known function of 6. Taking the derivative, we have 

— X sin 6 -f- y cos 6 z= —, . . . . (2) 
and eliminating y and x successively, we obtain 



dr 
X = r cos — ,7, sin 6^, 

au 

y z= r sin 6 -j- -jL ^^^ ^» 



(3) 



the rectangular coordinates of the negative pedal. 

367. For example, let it be required to determine the nega- 
tive pedal of the strophoid, the node being the pedal origin. 

The polar equation of the strophoid referred to its node, 
found by transforming equation (i), Art. 257 (and reversing 
the direction of the initial line), is 

a cos 26^ 



f = 



= a (cos — sin ff tan 6) ; 



cos 6 

whence 

dr 

-7^ = — a sin 6(2 + sec'^). 
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Substituting in equations (3) of the preceding article, and 
reducing, we have 

jc = a sec*^ and y = — 2a tan 0\ 
whence, eliminating ^, 

y' = ^a{x — a). 

Hence the negative pedal is a parabola whose vertex is 
situated at the point (a, o), the vertex of the strophoid. 

Examples XXIX. 

1. Find the envelope of the system of parabolas represented by 
the equation 

y = 7 (-^ - o')* 
in which a is an arbitrary parameter and c a fixed constant. 

27c 

2. Find the envelope of the circles described on the double or* 
dinates of an ellipse as diameters. jt* ^ _ 

a>+ ^+ 3«""" ^' 

3. Find the envelope of the ellipses, the product of whose semi- 
axes is equal to the constant c'. 

The conjugate hyperbolas, 1:^ = ± c*. 

4. Find the envelope of a perpendicular to the normal to the pa- 
rabola, y^ = 4^^:, drawn through the intersection of the normal with 
the axis. y^ = ^{jia — x). 

5. Show that the hyperbolas given by the equation 

— |-- = i, when a + /? = c, 

form a pencil, and therefore do not admit of an envelope. 

6. A circle moves with its centre on a parabola whose equation is 
y'^ = ^ax^ and passes through the vertex of the parabola ; find the 
envelope. The cissoid, j^i^x + 2d) -(- ^ = o. 
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7. A straight line cuts the coordinate axes in such a manner that 
the product of the intercepts is constant and equal to c^\ find the 
envelope. o^ = \c^. 

8. A perpendicular to the tangent to a parabola is drawn at the 
point where the tangent cuts the fixed line x = c; find the equation 
of the envelope of this perpendicular. 

The parabola, ^^ = — ^c[x — a — c). 

9. Circles are described upon the double ordinates of the parabola 
y^ = ^x\ determine what portion of them fail to touch the envelope 

of the system. 

a 

10. Find the curve to which y —mx -j is tangent. 

1 1 . The centre of an hyperbola passing through the origin, and 
having asymptotes parallel to the axes, moves upon the circle 
jp3 -|-^2 = a*; find the envelope. x^ji^ = a^{x^ +>'')• 

12. Find the envelope of the parabolas 

(which touch the coordinate axes at the distances a and ft from the 
origin), when afi = ^. i6xy = c*. 

13. The intercepts a and /5 of a straight line on any two coordi- 
nate axes are connected by the linear relation 

find the envelope. 

The parabola, {y — nxY — 2ncx — 2cy + c* = o. 

14. Find the envelope of the system of curves, 

when 
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15. From a point in the ellipse perpendiculars are drawn to the 
axes 'y find the envelope of the line joining the feet of these perpen- 
diculars. 



©'+ (I)' = ■• 



16. A straight line of fixed length a moves with its extremities on 
the two rectangular coordinate axes; determine the envelope. 

17. Let a perpendicular to the line AB in example 16 be drawn 
through the extremity which slides in the axis of x ; find the en- 
velope, and prove that it is one of the involutes of the astroid whose 
semi-axis is 2a, x = a sin^a cos a -^ a cos 



J/ = a sin a cos*a. 



"•} 



18. Find the envelope of the circles whose centres are on the 
fixed circle j^ +j^ = a^ and which touch the axis of x. 

The two-cusped epicycloid 4(jf®+>^ — ^')* = 27^^, 

19. Find the equation of the evolute of the parabola j^=4aXf 
using the equation of the normal in terms of its direction-ratio, viz., 

y = mx — 2am — am^. 

2jaj^ = 4{x — 2a)\ 

20. Find the equation of the evolute of the cycloid, by means of 
the equation of the normal in terms of ^. 

The equation of the normal is 

sin , 

' I — cos tf) ^ 

The equations of the evolute are 

X = a(tf? -j- sin tp) and y= — a(i — cos 0). 

Compare Art. 339. 

21. From any point C on the circumference of a circle whose 
radius is a an ordinate to the fixed diameter ^^ is drawn, and 
through the foot of the ordinate a perpendicular to the chord AC i^ 
drawn ; find the equations of the envelope of this perpendicular, and 
trace the curve. 
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Denoting by B the angle BAC^ and taking the origin at A^ we 

derive x^ 2a cos'^(3 -— 2 cos'^), > 

^^ = — 4a sin ^ cos'^. j 

Th€ curve is symmetrical to the axis of x, 6 = o gives the paint B^ 
= 30° gives a ctisp^ and 6 = 90® a cusp at the origin, 

22. In the figure of Ex. 21, the foot of the ordinate is joined to the 
middle point of ^C; find the envelope, and show that it is the same 
as the result of Ex. 21, with A and B interchanged. 

X = 2a cQs^d cos 29^ 1 
y z=z 2a sin*^ sin 2^. J 

The curve is the three-cusped hypocycioid, 

23. Determine the negative pedal (see Art. 366) of the parabola 
y^ = /^ax with respect to its vertex. 

The semicubical parabola {x — 4a)* = 2 7q>^. 

24. Determine the negative pedal of the cissoid 

sin2^ 

r = 2a . 

cos d 

y = — %ax, 

25. Prove that the negative pedal of the spiral of Archimedes is 
the involute of the circle. 

26. Show that the negative pedal of the curve r = 3 sin w^ is de- 
termined by 

jc = 3 sin md cos — md cos mO sin 6, ) 
^^ = 3 sin m6 sin 6 -]- Pid cos m0 cos 6, ) 

being a hypocycloid or an epicycloid, according as m is greater or 
less than unity. 

27. Find the caustic of the circle when the incident rays pro- 
ceed from a point on the circumference. 



The cardioid or = |a cos 26 — \a cos 4^, 

>/ = |a sin 20 — Ja sin ^0 



;•} 
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- - - — — — 

28. Derive the polar equation of the negative pedal of the curve 

r'* =. a^ cos mB. 
The rectangular equations are 

X = a(cos mff) m cos (i — ot)6', y = a(cos mff) *** sin(i — m)0. 
Whence, denoting the polar coordinates of the pedal by r^ and ^', 

tan ^' = — = tan(i — ^1)6^, and r'=a(cosw6') m . 



Therefore, eliminating 6^ 



m\ 



mB' 



r' ' -*• = a^-^ cos • 

I — »r 



CHAPTER VIII. 



Functions of Two or More Variables, 



XXX. 



Partial Differentials. 

368. When u denotes a function of the single variable x, 
the differentials which measure at any instant the rates of 
variation of x and u are connected by the equation 

iu =f'{x)dx, 

where fix) is the derivative of u with respect to x> Accord- 

du 
ingly. when j- is used as the symbol of this derivative, du in 

the numerator is the measure of the rate of u due to the varia- 
tion of X. Now if u is also a function of y, the du in the 

du 
symbol -r- for the derivative with respect to y is a new quan- 
tity, having a like relation to the variation of y. These two 
quantities, which we may distinguish at present by the sym- 
bols dxU and dyU, are called partial differentials of u, while du, 
which measures the actual rate of u when both x and y v^iry, 
is called the total differential of u. 

369, We have seen in Art. 86 that, as a consequence of 
the rules of differentiation, the total differential of any func- 
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tion expressible in terms of the elementary functions is the 
sum of the partial differentials ; or, in the present notation, 

du = dxU + iyU. 

We shall now show that this is true for all continuous func- 
tions, as a consequence of the relation between differentials 
and finite differences. 
Let 

«=/(*, y)» (I) 

u' = f\x + ^ap. y) (2) 

w"=/(a;+^5P, y+^y); .... (3) 

then if A^u denotes the increment due to increasing x by Ax^ 
and a like meaning is given to AyUy while Au indicates the 
increment due to an increase in each variable, we have 

A^u =z u' —u, Ay = u" — u, Au = u" — M, 

whence 

Au = A^u + AyU' (4) 

Dividing each member by Ai^ the increment of time corre- 
sponding to Ax and Ay, we have 

Au _ Ajt AyU' 

'Ai''^~^'~Ar ^5^ 

Now, by Art. 24, each of these ratios has for its limit the 
corresponding rate; in other words, it differs from the rate 
by a quantity e which vanishes with At. Thus we may write 



du _ djcU , , , ^' 
dt +^~ dt +^+ di 



^7 + ^ = -^+^+-^+^^ • . . (6) 
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in which t, ef and tf' vanish with At. But, when At = o. 
Ax = o and, by equation (2), w' = w; hence, when At = o, 
equation (6) becomes 

du __ d^ dyU 

dt^ii'^'dr ^^^ 

Therefore 

du = d^u + dyU. ...... (8> 

This principle is readily extended, by the same method, to 
functions of several independent variables. 

Partial Derivatives. 

370. The theorem of partial differentials is sometimes 
written 

du ^ du ^ 

^"^ = Tx^'' ^ i^^y^ <'> 

in which the coefficients of dx and dy (which are the deriva- 
tives of u with respect to x and to y) are called partial de-- 
rivatives. Their numerators, though identical in form, are, 
as shown in Art. 368, really equal to d^u and d^u respect- 
ively. The absence of distinctive marks will however pro- 
duce no confusion, if it is understood that the fractional form 

du 

-j~ will be used only to express the derivative of u with respect 

to X, no matter how many independent variables may be 
under consideration. 

371, I{ X and y are made functions of any other variable 
tt u becomes a function of /, and equation (i) gives 

du ^du dx .du dy 
^"dxdi^dy^ ^^^ 
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in which the derivative of u with respect to i is expressed in 
terms of the partial derivatives due to its expression as a 
function of the two independent variables * x and y. 

Geometrical Representation of Partial Derivatives, 

372. Let the independent variables re and y be rectangu- 
lar coordinates of a point R in the horizontal plane, and let u 
be the vertical third coordinate of a point P in space ; then 

is the equation of a surface. If a plane parallel to the plane 

of xz be passed through Pi?, y will have a constant value in 

this plane ; hence when y is regarded as a constant, equation 

(i) will become the equation of the intersection of this plane 

with the surface. It follows that if i/.-^ is the inclination to 

the plane of xy of the tangent at P to this curve, tan ^^ will 

represent the derivative of u with respect to x. Denoting, in 

like manner, by ^^ the inclination of a line tangent to the 

section of the surface made by a plane parallel to that of yZy 

we have 

* du du 

tan^, = ^, tan ^3 = ^. 

* If Jt is identical with the new variable ( (which is as much as to suppose that 
jf is given as an explicit function of jr), the equation becomes 

(^«\ _du du dy 
dx) ^dx'^dydi' 

in whioh a special mark must be used to distinguish ike total derivative of u with 
respect to x (after y is eliminated) from the partial derivative in which y is re- 
garded as independent. This distinction is sometimes made by adopting a differ- 
ent form of the letter d in the partial derivatives ; thus 

dti _bu dudy 
dx^ dx dy dx' 
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373. At all ordinary points of the surface, the plane which 
passes through these two tangent lines is a tangent plane 
to the surface. Now, when R moves in any manner due to 
the variation of x and y, F moves in some curve drawn in the 
surface, and the tangent to its path lies in this tangent plane. 
It follows, as in Art. 37 (see Fig. 7, p. 27), that the incre- 
ment of w, as tneasured up to this tangent plane, represents the 
hypothetical increment which is denoted by du in accordance 
with Art. 23. 

If ds is the differential of the actual motion of R in the 
horizontal plane, the total differential du corresponds to the 
motion ds, and the partial differentials d^w and d^u corre- 
spond to the resolved parts of this motion in the directions of 
the axes. The w-coordinates of the tangent plane, corre- 
sponding to the four corners of the rectangle whose sides are 
dx and iy, are u, u-{- dj,u, u + d^u, and u + du. These form 
the edges of a truncated prism, and it is readily proved geo- 
metrically that the sums of opposite edges are equal. Hence 

du = dj,u + dyU. 

du 

374, The derivative j- =: tan ^, where ^ is the inclina- 
tion to the horizontal plane of the tangent to the actual path 
of P. It is called a "total derivative" only with reference 
to the partial derivative theorem (equation (2), Art. 371), 
which gives its value in terms of derivatives with respect to 

X and y, namely, 

du __du dx du dy 

ds ^ dx ds dy ds ^ 

If denotes, as usual, the inclination of ds in the plane of ocy 
to the axis of x, equation (l) becomes 

du du ^ du , 

y- = y- cos + 3— sin 0. 

ds dx ^ ^ dy ^ 
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This is, in effect, a relation between the trigonometric tan- 
gents of the inclinations to the horizontal plane of the three 
tangent lines in the surface ; that is to say of the angles we 
have denoted 0, ^j and ^,.* 

Higher Derivatives. 

375, As in Art. 97, we may regard -j- and -7- as symbols 

of the operation of taking the derivative, which may be 

detached from the operand u. Single letters may also be 

used as in Art. 10 1, a distinctive mark being employed, in 

this case, to indicate the independent variable. Thus we 

i , d 

may put D =^ -j- and D = -y~. 

The partial derivative of u with respect to either variable 
will in general be a function of both variables, and will there- 
fore admit of a derivative with respect to either variable. 
These derivatives are called the derivatives of u of the second 
order. Thus we have the four derivatives 

d du d du d du d du 

dxdx' dy dx* dxdy' dy dy 

Using the abbreviated notation, introduced in Art. 97 in the 
case of a single independent variable, these are usually 
written 

JPu d?u dhi d^ 

do^' dydx* dxdy' df' 

in which no separate meaning has been given to the numer- 
ators, and the order of the operations is that of the factors in 
the denominator. 

♦ This relation may be verified by spherical trigonometry. 
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Again, they may be written in the symbolic form 
D^, D'Du, DD'u, D'hi, 

376. If we use A to denote the operation of taking the 
finite or actual difference between two values of a function, 
consequent upon an increment of one variable, we may use 

— and — for the operation of taking such a difference and 

then dividing by the increment upon which it depends. 
Then, corresponding to every derivative of the second or a 
higher order, we have a corresponding combination of these 
symbols. We shall now show that each of the higher 
derivatives is the limit of the value of the corresponding 
^-symbol when ^x and ^y simultaneously vanish. 

377. For this purpose, let us resume the consideration of 
the equation of Art. 40, 

j^=^+^' (') 

in connection with which this relation is expressed, for the 
first derivative, by the statement that e vanishes with Jx. 
Now this quantity e is a function not only of ^x, but of the 
independent variables x and y. Hence it admits of differen- 
tiation with respect to each of these variables. But, since e 
always assumes the value zero when Jx = o, it is, for this 
value of ^Xf independent o/xand y. Therefore the derivatives 

T- and -r- vanish with Jx. 
dx dy 

378. Equation (i) shows that* in order to apply the symbol 

-7- to a function of x, we must change J %o d and then add a 
Ax 



Ax Ax 



§XXX.] HIGHER DERIVATIVES. 369 

quantity which vanishes with Ax. Thus, applying the opera- 
tion to equation (i) itself, we have 

■" Ax\dx^^} 

=s(S + ')+-' 

£pW it , 

"^5^ + ^ + *^' 

in which both -j- and e' vanish with Ax ; so that we may write 

. i3? = 5^ + * (^> 

A 
Again, applying the operation — to equation (i), we find 



A^Au_^ d_/du , \ , ^, 
Ay Ax dy\dx ) 
<Pu dc 



dydx ^ dy 

in which -T- vanishes with Ax and e" vanishes with Ay; so 
that we may write 



Ay Ax dy dx 



+ e (3) 



where e vanishes when both Ax and Ay vanish. 

In like manner, it may be shown that the J-symboIs of 
higher orders, whether there are two or more independent 
variables concerned, have for their limits the corresponding 
higher derivatives. 
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Commutative Character of Differentiation. 

379. We have hitherto attached no meaning to the sep- 
arate terms of the symbols in fractional form employed in the 
preceding articles. But with respect to the J-symbols this is 
readily done. Thus, in equation (2), the first member is the 

ratio to Ax of A—r^ This last denotes the increment of a 

Ax 

fraction whose denominator is constant, which is obviously 
the same as the result of dividing the increment of the numer- 
ator by the denominator ; that is, 

Jw _ A.Au 
Ax^ Ax ' 

Thus Al^u in equation (2) is simply the abbreviated symbol 
for the increment of Au due to the increment Ax in the inde- 
pendent variable x. 

380. With respect to the symbol A^u in equations (2) and 
(3), a distinction must be made between increments due to 
Ax and to Ay respectively. Using sufHxes for this purpose, 
the AHl in equation (3) is an abbreviated form of Ay{Aju^. 
Now, putting 

we have, as in Art. 369, 

A^ =/(5P + AXy y) - f{x, y) ; 

if in this equation we replace y by y+ ^V* we obtain a new 
value of Affity and, denoting this value by J^«, we have 

J> =zf{x + Jo?, y + Ay) —f{x, y + Ay). 
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Since this change in the value of A^u results from the incre- 
ment received by y, the increment received by J,w will be 
Ay{AjiA)\ hence 

Ay{Ajii) = A\u —Aji, 
or 

Ay(A^u)-f{X'\'Ax, y+Ay)—f(x, y+Ay)-Ax+Ax, y)-f/(*,y). 

381. The value of Aj^A^^ obtained in a precisely similar 
manner, is identical with that just given; hence 

A,{,A^u)^AAAyU) (i) 

It follows that the values of the fractions 

^lA^ and ^^^ 

Ay Ax Ax Ay 

are the same ; whence we infer that the derivatives which are 
their limiting values when Ax and Ay vanish are also equal. 
Thus 

dy dx~~ dxdy ' 

The theorem expressed by this equation is readily verified in 
any particular case. Thus, given 



« = y*, 



we have 



du ^ du 



taking the derivative of the first with respect to y, and that of 
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the second with respect to Xy we obtain the same expression, 
namely, 

y\x log y + i). 

382. The result arrived at above may be expressed thus: 
the operations of taking the derivative with respect to two inde- 
pendent variables are commutative; that is, they may be inter- 
changed without affecting the result obtained. 

This theorem may be extended to derivatives higher than 
the second, and also to functions of more than two inde- 
pendent variables. For it has been proved that we may, 
without affecting the result, interchange any two consecutive 
differentiations, and it is obvious that, by successive inter- 
changes of consecutive differentiations, we can alter the order 
of differentiation in any manner desired. Hence all differen- 
tiations with respect to independent variables are commu- 
tative. 

Accordingly, the result of differentiating m times with re- 
spect to X, n times with respect to y, and p times with respect 
to 2, may, without regard to the order of differentiation, be 
expressed by the symbol 

. — . 

dx'^dy^dz^ 

Commutative and Distributive Operations. 

383. When m is constant we have 

di^u) = mdu\ 
hence when u is a function of x 

-mu = fn^u (I) 
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This equation indicates that the operation of multiplying by 

a constant and the operation of taking the derivative with 

reference to x are commutative. It follows that the factors 

i 
of the symbolic product y-r-, when y is a variable independent 

of Xy are commutative ; for, in performing the operation t-, y 

is regarded as a constant. 

d 
On the other hand, x-z- is not commutative ; for 

dx 

d du , 

^«« = «-+«, 

while 

d du 

dx dx 

384. A repeated application of the same symbol, whether 
simple or compound, is indicated by affixing an index to the 
symbol ; thus, 



( d_y_ d^ d^ 
Vdv) ^^dx'^dx* 



{■ 



and, since the operations indicated by the symbol are com- 
mutative, we have 

yL) = y'& (^) 

On the other hand, since the operations indicated by the 

d / dV (P 

symbol x-r- are not commutative, I Xj-J is not equal to or^-^. 

We have, in fact, 

d\^ du , ^^u 



( 
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385. The result obtained by adding the results of the 
application of two operative symbols is expressed by prefixing 
to the operand the sum of the operative symbols. For exam- 
pki the result written above may be expressed thus : 



( 






for this is a general formula applicable to any function of x as 
operand. 

On the other hand, we may write formulae involving 
special forms of the operand, thus 

whence it readily follows that 



(*J^)*" = "»'^- 



386. An operation which, when applied to a sum, gives 
the sum of the results of separate application to the parts is 
said to be distributive over a sum. Thus, since 

^^ . ^ d .d 

differentiation is a distributive operation. In this formula, 
the symbol of differentiation is applied to a sum exactly as 
if it were an ordinary algebraic factor; in like manner, every 
combination of differential symbols and algebraic multipliers 
has the same property. 
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In algebra, an exponent is distributive over the factors of 
a product, as expressed by the formula (oic)*" = a"fc"*c*'. But 
this is not true of operative symbols unless the symbolic /actors 
<ire commutative. Compare equations (i) and (2), Art. 384. 

Syrniolic Identities. 

387. The formulae of algebraic expansion are consequences 
of the commutative and distributive nature of algebraic multi- 
plication ; hence it follows that a symbolic product or power 
may be expanded by these formulas; provided all the con- 
stituent symbols represent commutative operations. Thus 

Again, when the constituent symbols are not commutative, 
we may obtain symbolic identities by the rules of differentia- 
tion. Thus, let u denote a function of Q\ then we have, by 
differentiation, 



i /d \ 



and multiplying by e*""*, 



e 



-""l^"'-" =(!+«)« (^) 



Applying now the symbols whose equivalence is expressed in 
this equation to the equation itself, we have 






^"~ ti9^..,^pn0 • p^ ftd 



^'■u = e-'^e-'-u = (^ + «) •«: 
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and, by repeating this process, we have in general 

er"^.u = (I + »)'.«.» .... (2) 



Eulers Theorems concerning Homogeneous Functions. 

388. A homogeneous algebraic function of the »th degree 
involving two variables may be put in the form 



**=^-^© 



(0 



Any expression which comes under this form, even when f\s 
a transcendental function, and when n has a fractional or 
negative value, is called a homogeneous function. Thus 

is a homogeneous function in which n = — |-. Again, 

u = log \x + i^{p^ + f)\ — log X 

is a homogeneous function in which n = o. 

389. By differentiating equation (i), we derive 



du 

-5- = no^ 

ax 

and 

du 



-'A^-^-'yf{%. 



1 = --^^)^ 



*This equation is equivalent to the result obtained by means of Leibnitz' 
theorem in Art. 107. 
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whence 



iu du nJy\ 



dy 
or, symbolically, 

( i , i\ 

l*5i + y^r = "**• (^> 

when M is a homogeneous function of the nth degree. 

Again, the derivatives of u are homogeneous functions of 
the (» — i)th degree; hence, by the theorem expressed in 
equation (2), we have 

/ d d\du , du , / d , d\du , ^du 

te + W5^ = ^« -• '>5^ ^"'^ K^+yTylTy = <«- ')^ •• 

whence, expanding, 
d^u ^ d^u . jdu , dhi ^ (Pu , ^du 

multiplying by x and y respectively and adding, 

hence 

d^u d^u d^u 

The results expressed in equations (2) and (3), and similar 
results involving higher derivatives, are known as Eider's 
Theorems concerning homogeneous functions. 
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Examples XXX. 

1. Given u = log \x + ^(p^ +y)], prove that 

2. Given u — log {p^ + J^ + «" — ^xyz)^ prove that 

</i^ du du 3 



dx dy dz a:-[-^-|-«" 

3. Given u = sec (> + ax) + tan (>^ — ax\ prove that 

dhi ^d^u 



= a» 



d^u d^u 

4. Verify the theorem = when tf = sin (:o'*)« 

5. Verify the ^theorem ^^ = ^^ when « = log tan {ax +y^. 

d^u d^u X 

6. Verify the theorem .^ . = ^ . >, when u = tan"^ — . 

' dydx . dxdy^ y 

dHi dHi 

7. Verify the theorem ^^^ = ^^ when u =ylog (i + xy). 

8. Given « = sin :«: cos^, prove that 

d*u d^u d^u 



dy^dx^ dx^dj^ dxdydxdy 



9- ^^^^° ^ = 4/(4a/-c») ' P'^"^ ^^'^^ 



d^^ ~ ^^'^^ 



10. Given » = (j: +^)^ prove that 
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11. Given u = r, prove that 

</2» ^» <f^« __ 
^a + ^ + "^^ - °- 

12. Given u = log (a:* +->^ +^' ~ 3-^9^) > prove that 
^^ dhi , (Pu , (flu d^u (Pu 



/d d dY 
Employ the symbol ( — + v + ^/ *'> ^''^ "^^^ -^•^« 2. 



■«y 



13. Verify Euler's theorems for u = {x^-\-^) \ and for « = 

14. If the rectangular axes of x and j' are turned through the 

dz dz 

angle in the case of a smrface « —/{x,y)^ find—, and tt in terms 

dz dz dz 

of T- and -1-: and thence show that — =- may be regarded as a " total 
dx dy' dx ^ ^ 

dz dz 

•derivative " when -^ and -p are the partial derivatives. 

15. Prove the symbolic equation 



<£«*• dx^ dxT^^ 

by showing the identity of the result of each operation upon jc^, and 
therefore upon any function developable in a series of powers of x. 

16. Apply the symbol a© 3 — h 2fl, -; — VZ^%-t- to the expression 

da^ da^ da^ 

«oV — 6«o^i Vi + 4«o<'i* + 4 V^, - 3^1 V- 

Result o. 
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1 7. Operate on a^^^ -\- »«,«,«, — aji^— a*a^ —a* with the symbol 
rf </ rf d 



Result o. 



18. Determine the value of 



du du jfi ^J'* 

x-r- +_y -r> when u = tan~* =^. 

dx dy ax 

Solution : 

Since tan » is a homogeneous function of the first degree, we have, 
by Euler's theorem, 

I du du\ 
Vdi^^Jyr''''='^'''''''* 

whence 

du du ^ ax{pi^ —J^) 

19. If » = sin 9, V being a homogeneous function of the nth de- 

du du 
gree, determine the value oi x -z — h^3"' 

du . du 



XXXI. 
Change of the Independent Variable. 

390. It is frequently desirable to transform expressions 
involving derivatives with reference to x into equivalent ex- 
pressions, in which some variable connected with jc by a 
known relation is the independent variable. This process is 
called changing the independent variable. 
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Let y denote, the function whose derivatives occur in the 
given expression, and let denote the new independent vari- 
able. For the first derivative, we have 

iy _^dydJd 

* 

dd 
in which it is necessary to express j- in terms of by means 

of the given relation. For example, suppose this relation to 
be % 

x=zta.n0; (i) 

differentiating, dx = sec'^ ddj whence, 

d0 

5i=^^s'^' (2) 

and we have, in this case, 

S=l-^'^ • • (3) 

391. To express the second derivative with respect to x 
in terms of d, it is necessary to differentiate this expression 
as a product of variable factors. Thus 

^y_^d^rdy -idd 

dx"" dOldd "^^^^Adx 

r d^y n n ^y'X 

= cos*(? ^^^^^'Jffi ■" ^ ^^^ ^^^Ubv ' ^^ 

In like manner, expressions for the third and higher deriv- 
atives may be obtained. 
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It will be noticed that, while the result in the case of the 
first derivative might be obtained by substituting for dx in 
the denominator its value in terms of ^, the second deriva- 
tive cannot be found in a similar manner. This is due to the 
fact that a common meaning cannot be assigned to the sym- 
bols * (Py ' which constitute the numerators of the second 
derivatives. Compare the expressions of which the second 
derivatives are the limits, Art. 379. 

392. Change of independent variable may be used to 
simplify differential equations. For example, the differential 
equation 

(' + '^)'&+ ''''(' + *^^§+ y = ° 

is transformed by means of equations (i), (3) and (4) above 
into the much simpler form 



Transformations Involving Partial Derivatives, 

393, Let u denote a function of x and y, and let r and Q 
be two new independent variables connected with x and y by 
two given equations, by virtue of which x and y are functions 
of r and 6. Then u is also a function of r and ^, and it may 
be required to express the partial derivatives of u with refer- 
ence to X and y in terms of derivatives with reference to r 
and B. 

In Art. 371, the two independent variables x and y are 
supposed to be made functions of a new variable /, and equa- 
tion (2) shows how to obtain the derivative with respect to 
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this new variable. In finding the required expression for -r-, 

r and are the two independent variables, and x takes the 
place of / ; thus we have 

du ^du dr du dO 
dx^d^di'^dOdi' ('^ 

df d 
in which -p and j- are to be derived from the given relations 

d0 
between the two pairs of independent variables, just as -j-, in 

aX 

Art, 390, is derived from the single relation there given. 

Similarly we have 

du ^ du dr .du do 
dy'^d^dy'^d^dy' ^^^ 

dr dO 

in which -y and -y are found in like manner. 
dy dy 

The four coefficients are, in fact, the derivatives of r and 
6 when x and y are associated together as a pair of independ- 
ent variables, but their values are to be expressed in terms of 
r and 0. 

394. For example, let us assume that the given relations 
are those which connect polar and rectangular coordinates, 
namely, 

x=^rcosO and y=rsin^. • . (i) 

Solving these equations for r and 6, we derive 

f» = :x? + / and 6 — tan"*-^; , . (2) 

X 
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whence 

df X /» ^ y sin ^ 

V. =cos^, -7-=-— - 



dx ^{x^ + y') dx 5P' + y* r 

dr __ y ^ ' a ^ ^_- ^°^ ^ 

dy ~ i^(a?' + y*) """ ' dy "" op' + y* "" r ' 



(3) 



Substituting these values in the general equations of the 
preceding article, we have 

du du du sin 

- = -cose--^-jr (4) 

^^ ^«* . r» . du COS 

Partial Derivatives of the Second Order. 

39S. In finding expressions for the derivatives of the 

du du 
second order, it must be remembered that -3- and -jr, which 

occur in the second members of equations (i) and (2), Art. 
393, are themselves functions of r and 0. Thus, by equation 
(2), Art. 371, 

d /du\ t _ d^u dr d^u dO 
dx\dr/ "~ dr^ dx drdOdx' 

* It should be noticed that these values cannot be found by difTerentiattngr 
equations (i) with respect to r and 6; but -7- and ^ could be found by elimina- 
tion from the partial derivatives of these equations with respect to x, which are 



and 



I = cos d -, r sin ^ -=- 

dx ax 



o = sin 6 -y- -\- r cos 6 -7-. 



d*u 
f This expression should not be written , because that would indicate a 
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38s 



In like manner, we have 



dxXdd) ~ drdddx '^ d^dx 



Now, making use of these results, we derive from equation 
(i), Art. 393, 






^u dd 



_dutPr dr_rd^dr d^u 
~dr^'^^ldi'^'^drde 



1 



dddxj 
du^ ddr JPu dr Jhid6 



or 



^ _ d^^ .du^ 
do(^~ dr dx"^ dddx^ 



d^u/drV 



d^u dt dd . d^u/de\^ 



+ df«W '^^dfdddxdx'^ dff'Kdx) * 

dhi d?u 

In like manner, expressions for the derivatives , , and -7—, 

can be found. 

396. In applying this general expression to a special case, 

dV d?0 dr dO 

the additional coefficients ^--, and 7-* are, like -r- and 3-, to 

dx^ dx^ dx dx 

be derived from the given relations between the pairs of inde- 
pendent variables. For example, when the relations are 
those given in Art. 394, we derive, from the first two of the 
expressions included in equations (3), 



d^r ^ d X __ y^ _ sWO 
dx^'^ dx (^2 _j_ y3ji - (^2 ^ y2^| "" r 



partial derivatiye of u when expressed as a function of r and x regarded as two 
independent variables. 
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and 

d^O __ d — jf __ 2xy __ 2 sin (? cos 
dx^ ■" dxx^ + y^ "" {x^Tfy " P ' 

Substituting these values and those before found in the 
general expression above, we obtain 

d^u _ sin' ddu sin cos du 
dM^'^'~r~"d^'^^ P Id 

_^ d^u sin COS0 d^ . sin*d d^u 
+ cos'& -7-5 — 2 -3—52 H r- -Ts . (i) 

397i The transformation of the expression 

dx"^ dy^ 

from rectangular to polar coordinates is of importance in 
mathematical physics. 

Since the effect of putting J;r — ^ in place of in equations 
(i), Art. 394, is to interchange x and y, the expression for 

-7—3 may, in this case, be derived from equation (i), Art. 396, 
ay 

by interchanging sin and cos and reversing the sign of dd. 

Hence 

^11 cos'fl du sin cos 0du 
df^ ~7~"df "^ ? dO^ 

. ,^ d^u . sin cos d^u , cos*^ (Pii ^ ^ 

S.„.<,_+2 ^_ + ___ (2) 
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Adding equations (i) and (2), 

d^u (Pu _ d^u 1 du 1 d^u 
d^'^df'^d^'^rdr^?W' • • • (3) 

398. The corresponding symbol in three dimensions, when 
u is also a function of the third rectangular coordinate 2, has 
been denoted by ^^; thus, 

^ -dx^'^dy^'^d^' 



Then, by equation (3), 



^2 +^ +r5^ + i^^ 



^*" — /Z^r^ + /Zr^ +r //r + ^ //yj*" * ' * (4) 



Now z and r constitute rectangular coordinates of P in the 
plane POZy where OZ is the axis of z. Hence, denoting OP 
by p and POZ by <f), p and ^ are polar coordinates of P in this 
plane, and 

z = p cos <f>, r = psin<f> (5) 

Therefore equation (3) gives 

W''^d^~'d^^''pTp'^p'd<l>'' • • • W 

Also by equation (5), Art. 394 (since r in equations (5) takes 
the place of y), 

&u du , ^ du cos 6 . . 
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Substituting from equations (6) and (7) and eliminating f» 
equation (4) becomes 

J _iPtt 2du ]_^ cot <f> du I ^ 

^^"d^'^'pdp'^'^d^^^ (? d4>'^ (? sin>0 W' ^^ 

Equation (4) gives p'w in the ** cylindrical " coordinates 
r» 0, z ; and equation (8), in the spherical coordinates p^ 0, 0» 
where 

X = p sin <f> cos 0, y = p sin <f> sin 6, z ^ p cos 0. 

* 

Symbolic and Extended Forms of Taylor's Theorem. 

d 

399. A polynomial symbol involving D, where D= ^» may 

be written in the form F{D) where i^ is a given rational in- 
tegral function. If F{D) is a function which can be developed 
in powers of P, it is regarded as equivalent to this series of 
symbols. Thus, by the exponential series, 

=/(^)+/'(^)A+r'(^)|+/'''(^)y"+ • • -' 

which is by Taylor's theorem the expansion of /{x-^-h) in 
powers of A. Hence Taylor's theorem can be expressed in 
the symbolic form 

Ax+h)=^^Ax) (I) 

400. When the operand is a function of y also, this gives 

/(«+*. y)=e*V(«.y); 
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again, putting Z)'=-p, we have in like manner 

/(x+A, y+*)=^^c*^/(:c, y). . . . (2) 

Now the equation 

e*^V*^=e*^+*^ (3) 

is an algebraic identity for D and £)^ that is, it shows that the 
product of the two series represented by the first member is 
equivalent to the single series represented by the second 
member. Therefore, because D and D' are commutative 
symbols, equation (3) is, by Art. 387, a symbolic identity. 
Thus equation (2) becomes 

which, when written out in full, takes the form 

/(*+fc.y+*)=/(*. y)+^A+-f^* 

The result is readily extended to any nujnber of inde- 
pendent variables. 

Lagrange's Theorem. 

401. Let y be an implicit function of the independent vari- 
ables X and 2, satisfying the relation 

y=«+-»0(y), (I) 
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in which denotes any function; then, if we have 

«=/0')» (2) 

u will also be a function of x and z. 

If now it be required to develop t^ in a series involving 
powers of ac, we obtain by the application of Maclaurin's 
theorem 






(3) 



in which the coefficients are functions of z but not of x. We 
proceed to transform the derivatives -7-, -7-3, etc. into expres- 
sions in which z is the independent variable, before determining 
their values when ji;=0. 

Differentiating equation (i), we obtain the partial deriva- 
tives 

iy 0(rc) iy I 

dx'~'i^x(f>\y)* 'dz^i'-x<p^{yy 

hence, by equation (2), 

du_ f'{y)<l>{y) du_ /\y) . 

dx~ i-x(l>'{y) *"° <fe~i-»0'(y)' • • W 



whence 



du du 

d^=^^y^i^ (5) 



402. In order to deduce the required expressions for the 
higher derivatives, we first establish the following general 
theorem: 
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When y is a function of x and 2, and u and ^(y) are any 
functions of yy we have 

i du d du 

di^W^=^<^(y)5i- (6) 



To prove this theorem, we have only to perform the differ- 
entiations ; thus, putting /(y) for u , each member of (6) re- 
duces to 

du 
Substituting, in the general theorem (6), the value of -3- 

given in equation (5), we have 

d du d du 



Applying the symbol -7- to equation (5), and reducing the 
second member by means of equation (7), we find 

d^u d du 

d 
Again, applying -r- to equation (8), we have 

dsf dxdz "-^^^^ dz dz dx^^^^^ dz' 
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and, reducing by equation (7), 

ihi d^. du 

By successive repetitions of this process we obtain in general, 

d^u d"~*- du 

d^=d^^^^i"^ (9) 

403. In determining the values which these derivatives 

assume when :v=o, we notice that, when :v=o, equation (i) gives 

du"\ 
y=zz; hence u^=f{z), and from equation (4), -r- = /'(«). 

Moreover, since the differentiations indicated in the second 
member of equation (9) have reference only to 2, we may, in 
this equation, assign to x its value before the differentiations 
are effected: therefore 



Substituting these values in equation (3), we obtain 



/0')=/(2)+*^«/'(a) + ^^ I [0(«)]V"(«) I 



+ 






This result is known as Lagrange's Theorem. 

404. As an application, we expand the fimction y deter- 
mined by 

y=z+xey. 
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In this example 0(y)=rey^and/(y)=y, whence/' (y)=i. The 
general term is therefore 



whence 



0^ d^~ 


1 


=n«- 








X' . 


. X* 



y=2+e' -sf+ae"- ji-+3*«''r]-+ 



• • • 



To obtain the development of the function given by 

we put 2= I in the preceding development. 

405. When the given relation between x and y is not in 
the form required for the application of Lagrange's theorem^ 
an algebraic transformation sometimes enables us to make the 
application. Thus, if we have 

logy=:»y (0 

to develop y in powers of x, we put logy=y'; whence equa- 
tion ( I ) becomes ^ 

y=xe/ (2) 

The latter equation being in the required form (but with 
z=o), we have 

u=:y=ey, f(^)^t^ and 0(/)=e^. 
Hence the general term is 

«! (fa" ' n! ^ ' • 
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and putting 0=0, we have 

. . ^* . , ^' . .*^* . 

406. Lagrange's theorem may, in fact, be applied \o f{y) 
whenever the relation between y and x is of the form 

y=iT;2+x0(y)]; 
for, if we put 

(=0+5P0(y), we have y=F{t); 
whence 

u=/F{t), and t=z+x<pF{t). 

Lagrange's theorem is therefore immediately applicable, 
the functions /F and <pF taking the place of /and <p in the 
development. Hence, substituting, we have 

/w "/^'W +»W-^+|^ j w/^ f + . . . 

This form of the series is called Laplace's Theorem. 

The example in Art. 405 may be regarded as a case of this 
theorem; for the given equation may be written in the form 

yz=e^, 
and we have in this case /(y) = y, also 

F{t) = ^, t=xy, 2=0, and 4>(y)==y> 

Both /F(z) and 4>F{z) reduce to ^, and are identical with f(z) 
and <p(z) of Art. 405. 
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Examples XXXI. 

I. Change the independent variable from xXo zva the equation 

- d^y , dy ^ 

■^ 3-0 + ^^- +>=<>> when jc = €*. 
djr * ax 



§+-®)=«- 



3. Change the independent variable from ji; to j' in the equation 

d^ 
dx* 

d*x dx 

3. Change the independent variable from^^ to x in the equation 

d^u du 

If'^-^'dy 

d^u 



(i — .>' ) -^ —y -j^ + a^u = o, when y = sin x. 



4. Change the independent variable from ^ to in the equation 

^dhf ^ dy , a} . 1 

5. Change the independent variable from jt: to 2 in the equation 
d^ d^y dy 

d*y 

6. Change the independent variable from ;t to / in the equation 

</V z dy 
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7. Given jt = / + /*, transform -^ into an expression in which x 

is the independent variable. 

cPu . , <Pu , du 

8. Change the independent variable from j: to « in the equation 
(' +^^ + *^+ ««* = o. when « = log [JT + y(i + jc*)]. 

9. Change the independent variable from x\q zva the equation 

(a»- ^)^-l-*l + tL=o, when a:' + «» = a». 
^ ' dx^ X dx ^ a ' 






10. If j: = tf*, prove the symbolic identities 

d d . d _ d 



and thence, more generally, 

in which r admits of negative and fractional values. 

11. Given jr = tf*, transform by the result of Ex. 10 the equation 

12. When ^ = ^, prove by means of Ex. 10 
and verify when u = sin at. 
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13. When a: = «*, show that 

14. Given a: = a (i — cos /) and^' = a(ii/4- sin/), prove that 

</^ __ n cos / + I 
^jp* ~" a sin* / 

15. Given j; = r cos ^ and^^ = r sin 5, j' being a function of x^ 
prove that 

d^y_ ^ \dd) de\ 

/cos^^— rsin d\ 

d^u 

16. Find the general value of , , in terms of derivatives with 

° dydx 

respect to r and 6 (see Art. 395); also the special value, in the case of 
rectangular and polar coordinates. 

d^ ^ du d^r du d^O dhidr dr 
dx dy"^ dr dx dy dd dx dy dr^ dx dy 

d^u rdrdd drdOn d^udOdd 
'^ drddldxdy^dydxJ'^de^dx^'' 

d^u sin cos du sin' 6 — cos' du 



dxdy r dr ^ r^ dO 

t ' n n^^ . cos'^— sin'^ d^u sin 5 cos fl d'u 

+ sm a cos 6 -^-^-\ -; — -: — . 

^ dr^^ r drdO r' dd^ 

17. Given x = rcos and^' = r sin 0, prove that 

du du du J ^, ^ du ^ du du 

x-z y-r^'M and that j;— +^_- = r— .. 

dy -^ dx dO dx ^ -^ dy dr 
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i8. If ^ = jr cos a — ^ sin a, and i^ = ^ sin a +^ cos a, prove 
that 

53? + ^ "^ ^ + ^' 

thence show that p7*« is unchanged in value by any change in the 
rectangular planes of reference. 

19. Transform the expression r' — ^ -f- -Jm ^^^^ ^ function in which 

X andj' are the independent variables, having given x = r cos and 
^^ = r sin d. 

20. If X = ^ + ^, and / = er" + ^~"^> prove that 

iPu d}u d^u _^ ^d^u d^u ^ d^u X ^^ , y» 

dP+^d^ + '^^^^ds^^^^^dsdl'^^^'^'d^^ 11' 

21. If X =z ae^ cos <^, andj' = a^^ sin <f>, prove that 

22. Given v = jet + xe^, expand e^^ in powers of ^. 

x^ 
^y = e"' + OT^"* + ""^jr + »f (2/ + ot)^^ + -)«_- -|- .. . 



n\ 



23. Given J/ = <J + xj^, expand >' in powers of ^. 



x^ . ^ .X* . ^x^ 



y ^ a +a*x + 6a*— 7 + o«8fl'— 7+ i2»ii-ioa' — + 

' ' 2! ' ^ 3! 4I 

^(2«+l)l«! ^ 
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24, Given ^ — z -\- x- , expand >' in powers of :^;. 

^ 2 

J/ + i(«> - i)Ar + i«(«» - I >^ + i(S«* - 6«» + I >*:» + . . . 

25. Given v = a + ^, expand ^^ in powers of h. 

"^ ' 21 3' 

j6. Given :c» + 4:1: + 2 = o, determine the value of x. 

•^- •" 2 ^2^ 2l»^ 2l» 

27. Given J' = a + ^S expand >/» in powers of jt. 

28. Given ^^ =:e + x log j', where ^ is the Napierian base, expand 
j^ in powers of x. 

^ X^ , X* x^ . 



29 



. Given J' = xe-y, expand sin (a +>') i^ powers of J?. 



Solution: 



The coefficient of ^ is ^ E^-** cos (« + «)]; in which s is to 
be put equal to 2ero after the differentiations. By the method of 
Art. 103, we find 

.^r^-«cos(a+«)]=(-0""'('+«')^'<^^C«+^"-('*"')''^*"''*^' 
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hence 

sin(a -^-y) = sin a + ^ cos a + • • • 

— (— i)*(i + «*) » cos [a — (« — i) cot~*»] — - — • . . 

30 Develop [i + f'(i — «*)]"* in powers of*. 

Put E =. \ -\- ^{\ — «»), whence E= ' ~^ 

ri4-^ri-^^l-r-' I P^ I /(/ + 3y , A/+4)(/+5)«* , 
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Acceleration, 88, 91 
Acnode, 273 ex, 10, 288 
Agnesi, 259 
Algebraic Unctions, 32 

curves, 249 et seq,y 263 et seq, 

equations of epicyclics, 284 
Analytical triangle, 253 foot-note 
Archimedes, spiral of, 309, 312 ^x. 9 
Argument of complex quantity, 221 
Astroid, see fbur-cusped hy pocydoid, 286 
Asymptote, 262, 270, 304 

equation of, 264 
Asymptotic circle, 307 

parabola, z'jo foot-note 
Attwood's machine, 16 
Auxiliary curves, 250 

variable, 274, 286 

Bernoulli, lemntscate of, 296 
Bernoulli's numbers, 237 
Binomial Theorem, 182 
Branches, infinite, 267 
parabolic, 269 

Cardioid, 285, 302, 311 ex, 6, 344 ex, 

Cassinian ovals, 313 exs, 29, 30 
Catenary, 217 foot-note^ 261 ex, 9, 332, 
338 ex, 6, 341 ex, 24, 34» ex, 32 

evolute and involute of, 334 
Caustics, 355, 360 ex, 27 
Centre of curvature, 316 

locus of, 319 
Change oif independent variable, 380 et 

seq 
Circular functions, 6x 
Cissoid of Diocles, 261 ex, x8, 338 ex, 8, 

357 ex, 6 
Commutative operations, 372 



Complex quantities, 231 

functions of, 222 
Complex unit, 222 

Component velocity and acceleration, 91 
Computation of ^, 181 

of Napierian logarithms, 196 

of n^ 207 
Conchoid of Nicomedes, 261 ex, 20, 313 

ex, 16 
Conjugate complex quantities, 222 
Constant rates, 15 
Continuous variables, i 

functions, 5 
Continued products, 232 et seq,^ 242 
Contrary flexure, points of, 97 
Convergent series, 1 73 et seq. 
Coordinates in terms of a third variable, 

274 
Courbe du Diable, 290 ex. 14 
Critical points, 133, 135, 294 
Cubical parabola, 133, 252, 339 ex, 12 
Curtate cycloid, 278 
Curvature, 97, 314 (see also Radius of) 

centre of, 316 

circle of, 315 

measure of, 314 
Curve tracing, 255, 266, 287, 295 
Cusps, 133, 276, 320 

ramphoid, 273 ex, 19, 340 ex, 19 
Cusp locus, 349 foot-note 
Cycloid, 275, 316, 327 

DeMoivre's Theorem, 223 
Derivatives, 26 

graphic representation of, 37 

sign of, 28 

of implicit functions, 82, 98, 165 

second, 89, 96 

successive, 95, 367 
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DerivatiTes, Mth, expressions for, X03 

infinite values of, X32 
Descartes, folium of^ 273 ex, 11 
Development in series, 172 

of <p cot 0, 240 
Differences, finite, 2^ /oot-noie^ 363, 371 

limiting ratio of, 29 
Differentials, 18 
Differential of a sum, 20 

a multiple, 21 

the square, 32 

the product, 22, 35 

the reciprocal, 41 

the quotient, 42 

the logarithmic function, 49 

the exponential function, 56 

the trigonometric functions, 62 et seq, 

the inverse trigonometric functions, 70 
et seq, 

a function of two variables, 80, 362 
Differential equations, 202, 210 

triangle, 28, 62 
Differentiation, 32 

of an inverse Unction, 35 

of a function of a function, 36 

of implicit functions, 82, 98, 165 

logarithmic, 54 

successive, 95 
Diocles, cissoid of, 261 ex. 18 
Discontinuity of functions, 6, 156 
Discriminant, 348, 351 
Discrimination of maxima and minima, 

122 
Distributive operations, 374 
Divergent series, 173 
Double generation of epitrochoids and 

hypotrochoids, 282 
Double points, 166, 168, 272 
I^ygogram, 301 

Ellipse, 248, 274, 285, 311 ex. 5, 3x9, 

320, 322, 342 ex. 28 
Envelopes, 346 
Epicyclics, 281 

Epicycloid, 278, 290 ex. 8, 342 ex. 34 
Epitrochoid, 278, 289 ex. 4 
Equiangular spiral, 3x0 
Euler's series, 206 

theorems in homogeneous functions, 376 
Evaluation of indeterminate forms, 143, 

198 
Even functions, 214 



Evolute, 3x9, 324, 353 

of the ellipse, 320 

of the cycloid, 327 

of the catenary, 334 
Explicit functions, 4 
Exponential curve, 57 

functions, differentiation 01^ 56 

Focus of a caustic, 355 

Folium, 273 ex, xx 

Formula for non-linear functions of /, 19 

Formulae of differentiation, 32, 78 

Four-cusped hypocycloid, 286, 290 «xx. 

6» 7» 337 <'''• 2, 352 
Functional equations, xo 
Functions, 2 

implicit, 3, 82, 98, X29 

increasing and decreasing, 8 

inverse, 4 

linear, 9 

periodic, 61 

rational integral, X72 
Functions which vanish with jr, X47 

of two variables, 3, 80, 134, 163, 369 

of pure imaginaries, 218 

of complex variables, 222 

General term of development, 201 
Generating function, X73 
Geometric variables, rates of, 37 

maxima and minima o^ XX4 
Gradient, 29 
Graph of a function, 4 
Graphic representation of the derivative, 

27» 365 
Gregory's series, 207 

Homogeneous (differential) formulae, 75 
Homogeneous functions, 376 
Huyghens, 328 
Hyperbola, 3x1 ^j:. 4, 3x2 ex, lo, 339 exs, 

XX, X4, 34X exs. 27, 28 
Hyperbolic fxmctions, 2x6 

Illusory, see Indeterminate forms 
Imaginary quantities, 2x8 

roots of unity, 226 
Implicit functions, 3 

derivatives o^ 82, 98, 165 

higher derivatives of^ 98 

maxima and minima <^ 139 
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Increments, 15, 17 

limiting value of ratio ol^ 18, 29 
Independent variable, 2, 25 

change ot 380 
Indeterminate forms, 141 ; 0/0, 143 ; 00 /co , 
151* »53; 0X00, 15s; 00-00,158; 
I*, 161; oo«, 162; o% 163 

of derivatives, 165 

of functions of two variables, 163 
Infinite branches of a curve, 267 

values of r, 303 

values of the derivative, 132 
Infinitesimals, 2x^ foot-note, 148 
Infinity, points at, 260, 303 
Inflexion, points o^ 97, 122, 133, 261 ex. 

19, 296, 305, 312 ex. II 
Instantaneous centre, 320 
Intrinsic equations, 331 

of evolutes, 333 
Inverse functions, 4 

trigonometric functions, 70 
Involutes, 334 

of the circle, 337, 360 ex, 25 
Isochronism, 320 

Lagrange's expression for the remainder, 
192 

Theorem, 389 
Laplace's Theorem, 394 
Leibnitz' Theorem, 106 
Lemniscate of Bernoulli, 2961 3x1 ex. 

I, 313 ex. 29, 341 ex. 27, 353 
Lima^on of Pascal, 298, 341 ex. 26 
Limiting ratio of differences, 18, 29, 369 

values of discontinuous functions, 156 

values of vanishing fractions, 141 
Limits of convergence, 175 
Linear functions, 9, 16 
Lituus, 311 ^JT. 7, 342 ex. 29 
Locus of centre of curvature, 319 
Logarithmic curve, 53, 339 ex, 10 

differentiation, 54 

function, differentiation of, 49 

trigonometric functions, 66 

spiral, 310 
Loxodromic curve, ^10 foot-note 

Maclaurin's Theorem, 179 
Maxima and minima, 112, 197 

abscissae, 132 

alternation of, 124 

coordinates, 268 



Maxima and minima, discrimination of, 
122 

of functions of two variables, 134 

of implicit functions, 129 

of substituted functions, 126 
Modulus of complex quantity, 221 
Multiple- valued- functions, 5, 223, 225 

Napierian logarithms, 52 

base, 52, 162, 181 
Negative pedals, 356, 360 
Nicomedes, conchoid of, 261 ex, 20, 313 

ex. 16 
Node-locus, '^^ foot-note 
Non-commutative operations, 373 
Non-linear function, 19 

differential equations, 210 
Normal, 247, 249, 254 

envelope of, 353 

One-valued functions, 5, 227 foot-note 
Operand, 108, 367 
Ovals, 336 

Cassinian, 313 exs. 29, 30 

Parabola, 4, 31 ex, 8, i\ foot-note^ 337 
et seq. exs. I, 5, 9, 31 

of ffth degree, 251 

cubical, 133, 252 < 

semi-cubical, 134, 252 
Parabolic branches, 269 
Parallel curves, 335 
Parameters, variable, 344, 352 
Partial differential, 80, 362 

derivative, 80, 364 
Pascal, lima9on of, 298 
Pedal, 302, 330 
Pencils of curves, 345 
Perpendicular on the tangent, 255, 293, 

330 
Points at infinity, 260, 303 

Points of inflexion, 97, 122, 133, 296, 

305, 312 ex. II 

Polar coordinates, 291 ^ seq. 

subtangent and subnormal, 293 
Primary values of inverse trigonometric 
functions, 70 

of the argument, 221 

of the logarithm, 223 
Prolate cycloid, 278, 289 ex. 3, 339 ex, 13 
Protractions, 298, 309, 313 ex. 16 
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Quadratic £u:torSf 227, 231 ex, 27 

Radius of curvature, 315 et seq, 
at critical points, 317 
in rectangular coordinates, 321 
in polar coordinates, 328 
of the cardioid, 344 ex, 41 
catenary, 338 ex, 6 
cissoid, 338 ex, 8 
cubicaU. parabola, 339 ex, 12 
cycloid, 317 

ellipse, 320, 322, 342 ex, 28 
epicycloid, 342 ex, 34 
li>ur«cusped hypocycloid, 337 ex, 2 
hyperbola, 339 exs. ii, 14, 341 ex, 27 
lemniscate, 341 ex, 27 
logarithmic curve, 339 ex, 10 
limayon, 341 ex, 26 
lituus, 342 ex, 29 
parabola, 337 ex, i, 338 ex, 5, 339 ex, 

9, 342 ex, 31 
prolate cycloid, 339 ex, 13 
strophoid, 340 ex, 18 
Radical axis, 346 

Ramphoid cusp, 273 ex^ 19, 340 ex, 19 
Rates of variation, 14 
constant, 15 
not uniform, 17 

of a function of an independent vari- 
able, 25 
of geometrical magnitudes, 37 
Ratio of differences, 18. 29, 369 
Rational integral function, 172 
Recapitulation of differential formulae, 78 
Reciprocal, differential of, 41 

of radius vector, 292, 306 
Reciprocal spiral, 309 
Rectifiable curves, 332 
Relative rates, 25 

Remainder in infinite series, 174, 190 
Roberval, 289 
Roots of unity, 226 

Semi- cubical parabola, 134, 252 
Series in ascending powers of x, 172 

convergent and divergent, 173 

differentiation of, 177 

Euler's, 206 

exponential, 180 

Gregory's, 207 



Series, hyperbolic, 216, 243 

inverse hyperbolic, 230 

inverse trigonometric, 185 ex, 4, 2Ka 

logarithmic, 194, 195 

trigonometric, 183, 184, 240, 245 
Slope, 8, 29, ^ foot-4toie 
Spirals, 307 

of Archimedes, 309 

reciprocal, 309 

logarithmic or equiangular, 310 
Stop-point, 157, \(i2, foot-note 
Strophoid, 257, 305, 340 ex, 18, 356 
Subtangent and subnormal, 253, 293 
Sum of infinite series, 174 
Symbolic identities, 375 
Symbols of operation, 27, 96, 372 
Systems of curves, 344 

Tangent, 28. 247, 249, 254 
Taylor's Theorem, 187, 388 

remainder in, 190 
Total differential, 80, 362 

derivative, ^6^ foot'-note^ 366 
Tracing of curves, 255, 266, 287, 295 
Tractrix, 336 

Transformation to new independent ▼ari- 
ables, 382 et seq, 

symbolic, 375, 396 
Trigonometric functions, 61 
Trochoid, 278 
Two-cusped epicycloid, 289 ex, 5, 355, 

359 «r. 18 
Two- valued functions, 5, 230 /jr. 15 

Ultimate intersections, 347 
Uneven functions, 214 
Units, complex, 222 
Unity, roots of, 226 

Vanishing fractions, 14s 
Variable velocity, 16 

rate, 17 
Variables, i, 17 
Velocity, 16, 88, 91 

Wallis* expression for n, 235 
Witch, 259 

Tjtro values of r, 295 
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^ Ptnlleld't notes on DetenninatiTt lUntnlogy and R«cord oMIinenil Tetti. 

8to, paper, 50 

Plctef f The Alkaloids and their Chemical ConstitDtion. (Biddk.) 8to. S 00 

Pinner's Introduction to Organic Chemistry. (Austen.) xamo, i 50 

Poole's Caionflr Power of Fuels 8vo» 3 o« 

Prescott and Winslow's Blements of Water Bacteriologj, with Special Refer- 
ence to Sanitary Water Analyiia. lamo, x as 

* Reisig'^ Gu.de to Piece-dyeing 8to, as 00 

Richards a ad Woodman's Air .Water , and Food from a Sanitary Standpoint . Sto, a 00 
Richards's Cost of Living as Modified by Sanitary Science lamo, z 00 

Cost of Food a Study in Dietaries zamo, i 00 

* Richards and Williams's The Dietary Computer 8to» i 50 

RIclntti and Russell's Slceleton Notes upon Inorganic Chtmistry. (Part L — 

Hon-metallic Slementa.) SrOt morocco, 7S 

Rklntts and Miller's Hotes on Assaying Sto, 3 0% 

RMeaTs Sewage and the Bacterial Purification of Sewage Svo. 3 S* 

DItfnfection and the Preserration of Food. Syo. • 4 00 

RIggs's Elementary Manual for the Chemical Laboratory Svo, i as 

Ruddiman's Incompatibilities in Prescriptions. Svo, a oo 

Sabin's Industrial and Artistic Technology of Paints and Varnish. Svo, 3 00 

Silkowsld's Physiological and Pathological (Hiemistry. (Omdorff.) Svo, a 50 

SchlmpTs Text-book of Volumetric Analysis zamo, a s* 

Bssentials of Volumotric Analysis zaiM. i ag 

Spencer's Handbook for Chemists of Beet-sugar Houses. z6mo, moroccoa 3 •• 

Handbook for Sugar Manufacturers and their Chemlsti. . z6bio, morocco* a •• 
Slockbridge's Rocks and Soils Svo, a g* 

* Tinman's Blementary Lessons in Heat Svo, z $• 

* Descriptive Oenwral Chemistry Svo, 3 •• 

XfoadweU's QuaUtative Analysis. (HaO.) Svo, 3 M 

Quantitative Analysis. (HalL). Svo, 4 00 

Tumeaure and Russell's Public Water-supplies Svo, 5 •• 

Van Deventer's Physical Chemistry for Beginners. (Boltwood.) zamo, z s* 

* Walke's Lectures on Explosives Svo, 4 oo 

Washington's Manual of the Chemical Analysis of Rocks, (/n preu.) 

Waasermaim's Immune Sera: Hemolysins, Cytotoxins, and Precipitins. <Bol- 

duan.) ^. . . . zamo, z 00 

Wells's Laboratory Guide in Qualitative Chemical Analysis. Svo, z 50 

Short Course in Inorganic Qualitative Chemical Analysis for Engineering 

Students zamo, z 50 

Whipple's Microscopy of Drinking-water Svo, 3 s* 

Wiechznann's Sugar Analysis Small Svo. a 50 

Wilson's Cyanide Processes. zamo, z 50 

Chlorination Process zamo. z s* 

Wulling's Elementary Course hi Inorganic Pharmaceutical and Medical Chem- 
istry zamo, a •• 

CIVIL £NGI5EERniO« 

BRIDGES ARD ROOFS. HYDRAULICS. MATERIALS OF BUOIRBERIH* 

RAILWAY ENGIHEBRIHG. 

Baker's Engineers' Surveyizig Instruments xamc, 3 •• 

Bizby's (vraphlcal Computing Tabk Paper zpiXa4i inches. ag 

^ Burr's Ancient and Modem Englneezittg and the Uthznian Canal (Postage, 

a? cents additionaL). Svo, net, 3 50 

Comstock's Field Astronomy for Engineezi. .Svo, a 50 

Davis's Elevation and Stadia Tablss Svo, z 00 

Blllotfa Engineering for Land Drainage zamo, z 50 

Practical Farm Drainage zamo, z •• 

Fohrell's Sewerage. (Designing and Malntenanca.). Svo, 3 •• 

F!i«itag's Architectural Engineering, ad Edition Rewtftfisa Svo, 3 ga 
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Viraiich and Itm's Stereotomy 8vo, a a* 

OoodhiM'g Municipal Improvaimnti. lamo, i 79 

Ooodrich't Economic DiipoMl of Towni' RcfuM 8n>, s 90 

Oon't BIcmonig of Ooodcsy 8vo, a 50 

Hayford'i Text-book of Geodetic Aetronomy 8to, 3 00 

Htrtnc'i Ready Reference Tablet (Convenion Facton) zfoio. morocco, a 90 

Howe's Retaining Walk for Bartli zamo. z as 

Johnaon'a Theory and Fractice of Surreyinc Small 8?o. 4 00 

Statics by Algebraic and Graphic Methods Sto, a 00 

Kiersted's Sewage Disposal lamo. z ag 

Laplace's Philosophical Essay on Probabilities. (Tniscott and Emory.) zamo« a 00 

Mahan's Treatise on CitU Englneeiing. (1873 ) (Wood.) 8vo« 5 o» 

* Descriptiye Geometry Sfo. i fa 

Merzlman's Elements of Precise Sttrreying and Geodesy Svo. a ga 

Elements of Sanitary Englneeilnc Svo* a 00 

Menimaa and Brooks's Handbook for Surreyozs z6ao« morocco, a oo 

Vncenfs Plane Surveying 8to» 3 so 

Ogden's Sewer Design. zamo. a 00 

Patton's Treatise on CItU Engineering 8to half leather, 7 9* 

Reed's Topographical Drawing and Sketching 4to» 5 oa 

Rideal's Sewage and the Bacterial Purification of Sewage 8vi>» 3 90 

ftabeit and Biggin's Modem Stone-cutting and Masonry Svo* z 90 

Smith's Manual of Topographical Drawing. (McMillan.) 8to, a 90 

Sondericker's Ora^iic Statics, wia Applications 10 Trusses, Beams, and 

Arches. 8to, a 00 

Taylor and Thompson's Treatise on 0>ncrete, Plain and Reinforced. ( In pres9. ) 

* Trantwine's Civil Engineer's Pocket-book z6mo, morocco, 5 00 

Walt's Engineering and Architectural Jurisprudence Sto. 6 00 

Sheep, 6 50 

Law of Operations Pzeiiminary to Construction in Engineering and Archi- 
tecture 8to, 5 00 

Sheep, 5 90 

Law of Contracts 8vo, 300 

Warren's Stereotomy — Problems in Stone-cutting 8to, a 90 

Webb's Problems in the Ufe and Adjustment of Knginterinr Instruments. 

zomo, morocco, z as 

* Wheeler's Elementary Course of CItU Engineering 8yo, 4 oa 

Wilson's Topographic Snrreying 8to, 3 90 

BRIDGES AND ROOFS. 

Boner's Practical Treatise on the Construction of Iron Highway Bridges. .8yo» a 00 

^ Thames River Bridge 4to, paper. 5 00 

Burr's Course on the Stresses in Bridges and. Roof Trusses, Arched Ribs, and 

Suspension Bridges. 8vo, 3 50 

Da Bois's Mechanics of En^eering. VoL II Small 4to, zo 00 

Voater's Treatise on Wooden Trestle Bridges 4to, 5 00 

Fowler's Coffer-dam Process tor Plen Svo, a 90 

•laene's Roof Tkvsses 8vo, z ag 

Bridge Trusses 8to, a 90 

Arches in Wood, Iron, and Stone 8to, a go 

Howe's Treatise on Archeo Svo, 4 00 

Design of Sim^ Roof-trusses in Wood and Steel Svo, a eo 

Johnson, Bryan, and Tumeanre's Theory and Practice in the Designing of 

Modem Framed Structures. Small 4to, zo 00 

Merriman and Jacoby's Text-book on Roofs and Bridges: 

Part I.—Stresses in Simple Trusses 8to, a 90 

Part n.— Graphic Statics 8yo, a 90 

Part III.— Bridge Design. 4th Edition, Rewritten Svo, a 9a 

Part IV.— Higher Stractures. Svo, a 90 

Morison's Memphis Bridge 4to, zo eo 
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WAdd«irtD«Poiitlbiit«aPock0t-bookforBfidc«BiicinMfS...x6ino»moroceo» 3 09 

SpedflcatioiiB for Steel Bridget xamo, z as 

Wood'tTreatiieontlieTheoryof the Cooftniction of Bridget and Roofs. 8to, 2 00 

Wilffaft Dedgning of Dnw-tpant: 

Part L —Plate-girder Draws 8to, a so 

Part IL— Riveted-tniM and Pin-connected Long-span Draws 8to» a so 

Two parts in one Tohune 8vo, 3 so 

HYDRAULICS. 
Bailn'ft Bzperimentt upon the Contraction of the Liquid Vein Itsoing from an 

OriAee. (Trantwine.) 8yo, a 00 

Bovey't Traatite on Hjdravlict. 8yo« 5 00 

Chureh't Mechanifts of Bngineering 8vot 6 o« 

Diagrams of Mean Velocity of Water in Open Channels paper, z so 

CoiBn's Graphical Solution of Hydraulic Problems i6mo, morocco, a so 

Flather's Dynamometers, and the Measurement of Power zamo, 3 00 

fohrell's Water-supply Rngineering 8to. 4 00 

fdzell's Water-power. 8to, s 00 

fuartes's Water and Public Health zamo, z so 

Watar-lUtration Works zamo, a so 

Oanguillet and Kutter't Oeneral Formula for the Uniform Flow of Water in 

RiTers and Other Channels. (Hering and Trautwine.) 8vo, 4 00 

Hazen's Filtration of Public Water-supply Sto, 3 00 

Hazlehurst's Towers and Tanks for Water-works Sto. a 50 

Htrschel't zzs Bxpe r i m en t t on the Carrying Capacity of Large, Riyeted, Metal 

Conduits 8yo, a 00 

Mason's Water-supply. (Considered Principally from a Sanitary Stand- 
point) 3d Bditlon, Rewritten 8vo, 4 00 

Merriman's Treatise on Hydraulics, pth Edition, Rewritten 8to, s oo 

o Mkhie^s Btements of Analytical Mechanics 8to, 4 00 

Schuyler's Reserroirs for Irrigation, Water-power, and Domestic Water- 
supply Large 8to, s 00 

oo Thomas and Watt's Improyement of Riyers. (Post., 44 c. additional), 4to, 6 00 

Tomeauie and Russell's PubHc Water-supplies. 8to, s 00 

Wegmann's Desicn and Construction of Dams. 4to, s 00 

Water-supply of the City of New Tork from Z65S to'zSgs . .4to, zo 00 

Weishach's HydrauUca and HydrauHe Motors. (Du Bois.) Svo, s 00 

Wilson's Manual of Irrigation Bngineering Small Sro, 4 00 

Wolff's Windmill as a Prime MoTtr 8yo, 3 eo 

Wood's Turbines 8to, a so 

Elements of Analytical Mechanics 8to, 3 00 

MATERIALS OF ENGIREBRIHO. ' 

Treatise on Mssonry Construction 8vo, s 00 

Roads and PaTaments. Sto, s 00 

c's United States PubHc Works oblong 4to, s 00 

BoTey's Strength of Materials and Theory of Structures. .8to, 7 So 

Burr's EUuticitr and Resistance of the Materials of Bngineering 6th Edi- 
tion, Rewritten 8to, 7 50 

Byrne's Highway Construction 8to, s oq 

Inspection of the Materials and Workmanship Bmployed.in Construction. 

i6mo, 3 00 

Church's Mechanics of Engineering Sto, 6 00 

Du Bois's Mechanics of Engineering. VoL I Small 4to, 7 SO 

Johnson's Materials of Construction Large 8vo, 6 00 

Keep's Cast Iron 8to, a so 

Lansa's Applied Mechanics 8vo, 7 50 

Martens's Handbook on Testing Materials. (Henning.) a toIs. 8to, 7 so 

Merrill's Stones for Building and Decoration Sto, s 00 
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Unrlouui't Text-book on the Kecbanlci of KaterfaUi 8to, 4 oo 

Strenfth of Xatarlelk ximo, x 00 

Motttlf^ 9teeL A ManiuU for Steel-isten xamo, a 00 

Piitton'i Practical TraaHae on Poundationt. 8vo, s 00 

Ucbay'B Hanbbook for Bofldinf Soperintendents of Conttmction. (In prm§,) 

Rockwell's Roads and PaToments in Prance t2mo, x as 

8aMn's Industrial and Artistic Technok»sr of Painti and* Vamitfi 8vo, 3 00 

Smith's Katerials of Kaciiines xamo» x 00 

Snow's Principal Spcciea of Wood Sro, 3 90 

Spalding's Hydranlle Cement xamo, a oo 

Text-book on Roads and Parements xamo. a 00 

Taylor and Thompson's Treatise on Concrete, Plain and Rainforced. (/» 
jnnsM.) 

Thorston's Materials of Sngineering, 3 Parts. 8to, S o* 

Part L^Ron-metallic Materials of Sngineeri^c and Metallurgy Sto, a 00 

Part IL— Iron and Stael 8to, 3 S» 

Purt m.— A Treatise on Brasses, Bronses. and Other AUoys and their 

Constituents Svo, a 90 

Thurston's Text-book of the Materials of Constructioa 8to, s o^ 

TUson's Street PaToments and Paving Materials Svo, 4 o* 

WaddcU's De Pontibns. (A Pocket-book for Bridge Bnginecrs.) . . x6mo» mor., 3 •• 

Specifications for Steel Bridges xamo, i as 

Wood's Treatise on the Resistance of Materials, and an Appendix on the Pres- 

enratioii of Timber Svo, a o» 

Elements of Analytical Mechanics Sfo, 3 00 

Wood's Rustless Coatings: Corrosion and Electrolysis of Iron and Stael. . .Svo, 4 00 

RAILWAY ENOIlfEERINO. 

Andrews's Handbook for Stioet Railway Engineen. 3XS iaches. morocco, i at 

Bofg's Buildings and Structures of American Railroads 4t0a 8 o» 

Brooks's Handbook of Street Railroad Location i6nio. niQrooco» i &• 

Butts's CiTil Engineer's Field-book x6mo, m o rocco, a 90 

Ciandall's Transition Curve x6ao, morooeov x 9* 

Railway and Other Earthwork Tables Svo* x 90 

Dawson's "Engineering" and Electric Traetlott Pocket-book, xteio, morocco* s oo 

Dredge's History of the Ponnsylvattia Railroad: (xStp). Pitper. 9 00 

^ Drinker's Tunneling, ExplosiYe Compounds, and Rock DfillB, 4to, half mor,, a9 00 

VIsher'sTabis of Cubic Yards Cardboard, as 

Oodwin's Railroad Engineers' Field-book and Explorers' Ouldo. .... xteio, mor.* a 9* 

Howard's Transition Curre Field-book x6mo, morocco, x 9* 

Hudson's Tables for Calculating the Cubic Contents of Excanttions and Bn»- 

bankmentf Sro, x oo 

MoHtor and Beard's Manual for Resident Engineers x6mo, x 00 

Ragle's Field Manual for Railroad Engineers x6mo, morocco. 3 oo 

Philbrick's Field Manual for Engineers iSmo, morooco, 3 00 

Soarles's FieU Engineering x6mo, morocco, 3 00 

Railroad' SpiraL xteio, morocco, x 90 

Taylor's Prismoidal Formuls and Earthwork Svo, x 90 

* Trautwine's Method of Calculating the Cubic Contents of Excavations and 

Embankments by the Aid of Diagrams. Svo, a 00 

The Field Practice of ^Laying Out Circular Curves for Rallroada. 

xamo, morocco, a 90 

Cross-section Sheet PApcr, m 

Webb's Railroad Construction, ad Edition, Rewritten x6i»o. morocco, 5 oo 

Wellington's Economic Theory of the Location of Railways Small Svo, s oo 

DRAWING. 

Barr's Kinematics of Machinery Svo, a 9a 

* Bartlett's Mechanical Drawing Svo, 3 00 

* «* AbridgedEd Svo, x 9» 
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Coottdf'f Manual of Drawiag ftto» pApar, i oo 

OooUdga and Fkaaaiaa'to XtooMiiti of Oonanl DnMag lor Mechanical Bngl- 
naen. (/i» jii aaa.) 

Dnrfay*! Klnematica of MacUnaa . . .8to, 4 oo 

HUTa Text-book on Shadaa and Shadova, and Penpectire ... . . .8to, a 00 

Jamiaoa'a Blemanta of Machanical Dfawing. (/a prwt.) 
Jonaa'a Macldna Daatcn: 

Part I.— Kineniaticaof Machinery Svo, i SO 

Part IL-*Form, SCrangth, and Proportiona of Parti 8fo» 300 

■aeCofd^ Blemanta of Deacriptiva Geomato 8vd« 300 

ESnematkas or* Practical Machaniam. 8vo» 500 

Mechanical Drawinff 4to» 400 

Velocity Diagrama Sro, i 50 

o Mahaa'a DeacriptiTa Geometry and Stone-cattinc 8to« i so 

Indoatrial Drawinc. (Thompaon.). Srob 3 50 

Hoyer'a DeaeriptiYa Geometry. (In jvew.) 

Raed'i Topographical Drawing and Sketchixig 4to» 5 oa 

Said'a Coorae in Mechaniral Drawing 8to. » 00 

Text-book of Mechaniral Drawing and Blemantary Machine Deaign. .8to. 3 00 

Roblnaon'a Principlea of Mechaniam. 8to, 3 00 

Smith'a Manual of Topographical Drawing. (McMiUan.). 8fo, a sa 

Warren'a Blemanta of Plane and Solid Freo-hand Geometrical Drawing. .lamot i 00 

Draftbig Inatrumanta and Operationa. zamo, i ag 

Manual of Blemantary Projection Drawing. zamo* z go 

Manual of Blemeatary ProUema in the Linear PerapectlYa of Form and i 

Shadow. zamo. 1 00 

Plkne Problema in Blemantary Geometry zamo. i ag 

Primary Geometry zamot 79 

Blementa of DeacriptiTa Geometry* Shadowa, and PerapectiTe 8to» 3 So 

General Problema of Shadaa and Shadowa 8to» 3 oa 

Blemanta of Machine Cooatrvction and Drawing 8vo» 7 SO 

Probleaia* Theorama, and Biamplaa in Deacriptiya Geometrr Sro. a s* 

Weiabach'a KJnematica and the Power of Tranamiaalon. (Hermann and 

Klein.) Sro* 5 00 

Whelpley^ Practical Inatroction in the Art of Letter Bngraving zamo, a oa 

Wilaon'a Topographic Sorrvylng Svo* 3 90 

Free-hand PerapectiTe Sto, a 90 

Free-hand Lettning. 8?o» i ao 

Wootf* a Blementary Courae in DeacriptiTe Geometry. Large 8to» 3 oa 

ELECTRICITT AND PHYSICS. 

Anthony and Brackett'a Text-book of Phyaica. (Magie.) Small Sro, 3 00 

Anthony'a Lecture-notaa on the Theory of BlectricalMeaavramenta zamo* z 00 

Benjamin'a Hiatory of Blactricity 8vo* 3 

Voltaic CeD. Sro* 3 

Claaien'k Qaantitatl?e Chemical Analyaia by Blectroly aia . (Boltwood.). .Sro* 3 00 

Crehore and Sqiiier*a Polarising Photo-chronogiaph 8to« 3 00 

Dawaon'a "Bnaineerlng'* and Electric Traction Pocket-book. . z6nio* morocco* 5 00 
Dolezalek'a Theory of the Lead Accumulator (Storage Battery). (Von 

Bnde.). zamo.'a 50 

Dnhem'a Thermodynamica and CSiemiatry. (Burgeea.) Sro, 4 00 

Flather'a Dmamometara* and the Meaaurement of Power zamo, 3 00 

Gllbert'a De Magnate. (Mottalay.) Svo* a 50 

Hanchetfa Alternating Currenti Bxplalned. lamo* z 00 

Hering'a Ready Reference Tablee (ConTezaion Factora) z6mo, morocco* a 50 

Holman'f Preciaion of Meaaurementa 8to* a 00 

Teleacoplc M h io r-ata la Method* Adjaatmenta, and Teata.. . . .Large Sro, 7g 
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Laadavar*! Spectrvm AiMlyilt. (Tlacto.) 9vo, 3 om 

L«CliAtt]itr*tHlgli-tomp««tvn]lMraiiaMOtk (Bowiowrfl— IIimum. )i>nio, d 00 

LBb't Bketroljiii and BtoctnMjrnthMii of Ofiuk Compouadi. (Lonax.) lamo, i 00 

^ LyomftTnatlM on BlactromagnatlcPliaoaiiiaiia. Voli, L aa4 IL llvo. each, 6 oa 

• Mkhia. Blemanti of Wava Motioa Balatiiic to Sound and liilit. 8vo, 4 «• 

mandaftBlemetttanrTraatlMonSlectrkBattHtaa. (FliluiaGk.> lamo, a so 

• Roaanb«rg*t Stectfical Baginoarinc. (HaUanaOaa— Kinsbrannar.). ...8vo» i so 

Byan, lloiria. and Hoaya Blictrical If afihinaty. YoLL 8fO. a 9» 

nnnaton't Stationary Steam-anglaM S?o* a 90 

o Tlitanan't Blamantary Lanona in Haat. 8to» i 9a 

Tacy and Pitcher*! Xanaal of Laboratory Phyakca Small Sro, a 00 

Ulka'a Modom Blaetrolytic Copper Raflninc Sto, 3 00 

LAW. 

o DaTle't BianMnts of Law 8to, a so 

o TraatiM on the Military Law of United States tvo. 7 00 

o Sheep. 7 90 

Kanoal for Coona-martial lOmo. morocco, 1 90 

Waif a Bngineering and ArcUteetoral Jvriapnidance S?o. 6 00 

Sheep. 6 50 

Law of Opermtioni Preliminary to Conetmc t lo n in Bngineerinc and Archi- 

tectnre Syo. 500 

Sheep. S 5o 

Law of Contract! 8to» 3 00 

WInthrop'! Abridgment of Mitttwy Law lamo. a so 

KAiriTFACTDRSS. 



Bemadon*! Smokelem Powder— Nitro-cettoloie and Theory of tiie Celfailose 

Molecnle xamo, a 9a 

BoOand'elronFonnder xamo. a 9a 

" The Iron Fovnder." Supplement. xamo. a 90 

Bncydopedia of Fouadlnt and Dietlonary of Foundry Terma Ueed In the 

Practice of Moulding xamo. 3 00 

Btader*! Modem High Bzploehre! Sro, 4 00 

Sffronf! Bnzymei and tiidr AppUeatlona. (Preccott) Svo. 3 00 

FItigeraU'! Boston Machinist xSmo. i oe 

Ford*! BoOer MaUng for Boiler Maken xSum. x 

HopUn!*! Oil-Chemist!^ Handbook S?o. 3 

Beep's Caat Iron.. . . . n Sto. a 

Leach's The Inspection and Analysis of Food with Special Reference to State 

ControL (/n p np araH on.) 
Matthews's The Textile FIbrea. (/n prest.) 

MetcalPs Steel. A Manual for Steel-users xamo. a 

Matcalfa's Coat of Manufactures^And the Adminlstratioa of Workshopa. 

Public and PrlTSte 8yo. 5 

Meyer"! Modem LocomotiTo Construction 4to» xo 00 

MoffM's Calculation! u!ed in Csne sugar Factoriea. x6nM. aoMkrocoo. x ga 

o Raislg's Guide to Pieco-dyeing SvOb as 00 

SaUn's Industrial and Artistic Technology of Paints and Yamish Svo. 3 oa 

Smith's Press-working of Metals JBif9, 3 

Spalding's Hydraulic Cement xamo, a 

Spencer's Handbook for Chemists of Beet-sugar Houses x6aM,morocco» 3 

HendbooK tor sugar Manutacturexs ana their ChamialB. . . x6mo. morocco, a 

Taylor and Thompeon*! Treati!e on Concrete. Plain and Balnfoaoad. {In 

prt9».) 

Thurston'! Manual of Steam-boiler!, their Designs. Conscmction and Opera- 
tion ^ 8to. s 
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* Walk**! Lectant on BiploflYW 8to, 4 oe 

WMft Anmrican Foundxy PnctiM lamo, s so 

XotUder't T«zt-book lamo, a so 

WJochmtim'a Sugar AaalyBis Small 8to» a so 

WoUTt Wlndmin as a Prima Xorar Sto, 3 00 

Woodbiiry*i FIrt Protactloa of Milli 8to, a so 

Wood*! Rqatteai CoatincB: Corrotion and Ekctrolyiia of Iron and Steel. . .8yo, 4 00 

MATHBMATICS. 

Bakar'a SOiytie Ftonctloaa 8to, t so 

o Baaa*! Rlamanta of Differential Oakqlna lamo, 4 00 

Bflni^ Blemettti of Plane Analjtle Geometry xamo, i 00 

Oomptoa'a Mamml of Lofartthmlc Comyotatlona lamo, i so 

Davli't Intiodiictlon to the Logle of Alfebra Sro, t so 

o Didnon't CoUege Algebra Large xamo, i so 

o Antwen to Dickaou'i College Algetea Svo, paper, as 

o Introdvction to the Theory of Algebnic BquatioDa Large lamo, x as 

Baleted'e Blementi of Geometry 8to. x 7S 

Elementary Synthetic Geometry 8to. x 50 

Rational Geometry. xamo, 

o Johnaon't Three-place Logarithmic Tablet: Veet-pocket alae paper, xs 

xoo eopiea for s 00 

o Moanted oa heaYy cardboaida 8x xo inchet, as 

xo eopiea for a 00 

Elementary Treatiie on the Integral Calcnlaa Small 8to, x so 

Carre Tracing in Cartesian Co-ordinatea xamo, x 00 

Treatiae on Ordinary and Partial Differential Eqnations Small 8to, 3 so 

Theory of Enoia and the Method of Least Sqaares xamo, x so 

o Theoretical Merhanics xamo, 3 00 

Laplace's Philoeophical Basay oa Probabilitlea. (TTaacottaad Emory.) xamo, a 00 

o Lvdlew and Bass. Blemeats of Trlgoaoinetry aad LogaitChmic aad Other 

Tables Syo, 3 00 

Trigonometry and Tables published separately Each, a 00 

Ludlow's Logarithmic and Trigonometric Tables 8to, x 00 

Kaurer's Technical Mechanics. 8to, 4 00 

Merriman and Woodward's Higher Mathematics 8to, s oo 

Merrinum's Method of Least Squares 8to, a 00 

Bice and Johnson's Elementary Treatise on the Differential Cakuhxs.Sm., Syo, 3 00 

Differential and Ixitegral Calenlns. a vols. In one Small Sto, a so 

Sabin's Indastrlal aad Artistic Techaology of Paints and Varniriu 8vo, 3 00 

Wood's Elements of Co-ordinate Geometry 8yo, a 00 

Trigonometry: Analytical, Plane, and Spherical xamo, x 00 

MECHAHICAL BNGUfSERniG. 

MATERIALS OF EHGIHEERIHG, STEAM-BHGIHES AND BOaBRS. 

Bacon's Forge Practice xamo, x so 

Baldwin's Steam Heating for Buildings xamo, a so 

Barr's Kinematics of Machinery Syo, a so 

o Bartlett's Mechanical Drawing Syo, 3 00 

• " « u AhridgedEd. Syo. i so 

Benjamin's Wrinkles aad Recipes xamo, a 00 

Carpeater's Bxperlmeatal Engineering 8yo, 6 00 

r W^Heating aad Veatllatiag BuHdiags Syo, 4 00 

Gary's Smoke Snppressloa la Plaats usiag Bitumlaous Coal (/a pr«p- 
artUioR.) 

Clark's Gas and Oil Engine Small 8yo, 4 00 

Coolldge's Maaual of Drawing Syo, paper, xoo 
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CooUdgt and FrMinan't Blemtnti of G«ii«al DfBftinc fee Mwhanical 
giiiMn. iht prtM.) 

Cromwtll*! TreatlM on Toothed OMilnc 

TrMtiM on B«]ti and Pnlloft. lamo* 

Ovrky*! KinoTnaHct of IbcUnM 8to, 

fkthorli Ihrnamomottn and tho Mo — uraau nt ol Fover lamo, 

Ropt MTinc xamot 

Ollfi Oas and Fnel Analftit for Bncioaart xamo. 

HalTi Car LaMcation. xamo« 

' Htfing't Ready Reference Tablee (Convenlon Facton) itimo* morocco, 

Btttlon't The Oae Bnfine Qvo. 

jMiee*! Machine Deelgn: 

Part L— Klnematica of Machinery Sfo, 

Part IL — Form, Strenftfa, and Fioportloaa of Parts 8««, 

Kent* i Mechanical Bngineer't Pocket-book 

Kerr's Power and Power Tranamiaeion 

Leonard't Machine Shope. Toole, and Methodi. </ii prma,) 
MacCord't Kinematics; or, Practkal Mechanism. 

Mechanical Drawing 

Velocity Diagrams tvo. 

Mahan's Indostrial Drawing. (Thompson.) 8fO, 

Poole's CaloriHc Power of Fuels Svo* 

Raid's Coarse bi Mechanical Drawing 8?o, 

Text-book of Mechanical Drawing and Blementary Mschine Design . . 8fo, 

Richardt'fl Compreised Air lamo. 

Robinson's Principles of Mechanism. , 8to, 

Sehwamb and Merrill's Blements of Mechanism. (In preu.) 

8mith*s Press-working of Metals 8v<», 

Thwston's Treaties on Friction and Lost Work In Machinery and Mlil 
Work Svo, 

Animal as a Machine and Pifme Motor, and the Laws of B a ss go t ks . tamo, 

Wanen's Blements of Machlns Coostroctloii and Drawing Sro, 

Wslsbach's Klnsmatlcs and the Power of Tnmsmisrion. Hemnann— 

Klein.) 8vo, 

Machinery of Transmission and GoTsmors. (Herrmann — KMn.). .8fo. 

HydrauLc* and Hydnmllc Mbtoii. (Dn Bols.) 8fo, 

Wolff's Windmill as a PrlsM Morer. tro. 

Wood's Torbines 8fO, 

MATERIALS OF EHOnXBRIlfG. 

BoTsy's Strength of Msterials and Theory of Stractores 8?o, 

Burr's EUsticity and Rcalstanco of the Materials of Bnginsering. 6th Edition. 
Reset. Svo, 

Church's Mechanics of Bnginsofing SvOf 

Johnson'* Materials of Construction Large Svo, 

Keep's Cast Iron Svo* 

Lanxa's Applied Mechanice 8to, 

Martens's Handbook on Teeting Materials. (Hennlng.) 8vo, 

Merriman's Tezt^book on the Mechanics of Materials 8to, 

Strength of Materals xsmo, 

MetcaVs SteeL A Manual for Steel-ueers xsmo. 

Sabin's Industrial and Artistic Technok>gy of Paints and Vamiah. 8?o, 

■oath's Materials of Machlnss xsmo, 

Thurston's Materials of Engineering 3 Tols. , Sro, 

Part n.— Iron snd Steel Sro, 

Part in. — A Treatiss on Brsssee, Bronses, and Other Alloys and their 
Constituents. 8to 

Tszt-book of the Materials of Construction. 8to» 

12 
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Wood's l^ofttiM on tho RMbtanet of ICttorkb and an Appondix on tho 

PnnrvmlloB of Tfmbor 8to, 

Bitmoata of Aaalytkal M ochankt 8to, 

Wood's RusUeoiCoatlngi: Conooionaad Blaetrotrrisof IronandSteeL. .8to, 4 00 

STEAM-BHOmBS AHD BOnJCRS. 

CamofiRsflactionBOBtliollbllvoFoivorof Boat. (Thonloa.) lamo, 1 50 

Davtbn's ''Bnglnowing'* and Btoetric Tkactlon Foektl-kook..c6iiiOt mor.« 5 00 

Focd's BoDor Maldnc for BoUar Xakan iSmo, i 00 

Oooi'a LocomotWo Spaiks 8to, a 00 

Bamcttiray't Indicator ftaelico and Sttam-taciao Beonoonf xamo, a 00 

Hmtton*! Mechanical Bnglnaariiic of Powor Planli 8vo« s 00 

Boat and Hoat-anginaa 8to, 5 00 

Kant* 1 8taani-bo*ler Bcononqr 8vo. 4 00 

KnaoM's Practica and Thaoiy of tha Injoetor Svo 1 90 

■accord's SEdo-valfsa 8to, a 00 

Mayor's Modom Locomothro Constmction 4to, 10 00 

Paabody's Manual of tlia Staani-oncloa Indicator xamo, x S0 

Tabka of tiia Piopartiaa of Saturated Slaam and Othar Vapon 8vo, 1 00 

Thermodynamics of tho Slaam-anfina and Othar WaatFontlnai tro, 8 •• 

Vahro-gaars for Slaam-onflnaa 8?o. a 90 

Poahody and Mlllor'S Staam-boUsrs 8v», 4 00 

Fray's Twanty Taais wllh tha Indicator Laifa tvo, a fa 

Popln's Thcrmodynamka of RaTorsibla Cyelsa in Oaasa and Batoratsd Vapon. 

(Oatarbart.) iamo» x af 

Baagan's LocomeHvia : Simpltt Componnd, and Blsctik xamo. a 9a 

Rontfon's Prindplsa of Tharmodynamica. (Do Bola.) 8to» 50a 

Sinclair's LocomotiToBnginaRnnnlnc and Manafamant xamo« a 00 

flmarfs Handbook of Bnginaarinc Laboi a to t y Pmetioa xamo, a 99 

Snow'a Steam-boilar Practica 8vo, 3 oa 

Spangler's Valfa-fsars 8to, a 9a 

Hotaa on Tharmodynamica iamo« x oa 

Spanglar, Grsona, and MarshaB'a Rismants of 8lsam anginaarint Sro, 30a 

Thnrston's Handy Tablsa 8yo, x 9a 

Manual of tho Stsam-anfina a yols. 8yo, xo 00 

Part L'^Hisioi y « StructucOf and Theory* •••••••••••■•••....•.•• .8to« 6 

Part n.— Daaignt Construction, and Operation 8vo, 6 

Handbook of Bngine and Boiler Triala, and the Uaa of tiM Indicator and 
the Prony Brake 8to 5 

StotionarySteam-anfines 8to, a 90 

Steam-boiler RyptoaJons in Theory and in Practioe lamo i 90 

Manual of Staam-boilerp, Their Deaifna,Conatniction, and Operation. 8to, 5 00 

Weiahach'a Heat, Slaam, and Staam-ancinea. (Du Boia.) 8to, 500 

Whitham's Steam-aagiBe Djsign 8to, 9 oa 

Wilson's Treatise on Steam^boliara. (Flather.) x6mo, a 9a 

Wood's Tharmodynamica Heat Motofs, and Refrigemtiag Machines. . . .8to, 4 oa 



MBCHARICS AHD XACHIHERT. 

Ban's Kinematica of Machinery 8vo, a 90 

BoToy's Strength of Materiala and Theory of S U u ctui s a Sto, 7 9a 

Chaae's The Art of Pattern-making xamo, a 90 

Chorda!. — ^Bztsacto from Letters xamo, a oa 

Church's Mechanics of Bngtoeering .8vo, 6 

Notea and Rzamplaa in Mechanica .8to, a 

18 



Comploii'i First lewoni in MetAl-worUac lamo. 

Cofflptea And D« Groodt^ TIm Speed Lathe xamo, 

Cromwett'i Treatiee on Toothed Oeerlnc xamo, 

Treetiie on Belli end PnUeye xamo* 

Dnnn'f Tezt->book of Blementair Mechenlct for the 0ie of Colletet and 

Schools xamo. 

Dingey's Machinery Pattern Making lamo. 

Dredge's Record of the Transportation Exhibits Building of the World's 

Gohunlkian Bxpoeition of 1803 4to, half morocco. 

Da Bois's Elementary Prineiplea of Mechanics: 

Vol. L — KinemsHfS 8to» 

Vol. n.'Statics 8to, 

VoL m.— Kinetics Sro, 

Mechanics of Engineering. Vol. L ....Small 4to, 

VoLIL Small 4to, 

Dailey*s Kinematics of Marhines 8to» 

fi tige r ald's Boston Machinist z6mo, 

Vtether's Dynamometers, and the Measnrement of Power lamo. 

Rope DriTing zamo, 

Ooss's IiOcomotiTe Sparks 8vo 

HalTs Car Lubrication lamo. 

Holly's Art of Saw FiUng iSmo. 

• Johnson's Theoretical Mechanics ., lamo* 

Statics by Graphic and Algebraic Methods Sro, 

Jones's Machine Design: 

Part L— Kinematica of Machinery Sro, 

Part n. — ^Form, Strength, and Proportiona of Parts Svo, 

Kerr's Power and Power Tr artsm l s i ton Sfo, 

Lanxa's Applied Mechanics Svo, 

Leonard s Machine Shops, Tools, and Methods. (In prttt.) 

MacCord's Kinematice; or, Practical Mechanism 8vo, 

Velocity Diagrams Sfo, 

Manrer's Technical Mechanifs. 8to» 

Merriman's Text-book on the Mechanics of Materials 8fo» 

• MSeUe's Elements of Analytical MerhanJrs Sio, 

Reagan's Locomotives: Simple, Compound, and Electric ianio» 

Raid's Course in Mechanical Drawing 8vo, 

Text-book of Mechanical Drawing and Elementary Machine Design. .Svo, 

Riehards's Compressed Air iamo» 

Robinson's Principles of Mechanism , Svo, 

Ryan, Norris, and Hoxie's Electrical Machinery. Vol. I Svo, 

Schwamb and Merrill's Elements of Mechanism. (Mprest.) 

Sinclair's LocomotiTe-engine Running and Management zamo. 

Smith's Press-working of Metals Svo, 

Materials of Machines zamo, 

Spangkr, Greene, and MaishalPs Elements of Stsam-snglnsifflng 8vo» 

Thurston's Treatise on Friction and Lost Work In Machinery and WU 
Work 8to, 

Animal as a Machine and Prime Motor, and tlie Laws of Bnezfetlcs.zamo, 

Warren's Elements of Machine Construction and Drawing Sro, 

WeUbach's ^*«*"»**<'* and the Power of Transmission. (Homnann— 
Kkin.) Sro, 

Machinery of Transmission and GoTemors. (Herrmann—Klein.). Sto, 
Wood's Elements of Analytical Mechanics Sro, 

Principles of Elementary Mechanics zamo. 

Turbines Svo, 

The World's Cohimbian Exposition of zSgj 4to, 
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MBTAIXUROT. 

BclMton's MttaUofgy of SQtw. Gold, and Mtfcviy: 

VoL L— Silrer... .* ...8to, 

VoL n. — Gold and Mercory 8to» 

*^ Iles't Lead-flOMltinc. (Poitace centi additionaL) . • lamo* 

Kaap't Caat Iron 8to, 

Koohardt't Practica of Ore DtohIdc in Buropa 8to* 

La Chatelier'a High-temparatura Maaaafamanta. (Boudouard — BorgMi.) . lamo 

MatealfaStML A Manual for StoaWoaon xamo. 

Smith's Katariak of Machinaa lamo, 

Tlmnton'i XatariaJs of Rnginaaiing. In Thraa Parti 8to» 

Part n. — Iron and Steal ; 8to, 

Part IIL-*A Treatifa on BruMt* BronxM* and Othar Alloyi and thair 

Constituanta 8to» 

Ulke'i Modam Blactroljtic Coppar Rallninc 8to, 

MXnSRALOOT. 

Barringar*! DMcription of Mlnarali of Commarcial Vafasa. OMonc, moroeco» 

Boyd'i Retonrcca of Southwaot l^rcinla 8vo. 

Hap of Sovthwett Virginia. Pockat-book form, 

Bmah's Xannal of DatarminatiTa lOnoralogT. (Panflakl.) 8to, 

Chattar't Catalogna of Mlnarali 8to, paper, 

Cloth, 

Diolionaiy of the Kamas of lOnaimla 8vo, 

Dana'e Syatam of Mineralogy. Large 8to, half leather* 

Pint Appendix to Dana's New "System of Mineralogy.". . . .Large 8vo, 

Tast-book of Mineralogy 8yo, 

Jfinaiala and How to Study Them lamo. 

Catalogue of American Localities of MlnafBls Large 8to, 

Manual of Mineralogy and Petrography xamo« 

BakWs Mineral Tables. 8?o« 

Bglaston's Catalogue of Minerals and Synonyms 8to» 

Hussak's The Determination of Rock-forming Minerals. (Smith.) Small 8to, 

MarriUTs Non-metaUic Minerals: Their Occurrence and Uses. 8to* 

* Penlleld's Botes on DeterminatiTa Mineralogy and Record of Mineral Teats. 

Svo, paper, 

Roaenbusch's Mkroacopical Physiography of the Rock-making Minerals. 
(Iddings.) % 8?Oa 

• Tillman's Text-book of Important Minerals and Docks 8to, 

WilUama's Manual of Uthology. 8vo, 

imiiNO. 

Beard's Ventilation of Mines tamo, 

Boyd's Resources of Southwest Virginia 8to, 

Map of Southwest IHrglnia Pocket-book form, 

• Drinker's Tunneling, BxploaiTa Compounds, and Rock Drills. 

4to, half morocco, 

Bisslar's Modem High Exploal?ea m. Sto, 

Fowler'a Sewage Works Analyses lamot 

Ooodyaar's GoaV-mlnes of the Western Coast of the United Statea lamo, 

DUsangt Manual of Mining 8to, 

^ Des's Lead-ametting. (Postage pc- additional.) xamo, 

Kunhardfs Practice of Ore Dressing in Burope 8to, 

O'DriscolTs Notes on the Treatment of Gold Ores Sro, 

* Walka'a Lectures on Bxplosirea Svo, 

WUeott's Cyanide Processes tamo, 

Chloflnation Process lamo, 

HydsauUe and Placer Mining samo. 

Treatise on Practical and Theoretical Mine Ventilation tamo 
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SAHXTART SCIBirCB. 



Oopdand'i Mtauud of Bacteriologr. (in p t§ pwwli mu} 

WoHnJtu Stwanct. (Ptrignlnci Comtractioa and UtiaUatakt^) 8vo, 3 00 

WAt«r-tavp|7 BofliiatfloK 8to, 4 00 

Vtacrtit'i Water and PubBa Baalth tamo, i 50 

Water-IUtratioii Woito laaw, a 90 

Oatliafd'a Ovide to Sanitaiy Homo Jnipaftion itaio, 1 oo 

Ooodrieh't Economical Diipoaal of Town'ft Refoao Domy S?o» 3 90 

Hattn'a mtratlon of Piiblk Watar^wippUaa 9wo, 3 00 

Klentad'i Sowago Diapooal tamo, i 19 

Loach's The Inapoedoo and Aaalyaia of Food with Qpodal Kafamco to Stali 

ControL (M prvporaMan.) 
Ifaaon*! Wator-eapplr. (Cooaldarad P ilndpa gy fran • Sanitary Stand- 
point.) 3d Edition, Savilttan Sro, 

Examination of Water. (Chemical and BacterloiogkaL) tamo, 

Kerrlman'i Elemente of Sanitary WnihiMrinc ...... 8to, 

Hidiols'a Water-aupplf. (Coneidarad Xalailf from a Chemical and Sanitary 

Standpoint) (1883.) SfO, 

Ogden'e Sewer Deaiffn xamo, 

Frescott and Winilow'eElementi of Water Bacteriokgy, with Special Reference 

to Sanitary Water Analyeia. xamo, z as 

* Price'* Handbook on Sanitation tamo, i 50 

Uchaidi'c Coat of Food. ▲ Study in Dietafiea lamo, x 00 

Coat of Livinc tt ModJflad by Sanitary Science xamo, 

Slcharda and Woodmaali Air, Water, and Food froot a Sanitary Stand- 
point. •• ...•• •••• Svo, 

• Bkhatda and WUHama'a The Dietary CompBter S?o, x 50 

SideaFa Sewage and Bacterial Porillcatlon of SawafO Svo, 3 9a 

Tomeavre and RomelTi Public Water-aoppHea Svo, 9 00 

Whlpple'i Xicroacopy of Drlnldng-water * .Sro, 3 90 

WoodhnlTo Hotee and lUlltary Hygiene xdma, i 90 

MISCSLLAKBOUS. 

Barker^ De e p t ea Sovndinga Sro, 

Bmmona's Geological Guide-book of the Rocky K»<intiin Sxcnirion of the 

International Congreea of GeologialB large Sfo 

Ferrera Popular Treatiie on the Wlnda Sro 

Balnea's Amfiriffati Railway Xanagement xamo, a so 

]IoteaCompoaition,Digestiblllty,andNtttritlTeValuoofFood. Moonlad chart, x ag 

Fallacy of the Present Theory of Sound x6mo 

RIcketts'a Hlatory of Rensselaer Polytechnic Institola, iSa4-x8p4. Small Svo, 

Rotherham's BmpHssJfed Hew Testament Large Svo, 

Steers Treatise on the Diseases of the Dog Svo, 3 sa 

Totten's Important Queatlon in Metrology Svo a s* 

The World's Colombian Bzpoaition ot 1893 4to, 

Von Behting'B Suppression of TubermlnsiB. (Boldnan.) (In prsis.) 
Worcester and AtUneon. Small Boapltals, EatabMunant and Kalntananco, 
and Suggeationa Uu Hoapltal ArchMactwe, with Plana for a Smafl 
Hoapital xamo, x ag 

HBBREW AHP CHALDBB TBZT-BOOBIS. 

Green's Grammar of the Hebrew Language Svo, 3 00 

Blemantary Hebrew Grammar xamo, 1 as 

Hebrew Qirestomathy Svo, 8 00 

Gsaenius's Hebrew and Chaldae Lexicon to the Old Tsstamant ScxtptoNS. 

(Tragefles.) SbmB 4^, half asfosao. 9 00 

Letlerls's Hebrew Bible flw, a a 
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